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PREFACE TO SIXTH EDITION. 


This time the book has been thoroughly changed and 

thoroughly checked spared to make the book useful both from the 

* 

examination and Subject point of view. The book-work has been 
presented in the form in which it is to be written in the examination- 
Fundamentals have been explained at greater length. The whole of 

the subject-matter is based on the anther’s actual experience of 

class-work. The treatment of the subject is in accordance with the 

modern theory of the subject but the excessive refinements of the 

preseui day mathematics are intentionally avoided. After every 
anicie a suitable number of solved examples have been added and 

a few examples are given for lire practice of the students. Numerous 

carefully-selected and graded exercises are distributed all over the 
% 

book. These have, been mostly taken from examination papers 
A few are common to ^11 the books on the subject, and some have 
been specially prepared for the book. To make the book complete 

in itself test questions have been given at various stages, and where¬ 
ver necessary, hints have also been added. These test questions are 
of more miscellaneous character and require more originality and 
intelligence. 

The authors feel confident that the book would be suitable 
for whom it is meant. 

All corrections and suggestions to improve the book will be 
thankfully received. 


AUTHORS. 


NOTE 


AU. 

Stands for 

Allahabad University- 

Alig. 

99 

99 

Aligarh 

99 

Agra 

99 

99 

Agra 

99 

B.U. 

99 

99 

Bombay 

99 

C.U. 

9 9 

99 

Calcutta 

99 

D.U. 

99 

99 

Delhi 

99 

M.U. 

99 


Madras 

99 

P.U. 

99 

9 9 

Punjab 

99 

R.B. 

9 

99 

Rajputana 

Board. 

U.P.B. 

99 

99 

U.P. Board. 


GREEK LETTERS & THEIR PRONONCIATIONS. 


a 

is pronounced 

as 

"Alpha’ 

iS 


99 

‘Beeta’ 

‘Gamma 

y 

»• 5’ 

99 

s 

99 

99 

‘Delta’ 

9 

99 

99 

‘Theeta’ 

<l> 

99 »» 

99 

‘Phi’ 

A 

»9 99 

99 

‘Lemda’ 

V 

99 99 

99 

‘Sigma* 

TT 

99 99 

99 

‘Pie’ 

e 

9 » *9 

99 

‘Rho’ 


99 99 

99 

‘Sigma*. 


PRINCIPAL FORMULAE IN TRIGONOMETRY 


I. Circuoiference of a circle of radius r—lTrr. 

r 22 355 

77- 3-14159... 1 Approximations are and 

A Kadian -57^ 17' 44 8* nearly. 

Tv.>) right angles - I80’ = 200* = 7r radians. 

Circular measure of an anp.Ie= or 6= — 

radius r 

II. Sin y & Cosec 0 arc reciprocals 
Cos H Sc See 

Ian Sc Col 0 ,, „ 

sin-fy rCos^yy= I ; 
scc'^y -1 • Vdu^d ; 
coscc*^y=-1 * cot^yy 

sin'# & cosec 0 arc Positive in Quadrant. 1, 11 

cos## & sec 0 . I, IV 

lan/y Sc cot 0 „ „ „ ,, I, HI 

sin'# Sc cos 0 ^ 1 numerically. 

sec## Sc coscc ^ > 1 

tan## Sc col 0 c^n have an) real value. 


. 0 


i 0 


30 I 45- 60° 90 180 '^70'*3t>0’ 



sin I5*=cos 75“ = ylir' 


sin 18 '“COS 72 


2v/2 

V5-I 

4 


; cos 15’=sin 75’ 


; cos l8°=-sin 72’ 


v3M 

2v/2 

V IO + 2V5 
4 


sin 36 -cos 54'-='^*®^ cos 36’= sin 54 = 


_ V 5 r 1 

4 


RoU : -Thp itnilent 1 * exp«cted to remembri and shoald be able to 
obtainthe T K. ul all an^lea which are multiple* o( I** and IH® 

IV. sin ( —0)> —sin 0; cos ( —0)>zcos 0 
sin (90 —9)-cos 0; cos (90’—R)=sin f>. 
sin (90’ + 0).acos 9\ cos (90’ + ff)w.-sin $ 


IV 
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Note : 
tude. 

V. 


sin (180®—^)=sin cos (180°—^)=—cos 

sin (180°+^) — — sin ; cos (18O° + 0)=—cos 0. 
sin (270®-(9)=-cos ^ ; cos (270°-e)=-sin 0 
sin (270° + (9 )=-cos 6 ; cos (270°+0) = sin 6, 
sin (360°—0) = —sin 9 ; cos (360°—i9)==cos 9. 
sin (360°+^)=sin 0 ; cos (36O°+0)=cos 9. 

— These formulae help us to find the T. K. of angles of any mag^*‘ 


sin (A+B)==sin A cos B-i-cos A sin B. 
cos (A + B)=cos A cos B —sin A sia B. 
sin (A—B)=sin A cos B —cos A sin B. 
cos (A —B)=cos A cos B f sin A sin B. 

tairA+tan B 
tan (A+B)= ^ 

' . tan A —tan B 

tan (A B)- A tan B 

tan (A+B+C) 

tan A+tan B+t an C—tan A tan B tan C 
1 — tan t^an B—tan B tan C—tan C tan A 


VI. Sum and difference Formulae. 

P+O 

sin P + sin Q=2 sin —*— 


cos 


P-Q 


* P4-0 P_O 

sin P—sin Q=2 cos —sia —^ 


P+Q 

cos P+cos Q=2 cos — 2—’ 
cosP-cos Q=2 sin —sin 


P-Q 

2 

Q-Pv/ 


Product formulae. 

2 sin AcosB=sin (A+B)+sin (A—B). 

2 cos A sin B=sin (A+B)—sin (A—B). 

2 cos A cos B = cos (A+B)+cos (A—B). 

2 sin A sin B=cos (A-B)-cos (A+B). 
sin (A+B)sin (A—B)=sin’^A—sin^B=cos^B 
cos (A+B) cos (A—B)=cos2 A—sin^B 

=cos® B—sin^A. 

VII.'sin 2A=2 sin A cos A 


cos^A 


( 1 ) 


cos 2A 


2 tan A_ i 
i+tan®A 

=cos^A—sin® A. 

=2 cos* A— 1 . 

= 1 —2 sin* A . 

l“-tan*A 

"l+tan*A I +:■ + 


( 2 ) 

... ....( 1 ) 

.....>,.( 2 ) 

. .. ,‘....( 3 ) 


•J .. 


( 4 ) 
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V 


tan 2A = 

sin 3A = ; 
cos 3 A=- 

«2n 3A — 


2 tanA 
i—tan*A 

3 sin A—4 sin’ A. 

4 «o>* A — 3 CCS A 

3 tan A—tan*A. 

1 —3 tan* A 


VJII. {a) If sin ^^^0, then 0 mr 

If cos 0—0, then d=(2/i± 1)^^ 

If tan ^^0, then h—nv. 

If cot then (9 = (2yi:*: 1) " 

{b) If sin 6> —sin a, then ^ — nn-ri- l)' a. 

If cos (9 = COS a, then ^ — 2 /* 7 r=t=a. 

If tan O—ian a, then 6=mT^a ^ 

If cascc 6»=^coscc a, ihcn 6* = /In--i ( — 1)''.CL 
If see 0 = sec a, then ^ — 2nn=^a 
If cot a. thon 6 = rt7r-7-a 

or sin*6>“siD*A'| 
or cos*f:^«Cos*A i ihcn <9=/j;7=fcA. 
or tan*9=tan'A J 

In all these n is any integer or zero. 

Rote :— 1 he above f«>rm<ilae sht^ th^l thi* ^r^uinet X > i a < n ir 




Sin ^ 


/I —COS A ; A 

/ '2 ;cos2—^ 


/It cos ^ 

* 


metrical ratio whcjae value i« kn«i%vfi U many val>ird. 

IX. Sin ^ ‘ -SO* • . cos 2'= ^ ^ 

sin A+cos A-= Jr ^(1 4-7[n"2A) 
sin A—cos A = rt v'(l-yn~-A). 

Hour-Ihr pri.prrsigD J (.r - i* lix.a lor th» p.iticul.i d 

angle in each cate. 


X. Log, 1 ■= 0, log, a = I 
log* (/nn)=log,m-+ log,n. 

log, ^ ^)=»Iog,/n—log,/i 


I 


l 0 g,m*»n lop,/n. 
log.m >Blogk'nxlog,b. 

'“'f -ioi» 


(Base changing formula) 


‘ » IVX 

XI. If A. B, C are angles of u iriimglc and u, b; c the corres¬ 
ponding opposite sides, .md R the ciicuqiradiua. 

..a h f '' 1 


then 


sfn A sin^ B 


= (Sine F'^rmola) 


VI 
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XV 


^2 1 ^2_^2 

COS A= (Cosine Formula). 

Similarly for cos B & cos C. 


sin 


cos 


2 
A 
2 
A 


& two similar results. 



be 


99 


99 


99 


tan 



(S‘-b)(s—cj 


sin A 


2 'Y a) 

2 


99 99 99 


99 


\/s(s—aj(s—l>)(s - c) 


99 


99 


Q-zzzl) cos C“i“C cos B 

(Projection Formula) 

tan cot^ (Napier’s Analogy) 

2 b+c 2 . 


A=area of triangle^\/'^('^“^)('*~*X®~^) „ 

= iftc sin h.—\ca sin B=|ao Sin C 

Sin B Sin C Sin C Sin A c* Sin A Sin B 


A 


2 Sin B 


2 Sin C 


“ 2 Sin A 

Circum radius of A ABC is 

a _ ^ ^ 

~2 sin A~2’sin B”2 sin C 4 a 
I n radius /•= —=(y—a) tan ^ = (s—6) tan ~ 


(s—c) tan 


ex-radius opposite angle A is 


A 


s—a 


= s tan 


2 

A 


B C 

(j:-c)cot— -=(s—b) cot-y 


■^-s-b 

A 

s—c 


^ =jtan ^ = (5—a)cot^=(j—c)cot^ 


2 

C 


XVI 


^ B A 

s tan ^ = (5—a) cot- 2 =(j—6) cot 
Area of a cyclic quadrilateral where 2s=^a+b-\-c-\-d 
=y/{s—d)(s—b)(s—c){s—d). 

If 0 is an acute angle in radians, 

1. Sin 9/LG A tan 0. 

Lt. sin 0 


2. 


e^o 0 


1 . 


Area of a circle of radins r=nr*. 
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VU 


Area of sector=J © a* 

where radians is the angle of the sector 

SYMBOLS EXPLAINED 

t.g. For Example. 

Le. That is. 

Q.E.D. IVhat was to be Proved has been proved. 

fiz. Namely. 

V Because or Since, 

/. Therefore, 


% 
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PUNJAB UNIVERSITY SYLLABUS IN TRIGONOMETRY 
FOR INTERMEDIATE EXAM. 1957 & after. 


Sexagesimal and circular units of angular measurement. 
Trigonometrical ratios and the simple relations connecting them. 
Relations between trigonometrical ratios of angles differing by multi¬ 
ples of a right angle. Addition and subtraction formula. Logarithms. 
Solution of Triangle's and simple cases of Heights and Distances 
Area of a circle"^ Graphs of simple trigonometrical function. 


Area of a triangle=^ be sin A=\/s{s-a) (s—b) (s-c) 

T> _ ^ ^ ^ . A 

7=(^-^) tan^ 


^ 1 = 


A 

5—a 


S tari'^and etc 


Lt sin 0 
0->o 


= 1 


DELHI UNIVERSITY SYLLABUS 
HIGHER SECONDARY EXAM. 1956 & after. 


Sexagesimal & Circular Units of Angular Measurement ; 
Trigonometrical ratios & the simple relations connecting them ; rela¬ 
tions between trigonometrical ratios of angles differing by multiples 
of a right angle ; addition and subtraction formulae ; Logarithms ; 
solutions of triangles & simple cases of heights & distances ; radii 
of circumscribed, inscribed & escribed circles of a triangle ; area of 
a circle ; graphs of simple trigonometrical functions. 

N.B, IrigoQometry carries 35 marks out of 50 in Math Paper (C) in 
the Higher Secondary Examination. 


INTERMEDIATE PLANE TRIGONOMETRY 

chapter I 


ANGLE AND ITS MEASUREMENT 

1.1. Trigonomsytry—Its Subject Matter and Aim:- Like 
Algebra, Arithmetic and Geometry, Trigonometry is a branch of 
Mathematics. The word Trigonomeirv comes from two Greek W(^ds 
‘Trigonon” (irungle) &‘Meteron’ (to measure). Originally Tri¬ 
gonometry was concerned with the discovery of the relations amongst 
the sides and angles of a triangle. But with the march of time, its 
scope has widened. The subject matter of modern Trigonometry 
is ANGLE and all investigations regarding angles in general—may 
those angles be the parts of a triangle or not. 

1.2. What » an ANGLE ? Famous Greek Mathematician, 

Euclid (Before Christ) dehnes an ANGLE as the amount of inclin¬ 
ation between two intersecting lines. *This old definition of ‘ angle 
is too narrow to cover angles of all magnitudes. 

The Modern Definition of an angle is different. 

ANGLE is defined as the amount of revolution about one of 
its extremities, in a plane , c- . 

*No 16 : - f be word Mine’ i» A wiU m the s-nse of a Sf. Line. 

Explantion :—Take a line X'OX (called INITIAL LINE) 
Let a line OP starting from the intital position OX move for some 
time and occupy the position OP 
(caUed FINAL POSITION). OP is 
called Revolving Line. Then wc say 
that OP has traced the angle XOP, 
or that, OP has revolved through 
the angle XOP (denoted as t XOP), 
and it is measured by the amount 
of revolution’ of OP from the 
position OX to the position OP. 

1, 21. Advantages of Modem Definition of an Angle :— 

The Modem Definition of an angle covers i'¬ 
ll) Angles of both signs—Positive and Negative angles. 
(2) Angles of all magnitudes. 

1.22. Poaltlve and Negative Angles:—If the revolving line 
OP revolves in the clockwise direction, it 
is said to trace a Nagative Angle (See Fig. 2) 
and if it moves in the Anti-Clockwise 
Diroction it is said to trace a Positive Angle 
(Sec Fig. 1) The direction of rotation of OP 
is indicated by an arrow-head observe the 
arrow-bead in Figa. 1 and 2, indicating 

sitive & Negative angle. Fig. 2. 
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1. 23. Angles of any Magnitude : — 

Let the revolving line OP start from initial position OX and 
occupy different positions, OP, OQ, OR,OS, 
etc. etc , as shown in Fig- 3 corresponding to 
OP, OQ, OR & OS we have the angles XOP, 

XOQ, XOR and XOS of different magnitudes. 

All these four angles aie less than “One Revo¬ 
lution.” If the line OP comes back to its 
starting position OX, it is said to have com¬ 
pleted one" Revolution.” 

If, however, the revolving line goes on revolving even 
beyond OX, it traces angles greater than ‘one revolution' and when 
it returns to OX second time, it has completed ‘two revolutions’ and 
it may go on revolving further to trace angles of magnitude even 
greater than ‘two revolutions’ and so on. One revolution consists 
of 360 degrees (360°). For Example, the minute hand of a clock 
completes one revolution in one hour. 



A A 


1. 3, Magnitude of An Angle : — 

The magnitude of an angle depends upon the amount of revo¬ 
lution and tho sense in which the revolving line has rotated. 

The actual magnitude of angle XOP cannot be judged only 
from a figure like one given below, unless we know :— 

(i) how much has OP revolved before coming to its final 
position in the figure ? 

(ii) in which direction has OP revolved ? 

In Fig. 4 Z_XOF appears to be 120°. p 

But when the reader is told that line OP / 

revolved in clockwise sense and occupied / 

this position finally, he would at once see that / 

ZXOF is —240° and not 120° as he guessed / 

before. If he is further told that the line / 

OP has completed two revolutions before , 

occupying this position, he would know that ** o'"-* 

magnitude of /_XOP is —960° and neither Fig. 4 
120° nor-240°. 

We shall use a Spiral originating from OX with an arrow-head 
at its other end to indicate the direction and amount of revolution 
of OP as in Fig. 5. 



Z.XOQ^-360°-310° 
= -670°. 



ZXOR=360° + 3IO° 
= 670°. 


Fig. 5 
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v*nv I The perpendicular lines X OX 

and Y'OX kadis' ,*h'' tour pans. XOY, VOX', X'OY' 

y 


11 

1 

1 

1 

1 

• 

1 

i 

1 I 

1 

jii i 

1 

IV 


y 

Z.60^ lies in Quadrant f 

^*20^. li. 

lie? '■ quadrant do the following 

(1) 860 (2)-395» (3) jq^j. _95oo 

Sol. 860'’ = 2 x360’-i-140». '' ^ 

—(2 Revolutions)^ 140® 

'VmlSk ™L *" 8 " «f ««>• 


angles 


has to 


( 2 ) 

( 3 ) 


The 

.“ »?h.trof t20*‘l„r^£ '■ “"-P'VO. two reVotowro-, 

li" Quadrant 

Fourth Quadrant. 

1045“=.2x360“+325® 

“(2 Revolutions)+325®. 

Ihe angle lies in the fourth quadrant. 

The angle of -950® lies in Quad II 
Draw figure* and verify the above retuJla. 

foii<,wh;,.*igi«5"' ""“O' 

.(») *219® (iii) 2095* 

U», «I£ bX' 


• • 


( 4 ) 


lie after tracing the 

^ I 


intermediate 


. 1 ¥Tn5t« *_To measure a quantity 

1. 5. Measursment of . which we can measure it. The 

we require some “unit’ m terms different- Some units may 

convenience. Lengths are ^/dme is a day all over the 

centimeters etc, in France, ine 

world. r anaics is '‘One Revolution.’ 

The unit for the measurement of ^.^tems 

1.51. Systems of Measuring Angles . ^ 

in use, for measurement of angles. They are . 

1. Sexagesimal or Tnjd.s 

2. Centesimal or rren . 

t rirnilar or Radian System 

'^l. 52. Sexagesimal or English System ^^^jJ^g^j.^tates^'^to’ come 

“one revolution”—the angle through • of calculations the 

back to its initial positiom. For the corven ence 

further divisions and subdivisions arp as follows. 

1 Revolution = 4 Right Ang es l^rt. 

1 Right Angle = 90 Degrees (90) 

1 Degree = 60 Minutes ( ) 

1 Minute = 60 Seconds (60 ) 

Note -.-ro our reader the English System ni«st be a Ingles ar” 

usedb%ira at school. In all constructions of Geomeiry S 

:_Here again is 

-One Revolution- but with different 

1 Revolution = 4 Right Ahgies- 

1 Right Angle == 100 Grades (^p® h 

1 Grade = 500 Minutes (100) 

1 Minute = lOO Seconds (100'') 

1. 54. Relation between the English & French Systems *. 

(1) The basic unit in both systems is ‘one Resolution’ or more 
appropiiately ‘One Right Angle’, which is the connecting link between 

the two system. , j 

- — . Angle=1008, should 


ZLs) 


(2) 90“= 1 Rt. 

Conversion Formula”. 

Ex. 3. Convert 
Sol. 90“ 


be 


remembered as a 


63“ into grades. 
= 100 = 


1 


100 


90 




63 


10 

63 X — g- 


70=. 


(3) Practical method for convertion from one 
other is illustrated below in Ex. 4. 

Ex. 4. Convert 73= 35' 15" to English measure. 


system to thp 


Sol. 


15 " 


(m 


15 ' 
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35-15' 


73 3515* 


35 15 1* 

100 J 

73 3515 


(3515> 


il5*= ( )rt. ^ 1 = 733515 rt. ^ 

Noi lr.. 

733515 rt. /.=^90x 733515 degrees 

= 66 01635 degrees. 

1 =60' 

-01635 =60x .01635 minuies 

= ■98100 minutes 

l'=60* 

981 minutes =60y 981 second 

= 58 86 second 

73* 35' 15" = 66 " 0' 58 86 ’ 

Convert 128"^ 14' 10’ to French measurc. 


733515 rt. / 


Ex* 5. 
Sol. 


10 ’=- 


10 ' 


60 


(i) 


'^>'-<6 )■ = ( )■ 

17 “ 17’® 2753 

128-*2 =lrt. Z.-^38 22 ^ + 72"x9o" 

= 1 424814K1 . rt. ._s. 

B 142 481481 gruds. 

=*142« 48' 14 81" 

Ex. 6 . Show that the minute hand of a clock gains 5® 30'on 
the hour band in a minute. (D.U. 1941) 

Sol, Angle traced by Minute Hand in 1 Hour =360® 

. . 360 

f# $0 $$ #• ^ iDinulc — *’“6 

.Hour 12 Hours = 360 

i , 360 *^ 

^ •*. t# »* •* '» ® minutc-= 12 

- 3. 

Gain of Minute Hand over the Hour Hand =6®—30^ 

= 5* 30' 
/. Q.E.D. 

Ex. 7. The sum of two angles is 80* and their difference is 
18*", Find them. 

Sol. Let the angles be A* and B* 

90 «100* 

•• 18"--^X 18 = 20 * 

By Hypothesis 

A f-B-80 
A-B »20 or 


In 


2753 
72”x 90 


n Z 


0 0 00 


18 
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iniermediate plane trigonometry 


A = 50^ ; B--3G^ 

In degrees A =^45° : B = 27® ^ 

'^16. The Circular System. This system is used in higher 
branclies of mathom iiics. The unit of measurement is a Radian. 
The ansles are measured in terms of a radian. This system is called 

Radian System also. 

i.61. Radian— Definition. A radian is the angle subtended at 
the centre of a circle by an are equal in length to the radius of the 
circle. (See Fig. 7) 


It is essenlial for proper choice of a unit, that it should be 
constant quantity. We shall show that the radian retains the sai 
V tiue whatever the radius of the circle may be. 


II 


a 

e 


1.62. Two Assumptions. 

(i) The circumference of a circle bears a constant ratio to the 
diameter of the circle. This constant is denoted by the letter tt. Thus 
circumference = 77 X Diameter=27r/\ 


22 
7 ’ 


It is an irrational number, 
or 314159. 


Its approximate values are 

t 


(2) In the same circle the lengths of arcs bear to one another 
the same ratio as the angles which they subtend at the centre of the 
circle. (Proved in Matric Geometry) 

1.63 To prove that Radian is a Constant angle. 

(D.U. 1949 ; P.U. 1952) 


Let O be the centre and r the 
radius of the circle. Take an arc PQ 
whose length is equal to r subtending 
the angle POQ at the centre. By defi¬ 
nition zPOQ is one radian. I 

Produce PO to R then 

ZPOR = 2 rt. zls. II 

Since, arcs of a circle are pro¬ 
portional to the angles they subtend at 
the centre, 

. Arc PQ _ zlPOQ 

"ArcPQR ZPORT 

, Arc PQ=/'(Const.) 

Arc PQR=: J [circumference] 

= TT/', 

. ZPOQ _ r _ I 

2rt. f_s nr TT -1 

One radian= - 

77 




which is a constant quantity, whatever the radius may b«. 
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7 


Thus I Radian == 

7T 


and 1 


7T 


180 


KadLins 


Cor. XT rddians = 2 n, an2les=l80%.20C-* [Cunsersion Rule) 

1.64. Definition. The circular measure of an anele is ihe 
number of radians it contains. An angle of K radian^, is denoted by 


Since 90 


TT 


radians 


2 is the circular measure of 90’ or 
ir radians= I80^=20(J*, 


90^ 




1.65. Caution:—Though rr is not equal to 180 or 200. .Most 
of ihc mis-informed students arc heard saying that tt is equal to 180. 


As another example 45®—45x 


Radians 


The circular measure of an angle of 45=* is 

% 

1.7. More Solved Lxjunples. 

Ex. 8. Express in rad*ans the anele 34’ —47 

Now 34®-47' = 34 783® 

34*783 Xtt 

180 *^ rfloliins* 

«»(■ 19324) TT radians or ( 19324 tt)'. 

Ex. 9. Find the number of degrees in the angles whose circular 

measures arc (//) " . (/i/) 

Ans. (/> 120*. {ii) 60’. (iVi) 25*. 

Ex. 10. Find in grades and radians each of the base anglai of 
an isosceles triangle whose vertical angle is two-thirds of thi bss- 
a ngle. 

Let each of the base angle be K grades so that 


2K 


% • 


Ihe vertical angle is —y-grades 
Sum of the three angles.. 200*. 
K+K+ ? K-200 


< 


or 


8k 


--200 


• • 


or K-75» 

Each of the bM 
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Circular Measure= 


75^ 

200 


Stt 


Ex 11. The angles of a triangle are in A. as 

ades in the least is to the number of radians in mo b 


of grades in the least is to 1 
; find them in degrees. 


(D U 1948) 


Sol. 


Let the angles be (a— a"". (a -\-dy 
Sum of the angles=180^ 
a—d-i-a-'rO+d—X^O 

or 180 

fl=60 

Angles are (60— d)°, 60°> (60+^) 

Least angle--=(60 - d)° 


= {60-d)x 


10 


grades. 


g,ades 


Greatest angle ~{60+d) 


( 60+^0 X Yg 0 

, :L( 60 ^)radians 
180 


„ , . T0(6O-</) 7r(60+cf) 

By the question-^- : —j gQ 


=40 : TT 


or 


or 


10(60-</) 180_^ 

g ^7r(60+J) Tt 

200(60-d) 40 

71(60+^^) 


5(60-d)=^50+d 

i/=40 

Hence angles are 20°; 60°, 100° 

Ex. 12. What is the angle of a regular polygon of n sides ? 
(0 in radians, (n) in grades. 

Sol There arc n corners of a regular n—gon at each of which 
there are two angles one interior the other exterior and their sum 

=2 rt. Z.S. 

Sum of all interior and exterior angles=2« rt. Z.s, 

Also " " " exterior angles=4 rt. /_%. 

* " " interior * =(2n—4) rt. Z.S. 


SOLVED examples 


2/1_4 

Each Interior angle = — rt. /s 

n 


2/1 — 4 


n 


X 100 grades 


200 {n-l\ 


n 

/j-2 


grades 


I 


Remember 

these 

results 


n 


TT radians. J 


Ei. 13. Find the Number of sides of a regular 
each of whose angles is• 

O 


polygon. 


Sol. 


Let the no. of sidc% =/j, then each angle 

_ {n-2yir 

~ n 

l-n . 

- (given) 


radians 


• • 


n-2 lit 
or /i=16. 


8 

n-2 


1 

8' 


E*. 14 The circular measure of an angle of a triangle is 


3ir 

the number of grades in the second angles i s 70 ; find the numl>er*of 
degrees in the the third. ^ ^ 


Sol 


First angle = ^^radians 

-ixiso*. 


54* 


Second angle « 70* 


63’ 


« • 


70 x 90’ 

' 100 " 

Third angle ^ 180 —(54’(-63’) 

EXAMPLES 1 A. 


U) 


(«) 


63* Ans 


2 
3 

Sys!e.Ti 


hetw J; understand by the term -Angle* ? Distinguish 

octween positive and negative angles. * 

In what quadrants do the following angles lie *— 

(0 675* (//) -920’ (///) 22 6^ £8. ’ 

m oi'uii* •»’“"> <V£Mi3« 

(^) Express 36* 15' 20' in grades, minutcf and seconds. 

inlodegrei?etci““'^^^^”^^ aS'65* 

**’**• *^‘*'*" ■ consUnt angle and exoicM iu 

magnitude in sexagesimal measure. (P.u7mS 



JO intermediate piane trigonometry 

5. Show that a Radian contains 206265” approximately. 1949.) 

6 . Define circular measure of an angle. p ^ 

K • tint K is the circular measure of 

What is meant by saying that K. i> tne 
an angle ? c u i 

7. Find the circular measure of the angles rt. /_s. 

U) 15^ (//) 72® (III) -315 50 (iv) 

(V) 875®40' (V/) 1185°. , , an 

The number of degrees in one of the two equal ang e p. . 
is„s4's tSngl js equal w.he number of grades m the thrrd. F.nd 

9. The angles of a triangle are in the ratio of 4:7:9; find 

them in Centesimal measure. 0 .^ 1 ,- areatest 

10 The angles of a triangle are as 5 ; 4 : 3 ; find th g 
in degrees ; least in radians and the middle one m grades. 

11. One angle of a parallelogram is 82° 20'. Express 
others in circular measure. 

12. The angles of a triangle are in A.P and one o jp u.) 

95 ° ; find the others in radians. , , ^ uoir 

13. The angles of a triangle are in A.P. and the least i 

the greatest. Express them in grades. , ^ of 

14. The angles of a triangle are in A.P. and the difterenc 

the least and the greatest is express them in circular system. 

15. The angles of a triangle are in A.P. the 
in the least is to the circular measure of the greatest as 108 

; > the angles in grades. 

The angles of a triangle are in A. P. and the number of 
degrees in the middle angle is greater than the number of grades 
in the least by 20 ; find the angles in Circular Measure ^ 

17. ABC is a triangle in which A® : B° : C‘’=f • i ■ 75 • 

theangks.The of an isosceles t^^ngle is 55° 17' 

Express the base angle in circular measure. ' ’ ’ , i 

19. Express in Circular Measure and in degrees ‘he angle ot 

a regular polygon of 40 sides. 1 * 1 , • 

✓ 20 Find the number of sides in two regular polygons if their 

angles are in the ratio of 3 : 2 and the first has as many sides as 

twice the other. ^ , i 

21. Show that the ratio of English minutes in an angk to 

French ininutesis 27 : 50. 



;n niinuicb ib , i ^ 

22. If D degrees. G grades and 6 radians be the measure ot- 


, ^ D _ G _20 

an angle, then oq- j^- ^ 

f ' ' V/ 




/ 




ancle and its ^fEASL’REMENT 


II 


/ 

23. The difference of two angles I® and the circular measure 

of their sum is I Express each angle in grades. (D.U.) 

24. From an angle of a regular pentagon 40 grades are taken 
find the circular m rasure of the remainder, 

1.8 To show that the Circular Measure of an angle subtended 
by an arc of a circle at the centre is equal to the length of an arc 
divided by the radius. (See Fig. 6) 

Let an arc PQ of length / subtend an angle at the 

centre of a circle of radius r. 

Let QR be an arc equal in length to the radius /•, then Z-QOR 
= I radian 

Since arcs of a circle are pro¬ 
portional to the angles they subtend 
at the centre, 

. ZPOQ _Arc 1^ 

' /OOR Arc QR 

Qrtditn _ / 

1 radian r 


I 

/ 


/ 


/ 


Caalfofli 




Cor 
1 9. 


Fig. 8. 


W' 

0 must be measured in 

(radius xcircular measure of the angle.) 

Solved Examples. 

Ex. 15. Find the angle subtended at the centre of a circle of 
diameter 6 feet by an arc of length 8 inches 
Sol. Here r=. 3 ft. /=8'=rf'. 


/ 


in radiant<3 - 


I 

3 


2 

9 


Ex. 16. A cow tied to a peg by meant of a rope of length 24 
•hi* j “"*** keeping the rope tight Find 

the dii^tanoe travelled. (tr.>i|) 

Let O be the peg and OP. the rope 


Sol 


(PU.) 


Since rope is light. P describes 
OP.«24 ft. 


a circle of radius 


{ 


If / be ihc distance travelled. 


/-r©= 24 xl 05 x ,^'feei 

105 x 22 , 

“ 180x7 fiwl. 

nf ^ of • tecior of* dreie it three quarters 

of Iho^riiMter of the circla. Rod the a^le of the sector. ^ 

i£ Let AOB be 
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Perimeter of the sector=OA+AB+OB 

==/* + /+r 

Where / is the length of the arc AB. 

Perimeter of the sector=J Perimeter of circle, (given) 

2r+/=K27rr) 

, 37rr ^ ^TT—4 

/.AOB Radians. 

EXAMPLES I. B. 

I^Take 7r= ^^or31416 J 

1. Prove that if circular measure of an angle subtendec 


subtended by 


an arc I, of a circle of radius r, at its centre be Q, then Q— - 

^ r (P U. 1950 S) 

2. Find in radians and degrees the angle subtended at the 
centre of a circle of diameter 2 feet by an arc whose length is 8 
inches. 

3. Find the ratio of the radii of two circles at the centre of 
which two arcs of same length subtend angles (i) of 75° and, 60°, 
(/•j) of 30« and 72°. 

4. The perimeter of a certain sector of a circle is one half of 

its circumference, find the angle of the sector and length of its arc 
if radius is r. (P-U.) 

5. A circular wire of radius 3" is cut and laid along the rim 

of a circular hoop of radius 4 feet. Find the angle subtended at the 
the centre of the hoop in grades. (P.U. 1938) 

(6^ A circular wire of radius r is cut and laid along the rim of 

a circular hoop of radius 2 feet. Find r if it subtends an angle of 
45° at the centre of the hoop. 

_ 

7. The circumference of a circle is divided in 5 parts in A.P. 
the greatest being 6 times the least, find the angles subtended by the 
parts at the centre. 

8. A train is travelling at the rate of 10 miles per hour on a 

circular curve of half a mile radius. Through what angle in degrees 
has it turned in one minute. ^ (P.U.'1951 S.) 

9. A horse is tied to a stake by a rope 27 f^t tong If it 
moves along a circle always keeping the rope tight ; find how far it 
will have gone when the rope has traced an angle of 70° (7r=-3-?). 

1 (P U. 1941) 

10. The large hand of a clock is 2 ft. 4 in, long. HoW many 

inches does its extremity move in?20 minutes. (P.U. 1944 Sc) 

*'^11. How long does it take tKe hour hand of a clock i<K'rotate 
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through an angle whose circular measure is— ? 

18 

12 The length of a chord of a circle is equal to its radius 
Find the length of the corresponding arc, if the radius be 3 feet. 
IHint. The arc subtends an angle of 60 at the centre.| 

13 . If the diameter of the moon is 31 minutes : how far from 
the eye a pice of I inch diameter be kept to hide the moon. (M U.) 

•"14 If the diameter of the moon is 31'30' in Sexagesimal 
imasure hnd how far from the eye a coin of 4 inches diameter must 
be placed to hide the disc of the full moon. (p 19^2) 

'IS. Assuming that the earth’s radius is 3960 miles and that 
It subtends an angle of 57' at the centre of the moon, find the 
oistancc of the moon from the earth’s centre. (P U ) 

16. Find the diameter of the sun in miles supnosmc that it 
subtends an angle of 32 minutes at the eye of an’ oSse Ld ha 
the distance of the sun is 91,000.000 miles. that 

Sol Let S be the centre of the sum and E. the eve and PQ 
the diameter of the sun. ' 

/ PEQ 32' (given) 
and ES 91,0tX).000 miles. 



With centre E and radiaus ES draw ^ . 

EP, EQ in CD. " ^ cutting 

Since ZPEQ is very small and the distances FP 
arc too great they can be regarded nearly ealel Tv L ^ 

a circle of radius ES imd centre E ^ ’ '* 


180 


91000000 


32x22 


22880000 
27 ' 


Wx 180x7 "*'*'*• 


27 


miles 
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17. The Moon’s distance from the earth is 240,000 ^ 

the diameter subtends an angle of 31' at the eye of t e /p \ 
Find the diameter of the moon. ^ ^ 

18. Meerut is 40 miles from Delhi. Find to the neare^ 
second ihc angle subtended at the centre of the earth by 
joining these towns, earth being regarded as a sphere or r^ius 

miles. ^ 

49. The difference of reciprocals of the number of degrees 

and grades in an angle multiplied by-^ gives the circular measure 


of the angle ; find iho angle in grades. 

^ 20, An angle is such that the difference of the reciprocals of 
the number of grades and degrees in it is equal to the circular 
measure divided by Itt ; find the angle. (D.U. 1935) 




CHAPTER II 

YrIGONOMHI RICAL RATIOS 


^ J ^ A ^ ft signs. Lci XOX' and YOV' be two 

straight lines perpendicular lo one another. Tlicv divide the plane 
of the paper into four quadrants. 


In locating the position of a point, lengths or segmei’ts along or 

parallel to OX arc considered positive and distances .neasured in the 
direction of OX'shall be regarded as negative. Snnilarls segments 
directed upwards (i.e.. along OY) shall be regarded as positive and 
those in the direction OY' as negative. 


The length OP is called the radius vector and ^XOP (f>) the 
vectorial angle. The vectorial angle is considered positive when OP 
revolves in the anticlockwise direction and negative when OP revolves 

in the clockwise direction The radius vector OP is alwavs reckoned 

as positive. 

2.2. (A) Definitions of Trigonomelric'al Ratios. Let XO.X' 

and YOY' be two perpendicular axes dividing the plane in four 
quadrants. Let the revolving line suning from OX. move in che 
anticlockwise direction and trace out the ^XOP=G l,ing m any one 
of the four quadrants. Take any point P on OP and draw 

PM ± XOX'. 


Then 

MP . ^ ^ P 

Qp IS denned at the sine of and written as sin Q . 

OM 


OP ” 

»9 

99 

coaioe „ 

9 9 

99 

99 

cos e, -} 

MP 

OM •’ 


• 

99 

..Ungent 

99 

f9 

9 9 

1^ 

tan 61 

OM. 

MP 

99 

99 

..cotangent 

99 

99 

99 

col 

OP 

OM" 

99 

99 

„ acciint 

99 

99 

99 

sec 

OP 

iXP " 


99 

•* coaec®il ,, 

99 

99 

#9 

cosec 9. 


Trigonomctrial 

briefly) of the angle 


j • 
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Important Notes 


2.21. Note. I. There are two more ratios, which are seldom 
used. They are :— .j 


(fl) 1- 


OM 

OP 


I 

called the versed sine of angle B and 


written as verse 0 . Thus verse 0 


cos 0 . 


(b) 


MP 

OP 


called the coversed sine of angle 0 and 


- L 


written as coverse 0 . Thus covers 0 = 1—sin 0 . . 

Note 2. The student will note that sin 0 does not mean 
sinx 0 The word sine without an angle has no meaning. Sin 0 is to 
be treated as a single symbol denoting a ratio. 

Note 3, These ratios are also called circular functions or 
Trigonometrical functions. 

Note 4. Trigonometrical ratio is a number. 

Note 5, It is customary to denote the positive integral powers 
of trigonometrical ratios thus.:— ^ e • 

(sin 0)2 is written as sin^ 0 (sine square 0 ). 

(sin 0 )^ is written as sin® 0 (sine cube, 0 ). , m- 

_ 1 ^ 

*0 I written as —;rtand not as sin 0 r 

J t . t . gjjj Q vr 




which has quite a diiferent meaning. 
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Sale 6. The value of any T. Ratio is independent of the 
position of P. 


Take another point P on 
tic revolving line OP and draw 
PM, P'M' perpendiculars to the 
initial line OX. As triangles 
OMP and OM'P' are similar 
the corresponding sides 
proportional 


are 


Hcncc 


MP MP 





OP OP 


I 

V 


Similarly cos 0 


OM' ONf 
OP' “OP 
M P' MP 

and - =tane. 


Fig. 2 


OM' OM 

Thus each of the T. Ratios depend? onJy upon the maenitude 
of the angle 0 and not on the position of P. magnuuuc 

(B) FUNDAMENTAL IDENTITIES 

Rclslion between. T Ratios of any angle (9 

From Art. 2 2. it is clear that all T. Ratios of an angle ^involve 

two of the three «idcs OM. MP and OP of a right angkd triangle 
which arc connected by the relation Opr=OM*-rMP‘. ^ ’ 

Lach side depends upon the other two. ^ Theorem) 

Hcncc all f. Ratios arc interconnected with one another. 

2.31 i'ivc Simple Relations ;— 

Since tin ©» and coscc 0 


OP 

I 


• • 


Further 


MP ' 

sin q=m • - 1 

COSCC9 

cos 0*-^ and 

OP ^ O.M 

I 


or cosec 0*= - 

SQ9 


(I) 


• • 


cos 0» 


and Vtan 0 


• « 


tan Brnm 


sec 0 

or 

see 

0- 

MP 




OM 

and 

cot 


1 


col 


cot 0 

or 

0*» 


1 


MP MP OM 


Also 

OM OP • (y p 


cos 0 

OM 

MP' 

I 

tan $ 
sin 0 
cos A 


( 2 ) 


(3) 

(-•) 
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, , ^ OM OM MP_cosJ# ( 5 ^ 

and cot 6 —— Qp OP sin Q 

2. 32. Three square Relations. To prove that for all values 

sin26+cos=f3=l ... ( 1 ) P.U. 1948, 1950 

l-l-taD 20 =sec ^0 ... (2) P-U* 1950, 1952 

1+cot^0=cosec®0 (3) P-^ iy47 

Let a revolving line OP trace out any angle 0. Take a point 
P on OP and draw PM J_ X'OX. 

Then from the right-angled A OMP, we have, from Fig. i 

^ ‘ OMM-MP*=OP 2 . 1 

To pro ve (1 divide 1 by OP^. We get ^ 

rOMT TMPT 1 

Lop J+LopJ = 

or cos''' 0 +sin 2 @= 1 .. ( 1 ) 

To prove (2) divide 1 by OM We get 

1 + /“pv-r. 2 py 

or l+tan 20 =sec 20 . ( 2 ) 

To prove (3) divide 1 by MP^. We get 

V MP / ■ V MP/ 

or cot^ 0 +l=cosec ®0 ... (3) 

2.33. SOLVED EXAMPLES. 

Ex. 1. Prove that (sin A+cos A)^— 1=2 sin A. cos A. 
L.H.S.=sm^A+cos^A-f 2sin A cos A —1 
/ =1+2 sin A cos A—1 =2sin A cos A =R. H. S. 

T' o u =cosecA+cotA. (C.U.) 

Ex. 2. Prove that V I—cosA ^ 

1 +cosA ^ 1 +cosA _ 1 +cosA ^ j +cosA 

L.H.S. = 'V 1—cosA 1+cosA \/l—cos*A sin A 

, =-r ^ -. +^:^^=cosec A+cot A=R.H.S, 

smA ' .^in A 

Ex. 3. Prove that (cosec A—sin A) (sec A—cos A) 

(tan A+cot A)=i. (P U,> 

T TTo I - aIF 1 .“Irsin A , cos A 

L.H.S. = 1 —r —sin A 11-T —cos A II —— * +r^;r“A 

in A J^cos A a sin A 

_ 1—sin^A ^ Ij-cos^A ^ si n^A+cos*A 
sin A cos A sinA. cosA 

_cos»A^sm»A^ 1 1 PH*: 

’ sin A cos A sinA. cosA 

Ex. 4. Prove that:— 

sec*©—tan* 6 =(l+ 2 tan*©) x (.1 + 2 tan*©+ 2 tan*©). 
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L.H S 


Ex. 5 


=(»cc‘^-ian‘6«) lsec'^-tdn‘i9) 

=(sec-^ — tan*^) (sec-6» —tan®^) 

[(scc=6'-tan^e)*-2scc-^ tan-, 9 ] 

--=( I • tan29-tan-9)(l ^ 2tan=9)(l -tan*9)=R.H.S. 

Prove that x v,-c-A-coscc'A=tanA-cot A. 


L.H.S. -y I -tan*A-rl-fcot*A = v/tan*A^cot*A —2 


= \/(tan A^cot A)* 

=tanA -cot A = R.H.S. 


EXAMPLES n. A 
Prove the following identities ;— 

1. sin*A—sin*B=cos*B—cos*A 

2. (C05CC» A- 1) =cos*A. cosec^A. 

3. cos'A —sin*A=cos*A —sin‘A = 2 cos*A —1 = 1 —2sin*A, 

4. cosec^A-coscc*A=cot*A-i-cot‘A. 

5. *ec*A-tan*A=tan*A^sec‘A. 

g I—tan A _ cot A—I 
I • tanA cotA-i 1' 
cotA f tanB 
tanA cotB 

8 —'_ ' 

t sinA IrsinA 

9. —M^cosA 

I — cos A sin A 

10 . . 


(C.U) 


7. 


lotA tanB. 


- =2 tanA see A. 

= coscc A-colA. 


jj 1—cos© 


(cosec©-cot©)*. 


12 . 

13 . 

14 

15 
16 . 
17 . 


18 . 

19 . 


I * cos© 

Ian A I cotA^BiccA cosecA. 

,.in A «,,, A, ,c„, A u, A,.«c A +c<h.c a. 

tan’A-sin'A-tan'A. sin*A 
cot*A - cos*A-cot*A. cos*A 

m-A co,.B ,.„„.A .i„.B+,i,.A .in-B+co..A.cM.B,, 

(tanA fcotA»*«sec*A fcosec»A = $ec*A cosec*A. 

1440) 

(«n a^-cosec a)*+(cos c . sec fl)«-UnH-Ucot a ^ 7 . . 

(I 1 cot A t tan A) (tin A—cos A)= _ co*ec A 

cosec*A sec* A~ 


I 


20 


20 . 


21 . 


22 . 

23. 

24. 

25. 

26. 


27. 


28. 

29. 


30. 

31. 

32. 

33. 

34. 

35. 

36. 
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(1+cot A— cosec A)(l+tan A+sec A)=2 


(D.U. 1940) 


(P.i;. 1945) 


1. (P.U. 1945) 
sec A. 

1 


cos A. cosec_A^ sin A A —sec A. 

' A + sin A 

1 —sing (P.U. 1945) 

i^g+tane COS 0 

(cosec0 —sine) (sece-cose)(tane4-cote)= 1' * 

(sin A-cos A) (cot A+tan A)=cosec A-sec A. 

1 1 1 __ 1 _ 

cosecA^ot A^sin A" sin A coses A+cot A, 

(tan A+cosec B)^ —(cot B+sec A)* 

=2 tan A cot B(sec B—cosec A). 

r J — _L_^— Isin^ A cos^A 

L sec^A—cos^A"^ cosec^As—in^A J 

1—sin^Acos^A_ 

“ 2 +sin^A cos^A. 

sec*A sin^A-cosec^ A+cosec^^A cos" 
scc^A sin^A-cosec^ A cos* A 

2 (sin® 0 +cos® 0 )—3(sin'»0+cos<0)4-l=O (D.U. 1945) 

Simplify the following 
sin* A+cos* A. 
sin® A—cos® A. 
sec® A—sec* A. 
sm* A __cos^A 
tan A cot A 

Evaluate x^+y^+z*. where x=k cos a cos 0 ; y=k cos and 
sin 0; z=k sin a. 

Evaluate /w* —/)* where w= \/2 sec A , 7j=\/2 tan A. 
Evaluate ^yh^—k^wheTe /i=4-l cosec A ; A:=41 cot A. 


sin*A 


(D.U. 1945) 


(C) SIGNS OF T. RATIOS. 

2.4. To determine the signs of T. Ratios in the four qnadrants 


Let the revolving line OP, starting 
from the initial position OX, trace an 
/.XOP=0. If OP lies in the first 
quad*-ant, we say ^XOP lies in the first 
quadrant and similarly for the other 
quadrants. Draw PMj_X'OX. 
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Keq?ing in view ihc conventions regarding signs (Art. 2.1) 
we have the followine Sicn Chan :— 

SIGN CHART 


Quad 

O.M 

MP 

OP 

Sin 9 
MP 

OP 

1 Cos ^ 
O.M 

OP“ 

tan ^ 
MP 

OM 

Remarks 

1 

t 


- « 




All Positive. 

l( 

— 

4- 

4 - 




Sine Positive. 

1 

III 

— 


- 




1 

1 an Positive. 

IV 

A 

— 

1 

• ♦ 

■ — 

1 


Cos Positive 


Note 1. Cosec h has the same sign as sin 0- 

Sec fj .cos 0. 

Cot (j tan 


Note 2. To remember the Sign Chart, it should be obsersed 

that, each ratio is Fosiiisc in two quadrants an».l 
negative in ilie other two . 

Remember: — 

Sin ^ is Positive in ihi f irst and Second. 

Cos^,. „ „ hourih. 

tan .Third. 

(D) PRACTICAL USE OF THREE SQUARE RKLATiONS. 

2.5. Some of the uses of Three Square FormuLe of Art 2.32 
are given in the following Articles The^c relations 

viz. Sin'ff * cos*^y 1 

I-T lan*^ sec- ^ y ( A) 

1 i cot*i9 cosec* h J 

ate ol great intporiance and help us in many wavs. 

2.51 I ir»t use Elimination :-Wah the help of relaiii>ns (A) 

wc can eliminate 6 from two equations 

The method of elimination is illustrated in Exs. 7—10. 

Ex 6. Eliminate <9 from : — 

I b cos y^c \ d sin 

\xr 4 ^ .t —o , . V—r 

Wcgctcos6^=—, and sin . 

* ^ d 

Squaring and adding :— 

is Ihc required eliminant. 
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Ex. 7. Eliminate A from x sec ; y tan A=/c. 
We know sec^ A — 1 f tan- A. 


Now sec A 


X 


and tan A 


A: 


, from given equations. 


Hence 


A2 


14 - 


1 <? . 


is the reqd. eliminant. 


Ex. 8 . Eliminate Q from the following two equations. 

Sin tan 

Sol. 

Taking reciprocals cosec 0 = cot B = 

using the identity cosec 20 =l+cot “0 
We have I + 

or b^~a-{ \ 

Ex. 9. Eliminate A from a cosec A+b cot A—c=0. 

p cosec A+q cot A—/■=0. 

From given equation by Cross Multiplication :—^ 

cosec A cot A ] 

cq— bv'^ar—cp ” aq—bp 

But we know, cosc^ A=l-fcot^ A. 

{cq-~brf=^{aq—bp)^-{-{ar—cp)^. is the required eliminant. 

2'52, Second Use : — Evaluation of a Trigonometric Ratio. 

Ex. 10. If tan 0+sec B=m obtain the value of sin 0 . 

^ , (P-U. 1933) 

Sol. We know that for all values of 0 , 

sec^ 0 —taa 20 =l 
By Hyp. sec 0 +tan 0=w 


sec 0 —tan 0 
Adding (//), (///) :— 

2 sec 0 =/w+ 


Also 2 tan B—m 


1 


m 


(0 

0*0 

(«0 


1 




m 

Jl 

m 


m 


m 


1 


m 


^ tan 0 
sin 0 = — ^ 

sec 0 


m 


1 


sin 0 


sin 0 


cos 0 


m^+\ 
sin 0 


1 


cos 0 

Example II—B. 

Eliminate 0 from the following eqnations : 

1 . x=a cos 0 , y=a sin 0 . 


tan 0 , 
cos 0 ' sec 0 ~“ sec 0 
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2 . x^a cos 6 ( = 0 , y--b sin ( 9=^0 

3 x=acos*e, y=b %)n^h. 


COS 


a 


• r. _ 


COS 


[r] 


and eic. 


10 


X cosec f)=y , u tan (9=». 

Sin e rcos sin ( 9 -cos 

x=fl cos 9 -r^ sin >'=a sin i 9 —Z? cos #9. 

(an 0 ^-sin(f = m , tan 6 » —sin ^ = n 
Cot ^ rcos cot 9—cos 9 = v 

prove that rr. 

If sec A-t-tan A - lu prove that 

sccA=a+ and lan *- 

4 a 

If CDScc A - col A h tindcosccA and cot A 
Hence iind all other T Ratios of A 


iP.t. 1950) 

(P L ) 


Hint 


Use the identity Ct>sec*A- cot^A—J 


I 


/. cosec A—cot A etc 



11 . If 


a4\ 

a— 1 


co>cc A, prove that 


12 


13 


^ sec A tan A. 

If cos 6 sin ff \/2 sin 6, prove that 
cos Q-i sin ^ar V 2 cos Q. 

If / tan $ T m sec ^ n and 

n , show that 


r 


I 


( 


nm 

Itn 


nm 

ml' 


1952) 


©—m' sec 

nt-ln \* 
im/ 

14. If cut e-f cosec ( 9 = C find cos fy 

(E) Limits to the Values of T. Ratios 

2.6. Our reader, b> now, must have tully grasped that anv 

Ingonomcincal Ratio of an angle is an absolute number without 

any reference to a concrete quantity. By modern definition of an 

angle, ^ can be of any magnitude or sign. The question arises 

whether sin f> can have any value or there arc certain boundcrics 

within which its value is cchned. Similar questions arise at out the 

other five ratio* as well We, now. proceed to answer this question 
m the following articles. 

I6I. Nomcrlcal or Abaolate Value of a aunber x u its value 
wiihoiu regaid to sign, and it is denoted by |xl. 

Thus, numerical value of —5 is 5 . 




ft 


ss 


•• 

and etc. 


3 is 3. 

II . II 


..-»- 1 * 
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inteumediate plane trigonometry 


In symbols, ;—5 


' =3* 


n 

1 


11 

7 


and etc. 

2 62. To prove that sin e or cos 0, for any value ^ 

greater than unity numerically. s . wi that 

Let ZXOP=a in any one of the four quadrants. We knovV that 

for all values of 0 , s\n^9+cos^0=l- 

Now each of sin-6' andcos^e is positive, being a square. 

And since the sum of two positive number is unity. 

None of them can be greater than unity. 

/. sin^e <1 and cos^Q 

sin 0 lies between —1 and + 1 . 
or I sin 0 I <1. 

Similarly | cos 0 I ^ 1. 

2.63. To show that either of sec 9 and cosec 9 is not less than 

unity numerically i. e. Isec 0 1; I cosec 0 I ^1. 

Let / XOP=0 in any one of the four quadrants. -.r k ^ 
For all values of 0 ; sec^ e=l+taa^ 0 = 1 +(a positive Number) 

/. 800^^0 > I or at the most equal to 1, if tan 0 happens to be 
sec= 0 > 1 . 

sec 0 cannot lie between —1 ana+i. 

or 1 sec 0 I > 1 . 

Similarly we can prove that I cosec 0 1^1, 

2.64. (/v) To prove that tan 0 and cot 0, for all values of 0 can 
have any real value. 

Let ^XOP =0 in any one of p 

the four quadrants. A 

Draw PM ± XOX' ; then we / 

have. / 

MP . DM / 

=MP. --i^ 

Now, in a right angled /^OMP 
the sides OM and MP can have any 
value and either of them can be 
greater than or equal to the other. 

can have an real value. 

OM MP 

tan 0 and cot 0 can have any real value. 

SOLVED EXAMPLES 


tan 0 


why 


Ex. 10. Which of the following equations are possible and 


(0 sin 0 


; {it) tan 0 


(///) cosec 0 


3 , 

vrr 


(iv) cos 0 


5 

V7. 

_ 1 . 
"V3 
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(/) fmposNible, 
(//; Possible, 
itii) ImpOisible, 
iiv) P*) 8 sible, 

Ex. Jl, FinJ wr 


sm ^ cannot be greater than one. 
tan ^ can have any value ; 

cosec ^ cannot he less than one 

|co> 0 ]^ I. 

her 0 is possible in the followine cases 


(/) cos ^ 


sin^= — 


_1 

V'5 ’ - V5. 

(//) tan ^=1*3; sec < 9 =—2. 

(Hi) tane= —i ; sec(9 = \/10- 

Sol. (/) co'i^^+^iin* Q = |-f j = l. 

9 is possible, 

(//) sec'^-tan2/9 = 4—1*69 = 2*31. 

But sec*^ -lan*^=l always. 

9 is not possible. 

(Hi) V tan h -i ; cot 9=-3. 
coscc* e -coi*^= 10 — 9 = 1 . 

9 is possible. 

Ex. 12. In which quadrant does 9 lie. if 


• • 


« • 


(0 


(//) 


• , i 

tan 9 = 2 


cos 9 = — 


2 

V5. 


sin 9--1 ; see 9 = -^ . 

2\/2 


Sol. (/) since lan 9 is positive. 

.. 9 can lie cither in quadrant I or in quadrant III 
Again, '/ cos 9 is negative, 

9 can lie citlicr in quadrant II or in quadrant HI 

Hcocc 9 lies III quadrant HI. 

(//) 9 lies in the quadrant iV. Argue as in Part (i). 

Ex. 13. Show that a* tan*0 4-A* cot«9 is least when 
given by tan* 0 = * 


9 is 


Sol. 


a 


Given Exp.r=fj* tan* 04 A* cot*© 

tan* 0 -f />* cot f)-2ab^at> 

=(a tan 0 —A cot e)*+2ab 

positive numbers 2ab 
a* tan*047>* cot* ft is feast 

if (a tan 0 —A cot 0 )=O or when a tan 0 =A cot 0 

or when tan* 0 * ^ 

a 


only <»+*)• 

We know sin* 0 ^ I. 


The equation U sin* 0 


Q.E.D. 
4<jA sin *0 is possible 

(P.e. 1949.) 



26 


intermediate plane trigonometry 


• • Aab 

or 

or 4a6<0 

or {a—bf^Q 

Now the L.H.S. being a perfect square cannot be negative, 
the most it can be zero, in which case a^b, ^ O E D 


Ex. 15. Is the equation 9 sin* 0+18 cos 0 
justify your answer. 

Sol. The equation can be written as : 

9(1— cos* 0)+18 cos 0 — 14=0. 
or 9 cos* 0 —18 cos 0+5=0. 

Put x=cos 0, then 9x*—18x+5=0. 


14 


Q.E.D. 

possible. 


18+V324—180 
18 

_ 5 . 


18±12 

““ 18 ^ 


1 _ 

3 • 


The value cos 0= is impossible, 


cos 0 can never be 


greater than unity. 


The other value—is, however possible. 

Examples II —C. 


1. Examine the. sign of : 


(/) sin 245 


(ii) tan (—730°) 


..... IVtt 
(in) sec-^ 


(iv) cosec (1325).® 


% 

2. Find which of the following equations are 
when, justify your answer in each case. 


237r\ 

- 4 / 
possible and 


• « 


(i) cos 0= 

.V27 
" 6 ’ 

(») cot e= 

:-2*7. 


— 5 

{iv) sin 6= 

a*+** 

(iii) sec A= 


' a*-6* 
a*+6* 

(v) 4 sec A = 

= 3 

(vi) cosec6= 

2ab 


1944)L 


(v/t) 2 cos0=a+ — 


(v/») 3 sin* 0+3=10 sin 0. 


3. Where 

simultaneously. 


does 0 lie if the following equations are to hold 


(f) sin 0= 


cos 


A / ^ 
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(h) sec 9 = — cosec 0 

3 


= _V13 
2 


(i/T) tan 


3" ’ 


cos 0 ~— — • 

vio 


4. Test the possibility of the equation K cos ^ 
real values of x. 

[Sol. Eq. is Jc*—(K cos ^jx-r 1=0. 

if X is real, its d-scriminant 0. 

K* cos*^ —4<0. 

4 

or cos*9> 

K.- 

4 

or cos*6»<l. 


for 


X ? 


or 4<K* 

or K»<4. 

or K<2 numerically. 

or K. must not lie between —2 and 2.) 

5. Is the equation 2 sin 0=x -f~ — possible for all values of 

(P.U.) 

6. Is the equation sin ( 9 =,v h ’ possible? 

7. Show that the equation scc=^ - -is possible only if 

(Patna) 

8. Show that no value of sec 0 can satisfy the equation 

6scc*^-5scc 6»i"l=0 (O.U. 1951) 

y. Prove that sec* ^ f cos* Q can never be less than 2. 

(F)To Express all the T. Ratioi in teroii of oae of thrm^ 

« — ■mongsl the sin Trigonometrical Ratios of 

an angle 9 

.h« “"y raagnitude. Draw PM j.XOX, then all. 

" 0 • COS 0 etc. are in terms of three sides OM 

‘I*® *“ interconnected. If value of one of‘ 

them it giwn. tboae of the others can be found. We give below six 

«he Five Trigonometrical Ratio, 

2.71. To Exprcaa all the T. Ratioa of an angle e in terms of 
■ia 9 . We have sin'o+coM-il 
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hence cos^ 0 =1—s in^g 
or cos0= ±1/1—510* e 

sin Q , sin 0 

008^0'- Vl-sm^ 

cot 0=reciprocal of tan 0 

_ i/l—sin^ 0 
~ - “ sin 0 ' 

_l_^l^_ 

cos 0 ±\/l —sin‘i0 

and cosec 0= ^ 

Method II (Geometrical Method) : 
Let /.XOP=0. Draw PMJ_OX. 

MP 

Then Sin 0= (suppose) 

MP_ X 
• • OP I 

If we take MP=x, then OP=l 
Now, OM* =OP2-MP2 


and cosec 0 


Then Sin 0 


X (suppose) 


III 


IV 





OM 


± Vi 


^ OM 
cos 0=Qp- 


± vr 


* ^ ATJ 

tan 0=;^ 


MP 

OM 


± v'l —sin-0 


cot 0 


sec 0 


tan 0 
I 

cos 0 


±-,=^=d 

_V \ — x^ 
yi —sin^ 0 

sin 0 
I 


sin 0 

V I —sin’i 0 


Vl —sin* 0 


cosec 


I 

sin 0 


2. 72. To Express all the T. Ratios of an angle 0 in terms of 

cos 0. (U.P. 1953) 

This can be done just as in 2.71. Do it.for practice by both 
methods. 

2.73. To Express all the T. Ratios pf an angle 0 in terms of 
*“"6- (P.U. 1943) 

Method I—We have the well known relation ■ . . . 

sec *0 = 1+ tan^ 0 ; - i. 

hence sec 0 =±v'l+tan »0 „ 
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sin 0 


sin 0 ^ sin ^ I 

, cos i 5 =- —- - 

^os <9 cos <9 cos 

tan 0 _ tan 9 

sec 6 > - Vivian-% 

I __ 1 _ 

see 9 ± V ^ —tan-^ 

tan 0 


cos 9 

tan 9 
see (9 


cos i 9 


cos 6 


cot 6 = . _ ^ 


, I \/l '-ian *9 

coMX' 9= . — = ^ 

sin 9 lan 9 

Method II-file reader is advised to do it by Geometrical 
Method also. 

2. 74. Express all the T. Ratios of an angle 9 in terms of coi 9 . 
This can be done jusi as in 2.73. D.. ,i lor prau.cc. 


aec 9 . 


2. 75. Express all the T. Ratios of an ang\ (T 


9 in It 


of 


Method I —W'c have from the reiaiion 


cos 9 = 


1 Ian* 

9, .'.tan 9 = j: 

__ tan 9 

_ ± V ^’c* 9 — 

sec 9 

sec 9 

I 


cc e 



and coscc 9 


cot 9 = * = - —*_ 

lan 9 \/scc* 9- I 

and coscc 9 = . * - = ^ 

sin 9 i \/scc* 9 — I 

Method II— Gco^ncl I ical method is icii to il.c leader as an 
exercise. 

2,76. Express s') r. Ratios of an angle 9 , in icims rf co&ec 9 . 

This cun be done just as m 2.75. it for practice. 

N, b. /. Meantfifi oj Double 5/t'/i in the Rt. suits of 2.1. 

Wc l.avc seen that for a given value of sin 9 there arc iwo 
values of the remaining f. Raiios [except of coscc 9 which is^ 

sin 9 ^ positive and other negative, f he rca^vn is as follovss ;_ 

mirtirnia^i^ ® cithcf of thc two guadruDls 

rRail? wiir hav"* t * ^ '* positive hence every other 

according L two values one positive and the other negative 
according as 9 lies in one quad, or the other. 

whirh^' ^ however, the value of 9 \\ given or thc quadrant in 
which 9 lies IS given then there is no amhtguit> of sign. 
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e, g.. If sin 0 = 13 ' and 9 lies in the second quadrant, then 


we get 


<-in 9 

tan 9= -“A 

cos 9 


r> 

T3 


-f 


"12 

But because 9 lies in the second quadrant, tan9 cannot be + ive, 
hence tan 0—— 

2.8. Now wc aJd few Solved Examples. 


Ex. 16. If sin A 


n 

--find the value of sec A-f-tan A, where A 


lies in quadrant II. 

7 _._ 

, SinA=^ therefore cosA=± \/l—sin^A = 

But because A lies in the second quadrant 

24 


(D.U. 1950) 


24 
± 25 


cos A 


25 


Hence sec A 


tan A 


sin A 
cos A 


/. sec A 4- tan A 


24 

7 

24 

32 

24 


4 

T 


Ex. 17. If 5 tan 0=4, find the value of 


^ s in 0 —3 cos 0 
sin 0+2 cos 0 


(P.U) 


Dividing numerator and denominator of ^ ^ by 

sin 0+2 cos 0 ^ 


cos 0 wc get 


5 tan 0—3 
tan 0+2 


^x4-3 

1 + 2 ” 


m 


Ex. 18. If tan = A-—, prove that 


n 


_ 5_ 

" 14 

m sin A +/2 cos A _w®+/z* ^ 
wj sin A—cos A n® 


Sol. 


sin A 
cos A 


m 

’rT 


• • 


A>r u* I • u sinA ni‘ 

Multiplying by— we get-i = o 

n ° n cos A nr 


• * ; 


1 • I 


r • 

1 ) X 


By Componendo Dividendo ^^^ cosA _ 

msin A—/j cosA m^—n^ 

Ex. 19. Given cosec A—cot A=5 ; find cos A. 

Sol. We'know that for all values of A ; 

cosec^A—cot* A=1 
;But cosec A—cot A=5 

On division, cosec A+cotA=J. . , 


(0 

(«) 

(///) 
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Adding (/) and (Hi) we get 2 cosec A = 5 


1 

5 


Subtracting 2 cot A =5 — 


2 

5 


• • 


cosec A 


13 


5 

24 
5 


9 9 


cos A 


5 

cos A 
sin A 

12 
5 ^ 

Ex. 20. If 2 sin* A ^ 
Sol. Given ertlintir%n 


and cot A 


12 

5 


• • 


cos A= 


1-f-A. I 


sin A = 

= cot A ^ 

cosec .A 

. 5 

12 

13 ■ 

13 • 

cos A = 

= 1, find tan A. 

is 2< 1 - 

-cos* A)-^cos A = 

■ A — COS A —1=0. 

-8 


tan A 

_ + Vj — COS* A 


= 1 


cos A 

and when cos A = — ; tan A= ± + ,/ 


1 

i 


i \' 3 


Ex. 21. Solve 3 see* A —2= 10 tan* A, 

Sol. Equation is 3 s.c' A-2 = 10 (sec* A - n 


• • 


scc*A= 


• • 


or 3 sec* A- 10 sec* A^8=0; 

10 ^ y Too- 96 

6 ~~ 

2 




4 

3 


sec A 


1- li'sinA 


± v^2 and + 

\/3. 

examples II- 

6nd tan A. 

8 

17 


D. 


2. It sin A=i-y find tan a- f sec A. 


3. If cos A 
and sec A. 


(PL) 


d. If cot A - 


2 j-and A lies in the fourth quadrant; find t.nn A 

(E.P.U. 1948. S) 


cosec A 


^ and A lies iu the third quadrant find tan A 


5. If tan ©x= * 


; find the other trigoaometric ratios of t,. 

(P.U. 1945; 
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6 . ll'sec A=-- ' 5 - and A lies in the third quadrant find 

sin A and tan A. 

7. If 5 cosce A-t-9 = 0 and A lies in the fourth quadrant find 
cos A cot A. 


8 . 

9. 


of 0. 


lo. 


11 . 


13. 

of K. 


Ifco-i A = 2 sin A ; find cosec A. (P-U. 1944) 

If 5 sir."f9=l=a; find the other Trigonometric Ratios 

(P.U. 1946) 

If 6 cos^ 0 = 1 , find all the circular function of 0 . 

(P.U. 1947) 

lf3cos2 6 i=l ; find the other trigonometric ratios of 0 . 

(P.U. 1948) 


12 . If tan 0 


If tan 2 Q 


14. If cos 0 


—evaluate sin 0 +cos 0 . 

K, express the other irigonometic ratios in terms 

(P.U.1953 S) 

2t 


l + t 


find cosec 0 and cot 0 . (P.U. 1953.S.) 


15. If cot 0 


a , . « cos Q—b sin 0 a^—b^ 

b ^ ^ a cos Q-\-b sin 


16. If cosec A —sin A=w3, sec A—cos A=n® prove that 


tan A 


n 

m 


17. If tan A +sin A—a, tan A —sin A=/> prove that, 

{d^-b'^f=^\6ab. (P.U.) 

18. If cot 0 +COS 0 =.v, cot 0 —cos 0=v; prove that 


x'^—y^=A^/xy. 

19. If tan 0 +sec 0 =a, prove that (u*+l) sin 0=a®—1. 

20. If sec 0 +tan 0 — 4 find sin 0 and cot @. (P.U.) 

21. If cosec e—cot 0 = 3 find cos 0 and tan 0 . 

22. Find cos A ; if 8 sin A=4+cos A 

23. Find sin A ; if cos A=2(l—sin A). (P-U.) 

Solve the following equation :— 

24. 8 cos2 B+18 sin B=17. 

25. Sec^ 0=4+2 tan 0 . 

26. tan 2 ^_5_sec 0 . 

27. 5 tan *0 — 1=4 tan^ 0 

28. 3 tan 0 +cot 0=5 cosec 0 . (P.U.) 


(G) Construction of Angles with given T. Ratio. 

2.9. Now we will give below the geometrical construction of 

an angle whose sine is given or any other Trigonometric Ratio is 
given. 
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2.91 To construct an angle B whose sine is given. (D.L.) 

Let sin 6 i=K, where K is not gr;ater than unitv, numericalK 
Draw a circle with centre O ani radius unity. 

Draw two i diameters XOX' YOY'. 

Measure ofrOA = K. along OY or OY' according as K is 

positive or negative. 

Draw BAC i| to XOX' cutting the circle in B, C. Join OB.OC. 
Then Z XOB, ZXOC are required angles whose sine is K. 

Proof:—Draw BL , C.M is 

to XOX'. 


A 

sin XOB = 



LB 
OB 
= OA 
OB 

= 

~ 1 ■ 

A 

Similarly Sin XOC=<K. The 

construction is possible only 

if |K'<1 

N, B. If K=I or-1 
then A will coincide with Y or 

Y , In that case there is only 
one angle, namely, 

/ XOY=90 , if K = l. 

and z:XOY' = 270^ ifK=- l. 

2.92. To construct an angle whose cosecant is eiren 
Let coscc where m > I numerically. 

then sin L. 

m 

^ constructed as in Art. 2.91. 

2- 3. To construct an angle whose cosine b eiven 

Let cos ; where |K| < I. ^ 

Draw the circle as in Art. 2.91. 

p.-w« oZn':,;:?, - K ; .lo„g ox ox- according 

, Draw BAC || YOY' cutting the 

/^xnr" Z.XOB* 

Z XOC are required, angles. 

Proof:—Join OB. OC. 

OA K 

OB “ T " 


as K 


IS 


and 


coi ^XOB 


Similarly c08 ZXOC -K 

ine construction ftlb If 
•• greater than unity numerically. 


K 
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N.B. If K=1 ; A lies on X 

then ^0=0° or 360*" 

If K= —I ; A falls on X' then Z0=18O°. 

2.95. To construct an angle whose secant is given. 

Let sec 0=n where «>.l numerically. 

^ 1 

/, cose- A 

Now the angle can be constructed as in Art. 2.93. 

2.95. To construct an angle whose tangent is given. 

Let tan Q=t. 

Take a line XOX'. 

Mark the points A, A' on OX, OX' 
such that A'0=0A—1. 

Draw lines YAY' & ZAZ' to XOX' 

at A, and A. 

Measure AL=/ along AY if t is 
positive. 

Measure AM — / along AY' if / is 
negative. 

Join LO and produce it to cut ZZ' in 
L' ; then /.XOL and ^XGL' aie the 
required angles. 

^ AL / 

Proof tan z.XOL= qa = 1 

, A'L' -/ 

tan IXOL ='^17 ^ 

Q E.D. 

2.96. To construct an angle whose cotangent is given. 

Let cot 0 =P 

tan e == —. 

The angle can be constructed as in Art. 2.95. 

Ex. 22. Construct an angle whose sine is 

' I • 

Draw a circle with centre O and radius unity. Draw two 




j. diameters XOX' and YOY. 

is negative. 

f 

4 

Measure OA= ^along OY'. 

Draw BAG || XOX', cutting the circle in 
B. C. Then /_s XOB, XOC are required angles. 
The reader will easily show that sine of 




I 

each of the angles obtained is-^ 
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EXAMPLES II E. 


1. Construct the angles in each of the cases for which. 

(0 sin ®=*6 (if) cos S='S 

(Hi) co»ec e——I (/»') sec i9= —2*4. 

2. Show how to construct an angle whose sine is given. 

, ^ . (D.U. 1951) 

3. Construct the acute angle whose tangent is J. 

Find its sine and secant. 


By measurement verify that the angle is nearly 53°. 

4. Construct an actue angle whose cosine is 0-6 and find its 
tangent and cosecant. (P U ) 

Verify that the angle is nearly 53° 



CHAPTER III 

'Trigonometrical ratios of certain angles 

T. RATIOS OF ANGLES 0°, 30% 45% 60% 90% 


^or ^ radians ^ 


Let the revolving line OP trace 
/.XOP=45°. Draw PM_L OX : then in 

right angled AOMP 

^ ■■ A 



radians ^ 


Let the revolving line OP trace 
Z.XOP=60°. Draw PMX®^ 
then in the right angled AOMP- 

*.• AO= 60 ° 

•. AP=30° 

.. TheHypotenuse=2.0M 

or OP =2. OM 

If we take OM=x 

then OP =lx. 

But OP2=OM24-MP^ 
or =x*+MP^ 

or MP^=3 jc* 
or MP = 'v/3.x 
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sin 60’= 

= siii 

XOP= 

M P_ 
"OP 

II 

II 

.v3 

2 

cos 60'= 

=cos 

X 

o 

!l 

11 

oio 

1 \ 

X 

" 2x 

i 

tan 60 

= tan XOP = 

MP 

OM 

_ \/3’x 

X 

= V3 

cot 60'> 

= COl 

X 

c 

11 

OM 
'MP ■ 

_ -t _ 

1 

V3 

sec 60 '= 

= sec 

X 

0 

II 

O P 

OM 

2x 

X 

2 


coscc 60®= coscc Xqp — ®**=_*'^ = _r 

I MP V 3^r v^3 

3.3. To find T. RrIhmi of 30" ^ ^ rsdisiis. ^ 

Let ZXOP=30 draw PMiOX: 
then in the right angled triangle OMP 


0 



V /1O-30’and Z P»60 . .•.OP = 2MP. 
If MP»=>'. then OPs=2v, 

But OF=OM* + MP*. 

/. OM*=OP*-MP*=»4v^->-* = V 

/. OM==v/3.>-. 

/. sin 30’=5in XOP=. » 

cos 30"=-cos XOP=i= 

UP 2v 2 


and so on for the remaining four T. Ratios. 

3,4. Note on Infinity :—{Read carefully). 

t’y example ihji ihc result oPUtined 
dividing a quantity by zero is absurd. 

Let jr-5-0.1. 

Jf- 5.II. 

Squaring, x*<-S 

or **-2S-0 
or (.x_5Kx + 5)-0. in. 


Dividing both sides of tbo above equation by jr_5, 


gel 
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X + 5 —0. 

or A*= — 5 .. Iff 

From II. TIT. 5--5. which is absurd. 

Now what is the reason for such an absurd result ? 

The reason is plain ; we have committed the blunder of dividing 

III by x—5 (which is zero by I)* 

For this reason, division by zero is ruled out of Mathematics. 

Thus expressions like —^ ^ etc., have no meaning in Mathematics 

^ 0 0 C 

Now consider an expression ajx where a is a fixed positive 
number and a: is a changing quantity, which takes up values 

7 . •• and goes on decreasing without stoppage, then 

ajx will take up the values 1 a,,, 100a, 1000a, 10000a,. 

and thus we see it shall go on increasing endlessly without stoppage. 
It is easy to see that as x goes on decreasing and decreasing without 
stoppage ; ajx goes on increaing and increasing without stoppage. 
Such a behaviour of x is described by saying that “a: tends to zero” 
or \x approaches zero” and written as a:-^0. 

And the behaviour of afx is descr bed by saying that “a/x tends 
to infinity” and written as ajx-^co 

3.41. Clarification of the above Statements. 

It must be clearly understood that the ideas contained in x=0 
and x->0 are quite different. The former denotes “Absolute Nothing 
ness” and a particular fixed stage while the latter signifies the progress 
towards a stage which may not actually be reached. In an easier 
through not Mathematical, language a:->0 means that x goes on 
becoming smaller and smaller endlessly, remaining positive. 

I 4 

Coming to the pharse x->oo ; it denotes the endless progress of 
x towards the values greater than any number however great, 
(oo) is not a number. The equation a:— X) has no meaning of the 
type as the equations x=4 or x=7 etc. possess. 

(/) As an example consider- 

X j 

As X approaches 3 
a:— 3 diminishes endlessly 

increases endlessly 

1 

/.-oc as x->3. 

X —3 


(//) As another example consider 

Hs /i->oo i.e. n becomes greater and greater, 

2" becomes greater and greater 

-^^becomes smaller and smaller. 
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1 

2* 


->0 as n-*-3c, 


3.42. Sometimes x tends to zero through positive values and 

sometimes through negative va.ues. If thr^^ugh positive values 


thus 


otherwise 


(a>0} 


Thus 


a 


± OC as .T-;rO 


fJ' ® ® radian) ' See Fig 4. 


P* M 



fj^4 


fcin 0' 





tan (F 


cot 0 


•J 


sec 0 


cosec 0’ 


MP 
O P 

OM 

O p 

MP 

OM 

OM 

MP 

OP 

OM* 

OP 

MP 


0 
K 
K 
K 
0 
K 


0 


I 


- =0 


+ 00 (V MP-> 0 ) 


K 

K 


I 


±oc (V MP-,0) 


3.6. 


T. Ratios of 9(r (or -j-™o,»os, see 

Draw'pM°l'o")?.'r T ^XOP-QO* 

OrawmiOX then clearly M falls on O. 

(say) and OM -»0 


•in 9J' 


cos 90 


tan 90 


MP 

OP 

OM 

OP 

MP 

OMT 


h 

b 

0 

6 


I. 


0 


±oo 


(•.* OM-*>0.) 


cot 90” 


OM 

MP 


0 

b 


X' 



0 


Fig. 3 
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Q(\0 OP 

sec 90 — 

oo 


OM->0.) 

OM 




OP 

b , 



cosec 90 = 

=-b='- 






St: 

To find T. Ratios of tt 

and 

1^' 


This is left to the student for practice. The student should 
be cautious about the signs of segments. 

Ex. 1. Simplify sin* 30°+tan* 60". cos* 60"-sec 0". cot 30° 

Exp. =02+(V3)*. (i)*.-l. + 

Ex. 2. Solve the equation 2 sin* 64-3 cos @=3 

Sol. (/■) We have 2(1—cos^ 6)+ 3 cos 6=3 
or 2 cos^ 6“3cos 6+1=0, 


• • 


cos 6 


3±i/9-8 




When cos Q= \ ; then 6=0^ ; when cos 6=i then 0=60°. 

Ex. 3. Given sin (2A+B)=^^; tan(A-2B)=l find Aand B 


Sol. sin (2A + B)= 

tan (A—2B) 
2A+B = 60 

A-2B=45° 
2(l)+II gives us 
5A=l65° 
A=33° 
B=-6°. 


V3 


sin 60 


l=tan 45 


(I) 

(II) 


EXAMPLE III. A. 






4. 

5. 

6 . 

7. 


By taking A=30°, verify the following :— 
Sin 2A=2 sin A cos A. 

sin 3A=3 sin A—4 sin® A. 


tan 2A= 


2 tan A 
I — tan^A 


cos 2A=2 cos* A-l= ^ 

l+tan* A' 

Verify by taking A=60°, B=30° that ( 
cos (A —B)=cos A cos B+sin A sin B. 

tan (A+B)= tanA + tan B 

1—tan A tan B 

sin (A+B)5i^sin A+sin B 
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f 10 . 

11 . 

12 . 


Verify by taking A^60’, B = 30’ 

that tan (A—tan A —tan R 


but tan CA —B) = 


tan A —tan B 
1 -rtan A tan B 


Verify by taking A=30' that 
(/) cm 3A ^3 cos A. 

(//) see 2A?^2sec A. 


Simplify :— 

sin* 30 -i-sin* 4r>'''-rcas* 60"*. 

I cos* 60' —3 sin* 60 +2 coscc* 90’. 
4 cot* 45^—see* 60 ^8 sin* 30\ 





cos 


2-15 sin* 


TT 

2 * co^ 



—4 cos J cos cos + (P.U. 1953) 

6 4 3 • 

3 tan 60 —tan* 60’ 

l-3un*60 • 

15. Given sin (A—B)= ^^and cos (A r B) = 0. find .A. B. 

16. Given tan (A-f-B)-.=oand cot (A —B)= —^— find A, B. 

17. Given sec (0-r<^)=2. coscc (0 —<^)-.=o, find 9, (f>. 

Solve the equations and find out the value of angle in each 
case :— 

IM. 2 sin 6°»tan B- 

19. tan A fcot A«=.2. 

20. 2cQa* A-l=.l -sin* A. 

21. tan^ 6=5 —scc|^ 
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CHAPTER IV 

r • ’• 

Problems on Heights and Distances 

i 

( Simple cases ) 

41. One of the most interesting and beneficial uses of 
Trigonometrical Ratios is their application to investigate phenomena 

such as height of a building without actually measuring it, the dis- 

* 

tance between two places without actually travelling it and such 
other problems. 

* 

4*21. Definitions 1. Angle of 

elevation is the angle between the horizontal 

line through the observer’s eye and the line 

joining the eye to the object at a levei 

higher than that of the eye.- 

(See Fig. 1 Z.HEO is the angle of 
Elevation of O. ' 

4.22. Angle of Depression is the 

angle between the horizontal line through 

the observer’s eye and the line joining the 
eye to the object at a level lower than 
that of the eye. (See Fig. 2) 



e (Evc) Horizontal UHE H ^ 

Eig. 1. 


Z.HEO is the angle of depression of 



O. 


Generally the observer's eye is 
taken on the ground level for practical 
purposes and angles are measured by 
an instrument called “Theodolite.” 

Ex. 1. In fig, 3. ZHEO is the 
angle of elevation of the top of Qutab. 
Minar from a place in Mehroulli 


Fig. 2. 



D. 
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Ex. 2. In fig. 4 Z-HEO is the 
angle of depression of the bottom of 
a house in .Mehroulli from thr top of 
Qutab. 

It is interesting as well as instru¬ 
ctive to see that the elevation of E from 
O h same as the depression of O from E. 



Fig. 4. 

4.3. The Problems of Heights and Distances can be 
conveniently divided into two types : 

(A) Sinjple Type—In these problems, the solution is reduced 
ultimaieiy to a right angled triangle. Solution of such problems 
depends entirely on the knowledge of T-Ratlos of angles. This 
type will be dealt with in the present chapter. 

(0) Advanced Type —These problems reduce to solution of a 
scalene triangle and they will be dealt with only when we have learnt 
how to solve a triangle in a subsequent chapter. 

4 4 The uses of .Angles : As a matter of faot the angles 
of Elevation or Depression can have any acute value, but to 
start with we shall use well known angles of 30’, 45’ and 60’ 
because the reader knows their T. Ratios. After the reader has 
the method, he may use any other angle besides 30’, 45’ and 60’. 

Solved Examples 

Ex. 3. The angle of elevation of the top of Asoka’s pillar 

from a point 180 feet distant from its bottom is 30’. Find the height 
of the pillar. 


Sol. Let AP be the pillar and E the point of observation 
then PE= ISO ft. and / PEA = 30", to find AP- 

The reader should note the method of solving the problem. 

Now clearly AEP is a rt. Z_d A in which EP is known and 
AP IS unknown. 


Now find which T. Ratios of • 
depend on PA and EP. 

From Fig 5, it is clear that 

PA ^ EP 
£P *^tanPand p^='cot E 

Any of them can give the result. * * 
Taking tun E, 



_ c 

• I 

m ^ 
X 

o o 

u f 


tan E 


PA 


a • 


PA 


EP 
180 
vr 


or tan 30 


PA 1 


Fig, 5. 


PA. 

180 

l80v/3 , , 

- =-60v^3=>104 feet 

(Since 1-732) 


nearly. 
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Ex. 4. The upper part of a tree brokea by the wind, but not 
broken off the stem, makes angle of 30° with the ground; find the 
height of tree if the distance between the root and the point where 

tree top touches the ground is 40 ft. 

Sol. Let P be the point where the tree breaks and the upper 

portion PT lies with T on the ground, R being the root. 

Thus Z.RTP430° and TR=40 ft. 

I 

To find the length of the tree, that is 


RP+PT. 


RP 

From APTR, ^ 


tan 30 



or 


RP 

40 


1 


= -^so that RP= 


40 


Fig. 6. 


a') 


TP _ 
Also— 


V3 

sec 30 


or TP=40 


V3 


V3 

_2 

V3 

80 

V3' 


( 11 ) 


40 , 80 


Original length of the tree=—;^+ 


120 

V3 


V3 ' ^3 

=40^3 ft. =69 ft. 

Ex. 5. The shadow cast by a pole is 20^/3 feet long 
the altitude of the sun is 60°, find the length of the shadow 
the altitude is i0°. 

Sol. Let AB = be the pole 
AC its shadow when the altitude 
of the Sun is 60° AB is known, and 
AC is unkown. 


when 

when 


AB 

AC 


(») 


=tan 60° or 
h=60 ft. 

When the altitude of the 



Sun is 30°, the shadow AD is the unknown, 

AD AD 

= V3. 


Fig, 7. 


60 


.. ^3 =cot30° or 

AD=60 \/3 feet. =104 feet nearly. 

Ex. 6 A man standing at one end of the bridge towards 
Lahori Gate of Red Fort, Delhi (the other end of the bridge) 
observes the angle of elevation of the India’s National Flag above 
the Gate to be 60°. On going back straight 25 feet he finds that 
the angle changes to 45°. Find the length of the bridge and the 
height of the flag above the ground. 
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Sol. Let GF be the height of the 
National Flag above the ground, AG the 
width of the bridge. 

A is the first position of the observer 
and B is the second position . 

Then AB = 25 ft. 

If GF=y and AG=x, we have 
From /I^FAG, 

^ =un 60’= ^3 



>'=V3jr 

From AFBG, =tan 45’=!’ 

25-i-x 


/, y = 25-i-x. 
or (\/3— 1)JC=25. 


or 


25 


34 fi. nearly. 


y=Y^3.v=59 ft. nearly. 


Fig. 8. 

(M) 


Ex. 7. The angles of depression of ihe two houses, seen from 
an aeroplane flying 3000 ft. above the ground, arc 45^ and 60"* 
Find ihc distance between them if they arc on opposite sides of the 
aeroplane and line joining them is vertically below the aeroplane. 


Sol. Let A be the aero¬ 

plane and B, C be the houses. 

Let IIAK be the horuontal 
through A. 

/BAH =>45^ 

ZCA 1 C« 60 ‘ 

Draw AL I BC; 
then AL*^000 ft. 



Now /.LAB=»alt. Z.45\ 
/.LCA-alt. /.60 . 

BL 

From A ABL, 


BL-AL *=3000 feet. 
AL -1000v'3=-1732 

^/i Vi ^ 

hr.iween thc houscs—30004- 


From A 


60 


• LC 


lOOOv'3 —1732 ft. nearly 


ft. 
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Ex. 8. The angle of elevation of the top of a tower from a point 
due south of it is 60^ and that from a point due west of the tower is 
45^ Find the height of the tower if the points are 40\/3 feet apart. 


Draw twoX lines NOS 
and EOW repreasenting the 
cardinal points North, 
South, East and west. 

The tower OT stands W 
J_to the plane of these lines 

The points A and B are 
respectively due South and 
West of the Tower so that 

AB=40V3 ft. 




r 



s 


Also Z.OBT=45° and Z.OAT=60°. 

Let height of the tower be h ; that is OT 
--OA , _ 1 


Form A OAT, 


OA 


V3- 

From A OBT, 
OB=h 


OB 

OT 


cot 60 


...(I) 

cot 45 

...(ii) 


1 

V3 


But AB2=OA2+OB2 or (401/3 )2=^+h2 
h—60 feet. 


h. 


4f^ 

3 



Ex. 9, At the foot of a mountain the elevation of its summit it 
observed to be 45°; after ascending 1000 yards towards the su mm it 
up a slope of 30° inclination; the elevation is found to be 60°. Find 
the height of the mountain. ■' (P. U.) 


Sol. Let A be the foot of the 

mountain, AC=1000 ft. 

As APCD=60° 

ZCPD=30’ 

and hence ZAPC=15° which means 

that 

PC being equal to CA=1000 yards 
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PD=PC sin 60 =1000 X 


V3 


500 v/3 yards 


DB=CK=1000 sin 30’=500 yards 

the height of mouniain=BP=BD —DP. 

= 500-r500 V3 = 500a -r v/3) yds. 

= 1366 yards nearly. 
tX.VMPLE IN. .4. 

1. The elevation of a tower 200 ft. high as observed from a 
point P is 60’ ; find the distance of P from the foot of the tower. 

2. The angle of elevation of the top of the lighting conductor 
on the shrine of Birla Mandir from a point distant 320 feet from 
its foot is 30' ; find the height of the conduaor. 

3. The angle of elevation of a chimney from a point distant 
120 feet from the foot of the chimney is 60'. At what distance the 
angle would^ be 30 '. 

4. Find the length of the shadow cast by a man 6 feet tall 
wbcn.thc altitude of the sun is (i> 30’ before noon (ii) !y0’ at mid¬ 
day (iii) 45'’ afternoon, (ivj 15’ in the evening given that 

cot 15'= 2+v'3= 3-732 [The reader will find, from the solution, the 

Cxpl^Htition of the fact that shadows arc longer in the mornings and 
evenings than those near noon time], 

5. The shadow cast by a vertical pole is 25 ft. when the 

altitude of the sun is 45*. Find the length of the shadow when the 
altitude is 30" 

6 Find the altitude of sun when the length of the shadow 

of a pole IS times the height of the pole AC. 

. K- lo Z*)®! standing on a level pla.ne is found 

^ altitude of the sum is 30' than when it U 

45’. Prove that the height of the tow.r is 30’ u 3 r 1) feel! 

(D. U. 1949) 

8. A boy standing on the bank of the Ganges observes that 
the anglc^btcndcd by a hill peak on the opposite bank is 60\ On 

peak and the breadth of the river. ^ ‘ 

9. Find th^oight of a pillar when it is found that, on walk¬ 

ing towards it 100 feet in a line through its base, the anaular 
elevation of its top changes from 30’ to 45 . angular 

The upper part of a tree broken over bv the uinH mai-. 
an angle of 30’ with the ground and the distance from the Jo^t to* 

aih ground is 30 feet 

What was the height of the tree ? (D.lh 195ii 

y. The angle of elevation of a broken Mill-Chimnev at » 

^tat distant 120 f«t from the base is 45’ ; while it was 60“ ^before 
damage. How much part has broken off? before 
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12. From the top of a cliff, 300 ft. high the angles of depres^ 
ion of the top and the bottom of a tower are observed to be 30 and 

60° ; find the height of the tower. j r 

13 The angles of depression of two ships observed from the 

and 45° respectively. Find the distance between the ships if the 
Light House is 300 ft. high above the sea-level. 

14 The angle of elevation of a cloud from a point 

above a lake is 30° and the angle of depression of its reflection in the 

lake is 60°. Find the height of the cloud. 

15 A man observes the angle of elevation of a tower frona 
a point A due South to be 60° ; he then travels 300 feet Eastward 
and observes the angle to be 45° ; find the height of the tower and 

position of A. 

16. A man observes that at a point due North of a tower, its 
anele of elevation is 45° ; he then walks 200 feet due West on a 
ho?izontal plan and finds it to be 30°; find the height of the tower and 

his original distance from it. 

17. The angle of elevation of a tower from a point A due 
south of it is X and from a point B due east of A is y- “ AB 1 
show that the height h of the tower is given by h2(cot 

18. A man in a boat being rowed away from a cliff 150 feet 
high takes 2 minutes to change the angle of elevation of ^he top of 
the cliff from 60° to 45°. Find the speed of the boat. (P.U. 1950) 

19. A light house, faeing north, sends out a fan shaped beam 
of light extending from north-east to north-west. An observer on a 
steaPer sailing due west, first isees the light when he is 5_ miles away 
from the light house and continues to see it for 30V2 minutes. What 

is the speed of the steamer ? j . . 

20. At the foot of a mountain the elevation of its summit is 
found to be 45° After asending one mile towards up a slope of 
30° inclination the elevation is found to be 60°. Find the height of 

the summit. 

21. An aeroplane is observed simultaneously from two points 

in Delhi and Ghaziabad, 12 miles apart, at elevation of 45° and 30°. 
After 72 second it is vertically above the point in Delhi. Find its 
height and speed assuming that it travels parallel to the line joining 
the points of observation. 

22. Prove that the length of altitude from A to the side BC of 
a AABC is b sin C or c sin B. 

23. If p is the length of the perpendicular drawn from A to the 
side BC of triangle ABC, show that 

, P=(P U- ^Sl) 


Cot B+cot C 
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24. AB is a straight sea shore 1366 fe.l long and C is a point 

at sea. If the angles and B arc 30 and 45 rebpeeiiwU, hnJ the 
distance of C from AB. L) 

25, A straight tunnel is bored in a mountain. The side^ ol the 
mountain slope at 45“* and 30 and the disiance over the mountain is 
6 miles. Find the height of the mountain and length of the tunnel. 

26, A circular telegraph po^i of radius 1'5 feet is strengthened 
by means of a wire which is tied to a point v tcci Irom the loot ol 
the pole. The wire goes once round the pole and ii iicd to a pouu 
on the ground. Find the length ol the vsiic ii it mak.es an angle oi 

with the ground. 

27. The angle of elevation of the top of a lovser is a and the 

angle of depression of its bottom as observed from a point h feet 
Vertically above the former point is 3- f'md the height ol the 
lower. iFU.) 

( SECTION II ) 

U«c of angles otter than 30,45 & 60 . 

4. 5. How to ase Natural Sine Tables:—These tables are given 
on pages 5—6 of the “Tables” at the end of the book and they gi\e 
us the Sine of an angle between 0^ and BO , correct to a minute. 

Kx. 8. Find Sin 32^—41' from the tables. 

In the left Hand Vertical Column headed ‘-Degrees” run down 
your linger to 32* (page 5), There you find a horizontal rou in 
front of 32*. Move your finger till you come under 36' \shcre >ou 
find the figure *5388- We hope you see on the lop Right Hand 
Column, the hcadmg “Mean DifTcrences” under which there arc 
r, 2', 3'» 4\ 5'. In front of 32* and 5' you should find the figure 12 
Add it to '5388 a» under :— 

0*5388 Read in the horizontal line of 32 A. under 3n'. 

12 ,, “Mean Differences” under 5'. 

Thus sin 32" 41' »= ^400. 

Ex. 9. Verify from tables that (i) sin 43 16' 0*6853 

iRelVr Page 5) 
(//) Sin 64 29' 0 9024 

(Refer Page 6) 

ini) sin 75 55'-=0*9700 

(Refer Page 6) 

4 6. The use of Natural Cosine and Natural Tangent Tables 
is similar to that of Natural Sine Tables except with the dilTcrcncc 
that in using the Natural Cosine Tables the figures under the “mean 
ditfcrenccs” column arc tubtroetod from and not added to the figure 
previously read from the ubies. 

Ex. 10. To find cos 46 20* ; when wc read in front of 46* 
and under 18' wc have the figure '6909 which is^cos 46* 18'. In 
the mean differences column we find the figure 4 under T ; which wc 


5U 
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subtract from -6909 giving us -6905 as cos 46^ 20'. [Refer Page 8] 

Ex. 11. Verify from the tables that :—-(/) cos 67° 40'=0’3800 

(Refer Page 8) 

(/■/■) tan 35° I7'=:0-7076 

(Refer Page 9) 

(Hi) cos 12° 10'= 0*9775 

(Refer Page 7) 

(/v) tan 66° 2' = 2‘2497 

(Refer Page 10) 

4. 7. To find cot Q from the tables :—Make use of the formula 
cot 61-tan (90 -Q) ; to be proved later in the next chapter. Easy 
to use as it is, this formula gives us 

rn! I7'=0-7076 (Refer Page 9) 

Tan ^ t T ir)=tan 64° 49'=2'1267 from Natural 

Tangent Tables. 

Problems on height and distances where any angle may be 


4.8. 


used 


Ex, 12. The angle of elevation of the top of a tower as 
observed from a point 200 feet from the foot of the tower is 34° 13' 

find the height of the tower. 

Sol. Let AB be the tower of height h, and 
r the given point, then /,APB = 34° 13' I a 

Now AB is unknown and PA is known 
. AB h 

.. p^ = tan P or.,^- = tan 34° 13' = 0-6800 h 


[we have looked up tan 34° 13' from the 
Natural Tangent Tables Page 9] 

•• h=200X 0'6800= 136 feet. 


34 IJ 

looTTfr 


Ex. 13. The angles of depression of two ships observed from th^ 
top of a tower 200 ft.' high are 36° 44' and 64° 49' S the dTsmn« 

line joining them passes through the base of 
the tower and ships are on the oppoite sides of the tower 


® Aft 


► --0-6 
^<■49 


iOOer 


6m 9 


/AO^^‘ SJ'o 5aships. 

To find‘s ZB0S2=64° 49'. 

S L 

Q^=cot 36° 44' or|^J:=cot (90°-53° I6')=tan53° 16' 
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/. S,L = 200x 1-3400 = 268 feet.1. 

^^*=cot 64’ 49'=cot (90’-25'' ll') = tan25^ ll' = 0 4702. 

LS,= 200x 0 4702 = 94-04 feet . .K. 

SiSs=SjL = LS, =268 = 94 04 = 362-04 feet. 

Note From Natural Tangent Tables, Pages 9—10 uc have 
founed tan 25"" IT and tan 53"" 16'. 

EXAMPLES IV B. 

(Tables are gi>en at the end of the book) 

1. Verify from the Natural Sine Tables (Pages 5—6) 

Sin 40 40 =0*6517 ; Sm 7 2' = 0 I280 ; Sin 78'- 56' = *98I4 

2. Verify from the Natural Cosine Tables (Pages 7—8) 

Cos 61° 5r = 0 47l8 ; Cos II" IT- 9810; Cos 30 35' = 0-8609 

3. Verify from the Natural Tangent Tables (Pages 9—10) 
tan 32^=0*6249 ; tan 58° 19'-1 6202 ; tan 9^ 18'-0 1638. 

4. Making use of the formula Cot A = tan (90 - A) ; find 
cot 58’, cot 31’ 41'. cot 80’ 42' from the Natural Tangent Tables 

5. The angle of the elevation of the lop of a tov^cr from 
a point distant 100 feet from its fool is 57^ 39' ; rtnd the neight of 
the lower. 

6. rhe angle of elevation of the top of a pole is 15 from 

a point on the ground. On walking 100 led towards the pole* 
the angle is found to be 30 . Find the height of the pole, 
(tan 15 =2 -v/3) (P.U. 1945) 

7. From the lop of a cliff, 300 feel high, the angles of depress 

ion of the top and the bottom of a tower arc obsersed to be 32 35 

and 62® 15'. Find the height of the tower. (P.U 1946) 

8 . The angles of elevation of a tower as seen from two points 
on the oppsitc sides of the lower arc 52’ 15' and 31° 50 . Find the 
height of the tower if the points arc 100 yards apart and the line 
joining them passes through the fool of the lower. 

9. The angles of elevation of a building as seen iVtim points 
B and C arc respectively 55’ and 25 ; the points B and C being 100 
tect apart in a horizontal line which, if prtxluccd, would pass through 
the base of the building. Find the height of the building (P U.) 

10. A person walking along the straight bank of a river obser¬ 
ved that an object on the bank makes an angle of 22 48' with the 

bank. He walks a distance 400 feel further and observes that the 
object now makes an angle of 69 15'.Find the breadth of the river. 

tP.U.) 

11. The angles of elevation of the top of a lower as observed 
from two points 40^/5 feet apart one due north and the other due 
west of the tower are 45* and 63 26'. Prove that the height of the 
tower is nearly 80 feet. 

IHIat. Col 63* 26'-tun 26* 34’--500l-i nearly] 




chapter V 

' trigonometrical ratios of allied angles 


4. 1. Definition:- The pair of angles whose sum or difference is 


0°, 90^ ISO’, 270’ or 360’ is called a 


g. 20% 

70° are 

allied angle , 

—30". 

o 

0 


40", 

140° „ 

• 

yy y 

60", 

240° „ 

ty yy y 

320", 

50° „ 

yy fy y 


“Pair of ALLIED ANGLES”. 

V 20°+ 70°=90°. 

• •_30’+ 30°=0°°, 

- 40°+140°=i80. 

.• 240°- 60°= 180°. 

_• 320°— 50°=270°. 


and etc. etc. 

4. 2. Generally there are Nine Pairs of Allied Angles. They are 
divided in two groups. 

( GROUP 1 ) 


90 


There arc five pairs in 
]80%'.r 360". They are 

this 

• 

• ■ 

group 

whose sum 

or difference is 

(i) e and -0, 


their 

sum is 

0°. 

(ii) f) and 180" —9, 


y y 

sum is 

180°. 

(iii) 0 and I80" + 6^, 


f 9 

difference is 

• 

0 

O 

00 

(iv) (9 and 360°—^, 


yy 

sum is 

360°. 

(v) Q and 360 +0, 


yy 

difference is 

360°. 


GROPE II 



There are four pairs in 
or 270". They are: — 

this 

group 

whose sum 

or difference is 

(vi) Q and 90"— 


their 

sum is 

90°. 

(vii) Q and 90"-l-6^, 


• 

y 

difference is 

90°. 

(vhi) a and 270" 9. 


y y 

sura is 

270°. 


(w) f) and 270° + e, 




difference is 270°. 


4. 3. Connection between the T. Ratios of a pair of Allied 
Angies:—It is interesting to note that T. Ratios of any angle allied to 
9 are easily known in terms of T. Ratios of 0. For example, as we, 
shall prove in the following pages that 

Sin (90°—0)= Cos Sin (180 —0) = Sin Q 

Tan (90° + i9)=—'Cot Sec (—0)=See Q and so on. 

^Ve shall now investigate the relations between the T. Ratio 
of pairs of allied angles in Art. 4. 4 to 4. *■ 
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4.41 

of 


GROUP I 


To find T. Ratios of angle ( — 9 ) in 



s of T. 


Ratios 



T 



t 



Let the revolving line OP trace any .l'COP = 9 in anti clock 
wise direction Let it again move in the c'oekwise direction 

through an angle ^ such that ^XOP'^l— 9 ). 

Take a point P on OP and draw PM I XOX', meeting OP' 

in P . 



Now in the A* OMP and OMP': — ' 

OV1 OM 

ZMOP /I MOP' ( = eeacht 
AOMP-^AOV<P (- 90 each) 

A'are congruent. f'OP'a.OP. 

Hence having regard to the signs of \ OM^OM 
different lengths. [^MP'=r—MP. 

For all figures, OP is reckoned as positive in all quadrants 

sin .sin XOP' !!:^£^«_sin ©. 


cos (- 6 )—cos XOP’ - 
tan (-O).tan XOP'» 
cot (-©)-cot XOP'« 


6p 

OM 

OP' 

MP' 

OM 

OM 
‘ MP' 


OP 

OM 

OP 

-MP 

OM 

OM 

-MP 


cos (9. 
—tan 0. 


-cot ©. 
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trigonometry 


sec ( —0)=sec XOP' 


OP' 

OM 


OP 


=:sec 


cosec ( —O)=cosec XOP' 

N. B. 

that is, 0 niay lie in 
concentrate his attention on one 


cosec 0. 


“OM 

OP' _ OP 
MP' “-MP 

Alll,o«gh ,he fo 

figure. The same holds in the forthcoming artic es roneruencv 

Notice that the words and letters for construction y 

of triangles are same in case of the four figures. 

4.42. To find T. Ratios of angle (180°-0) or (tt-©) m terms 
of T. Ratios of 0. 

Let /1XOP = 0 iii any quadrant. Starting ^om OX Uace 
in clockwise direction ^X'OP'. =0so that 

Measure OP = OP'. Draw PM, P'M'_l_XOX 


180-0. 


Now in the As OMP, OM'P' ; — 

r op=op' 

V < Z0MP = A0M'P' (=90'^ each) 
t AM0P=:ZM'0P' (=0 each) 


/. As are congurent, 

Hence, having regard to the signs of different lengths. 

r OP' -OP 
J OM'=-OM 
I M'P' = MP. 



M'P' MP 

sin (l8O"-0)=sin XOP'= = sin 0. 


1 
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cos (180 ' - 

■0) = 

=cos XOP = 

OM' 

-OM 

= —cos (5 

“ OP' 

OP 

tan (180’- 

9)= 

=tan XOP' = 

M'P'_ 

MP 

Om " 

= tan B. 

cot (180’- 


=cot XOP = 

O.M' 
"M'P ~ 

~MP 

=cot Q. 

sec (180’- 


sec XOP' = 

OP 

' OM' “ 

OP 

-OM “ 

= —sec S- 

coscc(l80’ —6») 

=coscc XOP' = 

OP' 

'M P' = 

OP 

MP ~ 

=cosec B. 


4,43. To &nd T R. of angle (180’-|-6») or (n-^9) in terms of 
T.R. of ©. 

Let /_\OP — 9 lie in any quadrant. Let the revolving line OP 
further revolve through 180’ making /.XOP' = ISO’-i-Q. 

Cut off OP =OP and draw PM. P M' | XOX'. 



The reader should draw figure (/r) himself. 

Now in the A'OMP. £OM P' r OP-OP' 

V -I ZOMP-ZOM'P'f-Weach) 
L^MOP=^M'OP' (=eeach) 

A* congruent. 

Hence having regard to the signs of different lengths. 

OP'-OP 
OM'--OM. 

M'P'--MP. 

_I^P 

sin (180'-f-9)*sin XOP^^oQp^'* OP* 

cos (I80M 9)-cos XOP - 



•in S 


OP 




—cos 0 . 
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I i,TX X -- - — , 

tan ( 180 °+ 9 )=tanXOP " OM 

CM' -OM 

cot (180°+6») = cotXOP' - j^-p. - _]viP'“ MP 

OP' _ OT 

sec (180°+9)=3ec XOP =q,^- -_0M 

OP' __ _OP_^ . 

cosec (180+ 0 )=cosec XOP =iyfp - _MP ^ 

4.44. To findT. R. of the angle (360"-9) and (360"-f e) m 

terms of T. R of 0. • 

la) Let ^XOP=e, then the position of the revolving line 

after tracing the angle (360'-0) will be same as if it has traced 

angle (—0). ■ 

Hence by Art 4.41 we can discuss the subject of thi^ aiucle 

with the help of the same figures. 

(b) Let ZXOP =0, then the revolving line would again come 

to the position OP after tracing a further angle of 360" and thus 

making ZXOP=36O°+0 The discussion, therefore, iscpnfined to 0 
only, that is, sin (36O"+0)=sin 9 ; cos (36u°-l 0)=cos 0 and so on. 


GROUP II 

N. B. To draw figures for the pairs of allied angles m Group. 

II, ;0 must not betaken 45", 135^ 225" or 315". In order to get neat 

Si tidy figures it will be found advisible to lake 0 near about 30 

in the first figure and similarly for the other quadrants. 

« 

4 5. To find T.R. of an angle (90 -0) or ^ -0 ^ in terms of 
iX.R. of 0, 

■ ' Let zlXOP=0 in any quadrant. Let the revolving line OP 

starting from OY trace Z.YOP'=(l in clock wise sense thus making 
g^XOP'=(9O°-0). Measure OP' = OP. 


Draw PM and P'M'_Lto XOX.' 
Now in the As OMP and OM'P.' 


f A0MP= aOM'P' each being a right angle. 

AMOP= AOP'M'=0 each, 
l^and OPi=OP' 

:r . ' , 

As are congruent.m 
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Hcncc having regard to the signs of dilTercnt lengthy. 



. f OP 
N ONT 


! 


OP 
MP. 
l^M'F = OM 


sin (90’-i9)--'in XOP’ 
co« (90’-9)«co« XOP' 


M P'^OM 
OP OP 

OM'_MP 
OP' OP 


=cos 



9. 

0 , 


M'P' OM 

tan (90* —Q)^un XOP ^ 

OM' MP 

cot (90'-e)-cot XOP 


sec (90*-«) see XOP 


OP ^OP 
OM'*MP 


^cos?c ^ 


OP OP 

coscc(90*—6»)»»co^ XOP' \vp'"^OM 


4.52. To find T. R. of angle (91) 4 ^ 


9) or( " 


)i« 


terms of 


T, R. of 9. 

Let ^XOP-(9 in any quadrant. Let the revolving line further 
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trace /1POP' = 90° so that Z.XOP' = 9O“ + 0. Cut off OP' = OP and 
draw PM, P'M'J_XOX'. Then in the As OMP, OM'P'. 

r OP=OP' 

AOMP=/_OM'P'=90°. 

AM0P= AOP'M' = 0. 

/. As are congruent. 

Hence having regard to the signs of different lengths. 

fOP' =OP. 

^ OM' = -MP. 
l^MT'=OM. 
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OP OP 

coicc (90 --6)=coscc XOP ^ ^ sec 9 . 


(?-) 


la 


teims of T. Ratios of 0 , , . ^ 

Let ^XOP=^ in any quadrant. Let the revolving line start- 

inu from OY' trace ^Y'OF' = f^ in clockwise direction so that 

^ XOP'=(270'’— ^1 Cut off OP =OP and draw PM, P'M XOX' 

Then in the As OMP and OM'P . 

r OP=OP'. 

V /OMP= AOM'P' = 90". 

/ MOP= ^OP'M' = each 6, 

/. The A* are congruent. 

Hence having regard to the signs 

of different lengths. 

f OP'=OP. 

Hence •< OM'= —MP. 

M'P =-O.M. 


The student should draw the 
remaining three figures for 

himself 


• • 



cos (270’-«)=COS XOP - 
tan (270’-6) = tan XOP = 


OM' -MP . ^ 

OP ~ OP 

M'P' _-OM_ OM 
OM' “-MP " MP 
OM’ -MP MP 


=cot 0 


cot (270’-fl)-cot XOP =^.p, =_0M OM^ ^ 


OP' 


8CC (270'-e)-sec XOP 


- s.c tf. 


4.54 


OP 

“ -MP 
OP' OP 

cosec ( 270 ’—coscc XOP •=• —_om* 

To compare the T. Ratios of angle 9 and (270 + 9) 

in Let XOX' and YOY' be two perpendicular st. lines and 
let the revolving line initially coinciding with OX. rotate about O and 
trace the angle 0. On its final posdion take a point P. Then 
'XOP —0. Draw PM perpendicular to XUX . . 

^ (//) Let the revolving line coincide with OY and rotate in the 

same wnso through an angle 0. On its final f^ition take a point 
P', such that OP =OP. Then aXOP^-= 270 +0. Draw PM 
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perpendicular to XX'. The reader should draw the other figures 
himself. 


The As OMT' and OMP are 
congruent. 

f / OMT'= aOMP=90" 

V ^ AM'P'O--/ MOP--e 

1^ op'--6p. 

Having regard to the signs of 
different lengths. 

fOM'-MP 
^ MT'=-OM. 

OP' = OP. 



sin (270"'+@) =- 
cos (27O°-i~0) = 

tan (270'^ + e) = 
cot (270^+$) = 

sec (27O‘’ + 0) = 
cosec (270'^+^) = 


MT' ' 

-OM_ 

— COS 0, 

OP~ 

OP ^ 

OM' 

MP _ 

sin 0. 

OP' 

OM 

M'P' 

— OM 


OM' 

MP 

—cot 0, 

OM' 

MP 

= —tan 0. 

M'P’ “ 

■ -OM “ 

OP' 

OP 


OM'‘" 

■ MP 

=cosec 0. 

OP' 

OP 


M'P'“ 

'-OM 

' oCC ", 


4. 6. How to Remember the Above Results ? 


A. From' the survey of the above results for the groups I 

and Il separateiy we come to the following conclusion (not taking 
signs into account). ^ 

Group 1. The sine of any angle allied to 0°, 1 80° or 360° is 
equal to sine of the angle 0; the cosine of any angle allied to 0°, 
180° or 360° is equal to cosine of the angle Q and similarly for 
the other T. R. Thus. 

e.g., 5/>7(0°—0)= — i’//7 0; /r7/i(180° —0)= —tan 0. 

cosec(360'^— d)=~cosecd; co/(l80°+^) = c(?/ etc. 

Group II. But the sine of any angle allied to 90° or 270° is 
equal to cosine of 0 and cosine of any angle allied to 90° or 270" 
-is equal to the sine of 0 and so on. 

eg, sin (9O°+0) =^cos 9 ; cosec (27O° + 0)= —sec 0. 

cot (270°—0)=tan 0 ; sec (90°—0) =cosec 9. etc. 

B. About the signs of T. R. of allied Angles :—Since the results 
are true for all values of 0, we can, for practical purposes suppose 
that 0 lies in the first Quadrant and then see where would our allied 
angle lie and supply the sign on the Right Hand Side according to 
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the position of ihc allied angle and the Trigonometric Ratio 
required to be found. 

4. 61. For Example let us find coi(180 —9)- 

Now (180"-*'6>) is a angle of Group I, cos (ISO = 
cos 0 without regard of sign. But if 0 is suppoied to lie in First 
Quadrant then (180’^9) lies in Quadrant III where cosine is 

Negative, hence cos (l80^-r^) = —cos 9- 

To find cosecant (270^-|-9)* 

(270^-r^) 15 an angle of Group II ; cosec (27Q®-f 9)= 
sec without sign. But 270"-^9 would lie in Quadrant IV if ^ be 
supposed to lie in the First Quadrant and in the Fourth quadrant 
cosecant is Negative hence cosec (270 1-9)— 9- 

For Practice the student should write the values of the following 
orally. 

tan (160'--^) ; sin (180"-fO); cat (iJ0"-r9) ; cos (l80^-t») 
sec (90*-F B) and so on. 

Warning :—The rules given above arc just rules to help the 
reader to remember and be able of apply any one ol the 3*4 formulae 
where the need arises. 

They are by no means, any substitutes of the proofs in Art 4 41 
to 4*54. E g. If the reader is asked to prove that sin (180^ — 9) = 
sin 0, he should draw four rtgurcs as in An 4*43. establish the con- 
grunev of the two triangles and then prove th: result with full 
details. . .n 

Ex I Find (A) «n 1680’ r (B) tan 540“ ; (C) cos (-1470’) ; 
(D) cosec ( —960 ). 

(A) Now 1680* =*360* X 4 r240' ;thcrcfore the revoloting line 
occupies the same position after tracing an angle of 240^ or 1680^. 


. sin(l680*) 


=.sin (4x360 -F240") 

-sin 240^«sin (180’-r60 ) 

--sin 60“:=-^^ 


(B> tan 540 -tan (360“a-I80’) = tan 180’=tan (180 *-0 ) 

= tan0’ = 0 

(C) Cos (-I470’)-cos 1470' [ vcos f-6)=cos 0.) 

— cos (4 X 360"4-30 ) 

-cos 30’ 

(D) cosec (—960’)**—coscc 960" [V cosec (—9)== —coscc ^1 

-■ —coscc (2x 360 4-240*). 

■B—cosec 240® 


-coscc (180 -F60-)»coscc 60" 


■3 
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4*7 T, Ratios of an angle of any magnitude or sign. 

From the above examples we observe that we can find T.R. of 
any angle, of whatever magnitude and sign, it may be. Let a be 
an angle positive or negative. 

If it is Negative let a~ — ^ where /S is positive. 

Then divide by 360^' and let p be the quotient and R the 
remainder so that /S=/7 x 360°-|-R where R is less than 360"", then 
sin ^ = sin (px360°-f R) = sin R. 

Further let R=(18O®4-0) or (ISO""—@) according as R>180'^ 
or Jess than Z 180°.) 

/. Sin R-=sin (18O° + 0),= —sin 0 or sin R = sin(180°—0) = 
sin 0 and so on we get the value in terms of sine of an acute angle, 
similarly for other T. Ratios. 

SOLVED EXAMPLES 

Ex. The Trigonometric ratio of any angle can be expressed in 
terms of the trigonometrical ratio of an acute angle less than 45°. 

(P.U. 1950) 


Sol. Let 0 be the angle. Divide d by and let k be the 

quotient and A the remainder so that 0= - i A, Where A ^ ^ 

2 4 

(or 45°) and k is an integer (positive or negative) 

Now k is either an even integer or an odd integer. For sake of 
definiteness let us suppose we have to find sin 0. 

(/) When k is an even positive integer, Let k = 2m 


±a) 


(//)'When k is an odd integer=2/7+1 


Sin 0=sin 


./(2/?+l)7r 

'*'"( 2 ± 

sin (^pTT+ 2 ± '^ ) 


= ± cos A 

Thus sin 0 can be expressed in terms of a trigonometric ratio 
of an angle less than 45°. Similarly other T, Ratios can be 
expressed in terms of those ot the angle A which is less than 45°. 

Ex. 3. Fill in the blanks : - 

(/) sin ( 7 r-^)=. (//) tan ( 0 + 7 rI=. 

(///) cos (360°-A)=. . (iv) cot (27O°+0)=. 

Sol. In such questions, the reader should use i he method of 

Art. 4,6 and writedown the results without proving them, unless 
asked. 
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(i) sin (tt— 6»)=s'n h- 

(ii) tan (6'+7r)=tan (tt—©)= tan «. 

(HI) cos (360 — A)=cos A. 

(if) cot (270'-!-«)=-tan 

sinf—S) cos (tt-^) tan ^ 

Ex. 4. Simplify- - “/'t: \ 

cot (r-r'’) sin^ ) 


Sol. In such question we should first simplify each of five 
terms, three in the Numerator and two in the denominator separately 

sin (—^)= —sin6» 
cos (tt— 6»)= —cos 6r. 



col (tt ♦ ^)=scot 0 . 





=cos 9 

^ (—sin 9) (-cos 9) (—cojt 0) 

cot 9. cos 9 


= —sin0. Ans. 

Ex. 5. Signplify 

sin (210 -9) tan (300 4-9). coscc (270^—0). sec (39O’+0). 

coset (30 4 - 6 ) !*cc (180 -9) cos (9O>0). 


9 

As in Ex. 4 above, here also we should simplify each term 

separately, sin(270’—6i)=—cos 0 

tan (300’-(9)-tan (270 -(-30^-0) 

= —cot(30 * 9) 
cosce (270’ — ^)= — sec B- 

sec (390 +( 9 )-«c (360>3(r+e) 

— sec (30 4 (9) and etc 

(-cosff][-cot (30*+D)). (-sec ©) sec (30 4 9_) 

.. txp.- cosec (30’r©). [-»ec ©rt-sin ©] 

—cos © r cos (30*4-©) ir wc (30’ -r ©) 

sin y L (30“ 4-0) JLcosec (30'4-©J 

Ex. 6. Prove that sin 420*.cos 390 —cos( — 3(X)’) 8in(330')= 1. 

Sol L.H.S. - sin (360“4-60"). cos (360 4-30’) 

—cos (60 — 360 ) sin (360 — 30 ) 

■■ sin 60. cos 30“—cos 60 . (—sin 30 ). 




2 ^ 2 




1»R H.S. 
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Ex. 7. In a A ABC, prove that 


(/) sin A = sin (B + C). (//) tan 
Sol. 

Since A + B + C= 


cot 


A + B 


TT. 


A=7r-B + C. 


Also 


sin A = sin (tt—B + C) = sin (B + C) 

A + B + C_w . C _ TT A + B. 

2 2 , 


• • 


tan 


( 


2 —V 2 y 

Ex. 8. Find all T. Ratios of 180°. 

Sol. 


sin 180° : 

=sin (180°+o°)=- 

-sin 0°= 

= 0 . 

cos 180°= 

=cos (180°+0“)=- 

—cos 0°^ 

* 

tan 180°= 

=tan (180°+C°)= 

tan 0°= 

= 0 . 

Having 

found these, cosec 

180°== 

sin 


1 . 


1 


oo 


see 180 


1 


1 , cot 180 


I 


cos 180°” *’ tan 180° , 

PERIODIC FUNCTIONS 


4 - 00 . 


.i 1 


4.8. Definition—If a function / (x) repeats its values when 

X is changed into x-\-a, x+2^7, x+3(7,.it is called a Periodic 

Function. 

Thus for a periodic function, 

f {x)^f (x+a)=f{x^-2a)^ .1 

The least number a for which I is true is called the Period of 

% 

the function, 

4. 81. ^ The Circular functions are Periodic. 

We consider any angle XOP=0. 

The position of the revolving line OP is same when it has 
traced an angle of 36O°-r0 or 72O°+0 or 1080°+6 or. 

i,e. Sin 0 -sin (360°4-e) = sin (720^ + 0) 

= sin (1080 .. ••• 

sin 0 is a Periodic Function of 0 and its Period is 360° 
or 277 radians. 

Similarly - cos 0, sec 0, cosec 0 are Periodic Functions and their 
period is 277 radians 

Now tan 0=tan (18O°4-0)=tan (36O°+0) 

I =tan (54O° + 0). 

(Refer Art. 4.43| 

/.tan^0 is a Periodic Function and its Period is 180° or tt 
radians. 

Similarly cot 0 is a periodic function and its period is 180° or 
TT radians. ^ 

^TT • W 

Note Period of sin K0 is ^ and that of tan 

EXAMPLES V. A. 

1. Prove Geometrically that sec (—0):*sec 0. (P. U.) 

2. Complete the formulae tan ( 77 + 0 )^.and sin (/j7r+0)= 

.and prove one of them. (P. U' 1951) 
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0 (P.U 


. I 


(P L. 


(ii) tan (90^-A)=-cot A. for all values of A (P L '955( 

4. Prove that cot (tt::: 9 )= ±cot h- 

5. Define cos 0 prove that cos 


-t- ^ 1 - 


(D L 1950 


6. Fill up the blanks :— 
sin (rr-0)= .; cos 


A U 


/77r 


7. 


(P L. 1955) 

I ill) see 225 
Ivj} sin 4920 


9 

lU 

11 

12 

13 


14 


15. 


16 


‘“f:2 ^'>)= .. 

Evaluate the following :— 

(I) cos 2520’ (;/) tan (—1710 ) 

(/>) cot 495’ (^) coscc( —585 ) 

Prove that : — 

sin* 36®-sm* 18 -=sin* 72 -sin* 54^ 
sin 5l0'. cos ( — 300 >-rsin 6^4) cos 210 — 1. 
cot 405’. tan 225 4- tan. 765’ cot 675’’ = 0. 
cos A ^ sin (270 - A)—sin (270* —A)-- cos (ISO — A) 0 
tan (90’ —A) - tan (180 - A) - cot A —tan (360 - A)^L 
cos (90 sec ( — ^) tan (180 0) 

-f scc(360 i-^).sin (180 -r^) cot (90 - c. 

(P t' 194HI 

|an (90 a-^) 
cot 

(I) L 1951) 

Express in their simple>l form :— 
tan (360 —sin (90.—^). coscc(l80 —y). 

sec (—(9). tan (270'-^) sin (180 


cos ^ sin ( — 0) 

sin (90 f 0) sin (l8U'-f ^> 




17. coscc 


T I col (9 — ff). tan 




18. 

19. 

20 . 


sin 150 cos l20’ + ct»» 330 sin 6^0^ (DU 1947# 

3 tan* 225 -sinMOO -i cot* 210 j-t see* 315. 

Prove that : 

cos (9 0 se c (—ft), tan (180 —0) 
see (360 sill tioU cot (90 —0) 

21. sin^TT-fftO, tan (2^r —0). scc*(7r—^) 


- - 1 . 


( '2 -- 2 ) 


see H 


b\ 


22* In a A prove ilwi (i) un A -flan (B-fC)«0 

A t B-C 


ill) sill 


cos C. 


(ill) cos 2A-fcos (B-rC— A)-0, 
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23. 


24. 


1 


25. 

26. 


7 27, 


1 . 


In a quadrilateral ABCD prove that 
(/) cos (A+B)=cos (C + D). 

(//) sin (A-|-B) + sin (C + D)=0. 

Prove that in a cyclic quadrilateral ABCD 
(/) sin B = sin D (//) cos A+cos C=0. 
(//'/) cos A+cos B+cos C+cos D = 0. 

Show that tan^--^- +0^==cot ^ ^- 9^ 

Prove that for all integral values of m, 

cos (n')7r=ti9) = (—I)"", cos mQ 

Find the period of (/) sin 3 0+cos 2 9 

(//) sin 2 - 

EXAMPLES V. B. 

Find two values of the angle 9 for which 


(/) sin 6 = ^^ 


1 

(//) cos 0=-^-2 


{in) tan 0=0 


2 . 


(ii) sin® 0+cos® 0=0 


(/v) sec 0= =t oo. 

Solve the equations, finding in each case two values of the 
angle between 0 and 27r. 

(0 2 cos^A + 3 sin A = 3 
(Hi) tan^ A+ 7=4 sec®A. 

^ 3. Given that cot A = tan («—!) A find one value of A. (P.U.) 

4. Find all the values of Z.A between —180° and 450° for 
which tan A=—^3. 

5. Find the positive values of x less than 27r which satisfy the 

fi) equation cos® x=J. (D.U. 1944) 

(ii) equation sin® x=|. (P.U. 1954-S.) 

Show that for all values of «, sin (n7r+A)=(—1)“ sin A 

Prove that for all values of n, sin ^" 2 “ 
the four values + sin A, +cos A^ 

Hence find the possible values of sin 

8 , Show that each value of any circular function of an angle 
X is, in general, repeated twice as x varies from 0 to 2 tt. (P*U.) 

9. Prove that any Trigonometrical ratio of an angle of any 
magnitude and sign can be written it terras of some ratio of an 

(P.U, 1950) 


6 . 

7. 


+A^ has either of 


TT 


angle less than 


10 . 

tan 0 ? 


{a) 


Define a Periodic function. What is the Poriod of 

(P.U.) 

(6) Show that See Sx+tan 4.v is a periodic function, the 
period bein^ (P-U) 


CHAPTER M 


VARIATIONS OF TRIGONOMETRICAL FUNCTIONS 

AND THEIR GRAPHS. 


6.1. Trace the variations of sin 
7r(of 0 to 360 ). 

Let XOX' and YOY' be two 
lines. With centre O and unit radius 
describe a circle. 


Lei the revolving line s* - » from 

OX and moving in the ..nliclock wi^b 
dirctiicjn make an angle ^ in the 
o&ition of OP, where P lies on the 


circle. 


Draw PM J on the a —axis. 


^ as 6' varies from 0 to 

(PL 1945. 1^41) 



• Now 


. , M P 

‘•n 



Thus the variations in sin 6 depend on the variations in the 
values of MP, 

First Quadrant. Here 6» changes from OMo 90 . 

When MP^O, /. sin 0 =0. 

Again as 6 increases MP is positive and increases from 0 to 1 
therefore sin 0 increases from 0 to I. When is 90 , MP=I, 
therefore sin 90I, 

Hence in ihc tiisl quadrant, sin is positive and increases from 
0 to 1. 

Second Quadrant, 

As® increases from 90 to IHU*, MP is positive and decreases. 

sin ® is positive and decreases. 

Whcn®-l8U. MP-0 sin 180’--0. 

Hence as® increases Irom 90 to I80\ sin ® is positive and 
drereaaea froin*l to 0. 

Third quadrant. 

When ® increases from 180 to 270*. MP is negative and 
decreavcft from 0 to— I. 

« sin d is negative and decreases fium 0 to —1, 

*When ®-270 . MP--I. /. sin 270---l. 

Hence m the third quadrant, sia ® is negative and decreases 
fnim 0 to—1. 

Foorth quadraal. 

When ® increases from 270^ to 360°. MP is negative and 
increases from^—l to 0. 
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sin 9 is negative and increases from—1 to 0. 

When e = 360“, MP=0, Z. sin 360'’=0. 

Hence in the fourth quadrant sin 9 is negative and increases 
from — 1 to 0. 

j^ote When OP has described Itt, it coincides with OX, and 
for hieher values of 9 't revolves in the same four quadrants again 
and again. The changes in sin when 0 varies between 27r and 

the same as those when 0 varies between 0 and— and so 

2 

on for successive quadrants. Thus the changes in sin 0 between 
Itt and 47 r are a repetition of the changes between 0 and 27r 
and so on. 

Therefore sin @ is a Periodic function and its period is 2t,, 
6.11. To draw the graph of sin x as x changes from—I tt to Itt 

(-360^^ to 360^) 

Let OX and OY be the axes. Let the values of the angle a* 
be represented by convenient distances along XOX' and the values 
of sin .Y by distances measured along YOY' or parallell to YOY'. 

Let a small division along OX represent lO"" and a small divis¬ 
ion along OY reprseni or OT unit. A small division along XOX' 

or YOY' is taken as a unit. Thus one unit along OX represents 
10 ° and along OX',—10*" 

e.g. 30"^ would be represented by 3 units along OX and*—60° 
by 6 units along OX' and etc. 


One unit along OY represents “j“Q“ (or 01 ). Thus, ' to re¬ 
present 0 5. wc require 5 units along OY. 

Now form a “Table of values” for >’=sin x for different values 
of X between O'" and 360°, say .v=0 ; 30°, 60°; 90°, 120° etc. and 
similarly when x lies between 0° and—360°. From tables, we have 
the points (0, 0) ; (3,5) ; (6,8*7) ; (9JO) ; etc. etc. which are to be 
plotted on the graph paper and when joined by a free hand curve 
give us the graph of r=sin x. 


—The point (3,S) means move 3 units along OX and then 5 units 
parallel to (upwards). 
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6.2. To Trace the variations in the values of cos 0 as 0 varies 
from 0° to 360°. (P-U* 1943) 

From the figure of, Art. 6.1, 

OM OM 

cos 0= -=OM. 

Thus variations in cos 0 depend upon the variations in the 
values of OM. 

First Quadrant 

0=0°, OM=l, When 0=90°, OM=0. 

% 

As 0 increases from 0° to 90°. OM is positive and decreases 
from 1 to 0. 

cos 0 is positive and decreases from 1 to 0. 

Hence in the first quadrant cos 0 is positive and decreases 
from 1 to 0. 

Second Quadrant. When 0 = 90°, OM=0 ; when 0=180°, 
OM=-l. 

As 0 increases from 90° to 180°, OM is negative ane decreases 
from 0 to—1. 

/. cos 0 is negative and decreases from 0 to —1. 

Hence in the second Quadrant cos 0 is negative and decreases 
from 0 to — I. 

Third Quadrant. When 0=180° ; OM- -1 ; when 0=270° ; 
OM=0 

As 0 increases from 180° to 270°, OM is negative and decreses 
from — 1 to 0. 

cos 0 is negative and increases from —1 to 0. 

Hence in the third quadrant cos 0 is negative and increases 
from — 1 to 0. 

Fourth Quadrant. When 0=270° ; OM=0 ; when 0=360° ; 
OM=l. 

As 0 increases from 270° to 360°, OM is positive and 

increases from 0 to 1. 

/. cos 0 is positive and increases from 0 to 1* 

Hence in the fourth quadrant cos 0 is positive and increases 
from 0 to 1. 

Note. As we have shown in case of sin 0, it can be easily 
shown that cos 0 is a periodic function and its period is 27r. 

6. 21. To draw the graph of j^=cos x as a- changes from 
-27r to 27r. (P.U.1940. 1941. 1943) 

Let XOX' and YOY. be the axes. Let small divisioii (unit) 
along X— axis represent 10°. And one unit along YOY' represent 

the number 

Form a table of values of y—cos x as a' varies from ~~2n 
to 271 i, e —360° to 360°. Plot the points (0, 10) : (3,8-7); (6, 5) 
etc. on the graph paper & joining (hem by a free hand curve we 
get the graph of j=Cos a*. 



Table far the uraph >•= cos v 


I 


intermediate plane trigonometrv 


7l 



Cosioc Graph. (For 0 < x< Itt) 
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6.3. To trace the variations in the values of tan sis B changes 
from 0 to In. (P.U. 1948, 1949) 

In the figure of Art. 6*1. draw AT 
the, tangent at A and Let OPj OPg, OP 3 ... 
meet AT in T,, T^, To, etc. Let z^XOPj 
= /.XOP 2 - 03 , etc. 


tan 


AT 

OA 


ATi(V OA=-l) 


Similarly tan O^^ATg. 

tan 6>3 = 0 T 3 ...Thus OTj, OTg, OT 3 etc... 
represent the tangents of the angles 02 » 

03> .etc. 

tan 0 is positive when T lies above O, 
and,is negative if T lies below O. 



When OP revolves from OA to OY, OT is positive and 
increases in magnitude, and can be made greater than any finite 
length by bringing OP nearer and nearer to OY. 

t 

When e = 0, T coincides with A, Tan e=:0 ; whene=-^(or 90^") 

Then OT is parallel to AT and therefore OT is 00 , T lies at 
infinity, 




In the first quadrant, as Q increases from 0 to tan Q is" 
positive and changes from 0 tooo, ' 

9 

(ii) When 0 is a little less than—, tan e is positive and very ’ 

I 

large, but when 0 is a little greater than ^then tan 0 is negative and 

very large. when 0 passes through tan 0 suddenly changes from 
+ 00 to — oo. 

^ When the revolving line has pass^il through OB, T lies below ' 

A and AT is negative ; the line OP revolves from OB to OC and 

OT changes from —oo to 0. When 0 = 7 r, OP coincides with OC 
and OT=0. ' • 

In the Second quadrant as 0 increases fiom ^ to TT, tan 0 is 

negative and increases from — oc to 0 . 

(lii) When OP has passed through OC, it meets AT above A, 
and is positive. Now OP revolves from OC to OD and in the position | 
OD, it is parallel to AT. Therefore AT changes from 0 to oo. 
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In the Third quadranl as 9 changes from r: to ^ , tan h is 

positive and increases from 0 to -co. 

(iv) When h passes through, tan 9 suddenly changes Irom 

+ 00 to —oo. 

When the line OP passes through OD, it meets Of below O ; 

OT i» negative. As the line OP revolves from OD to OA . OT 
changes from — oo to 0. 

In the fourth quadrant as 9 changes from to 2-, tan 9 


is negative and changes from — oo to 0. 

Thus tan ^ is changing continuously, except when it becora-.s 
infinite and then it changes suddenly from t x) to oo as 9 pass 


through the values 



Note : —We see that the variations of tan 9 wli«n 9 lies between 
•n to 2jr are the same as those for tan 9 between 0 and tt. 
tan 9 is a Periodic function and its period is n. 

6.31. Draw the graph of ) = tan x as x changes from - It to 2-r 

(F.L. 1936 1939. 1946 194«. 1949 ) 
Let XOX' and YOY' be the axes l et one small division 
along x-axis represent 10 and 5 small division along O'! represent 
unity. Then if we plot the points given in the chart and join them 
freely, we get the graph ofy*»tanx. 


Table for the graph of >'=tan a‘ 
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CO 

O 

*3) 

c 

C 

c« 








C 

C3 

CO 

O 

c 

o 


c 




03 
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THF. TANGEr^T GRAPH 

(0 A<2»r) 

6.4. To trace the tarialions In ihc \aliieA of sec as <9 chan«t*s 
from 0 to lit. ,p i^i 1944 ivstt's) 

In the fig. ol'Art. 6-3we have' 

OA ’> 

Similarly <cc OT,. w ##,=rOr,. 

ThusOI|, (iFj OTg. represent secants of those unates in 

piagnitudc. 

When ^ 0, T is at A, /. See e-OA J. 

see G is negative when the revolving line OP produced hacW- 
wards meets the tangent at A. 

As OP revolves Irom OA to OB, OF is positive aT*d increases 
from I to+oo : when Q - ^ ^ OP is parallel to AT, and meets it 

at infinity, /. OT is +jo. 

In the first quadrant, as 0 changes from 0 to ^ * ^oc G is 
positive and varies from 1 to4-oo. 
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When Q passes through-^, sec 0 suddenly changes from +oo 

to —oo. . 

When the line OP crosses OB, OP meets AT when OP is 

produced backwards. OT is negative, and T approaches A from 

below. When the line revolves from OB to OC, OT increases from 

— OO to —1. 

In the Second quadrant, as Q changes from ^ ^ 

is negative and increases from —oo to —1. 

In the third quadrant the line OP revolves from OC to OD and 
it meets the tangent AT, when OP is produced backwards ; OT 
is negative. When OP coincides with OD, it becomes parallel to AT. 
AT is —oo. 

Stt 

In the Third quadrant as 0 changes from tt to » sec Q is 


negative and changes from 

37r 


1 to —oo. 


When 0 crosses'^, sec 0 suddenly changes from 


oo to 


to+oo. 

In the fourth quadrant the line OP revolves from OD to OA 
and or is positive and decreases from oo to 1. 

’ 377 

In the fourth quadrant as 0 changes from —2 9 

is positive and varies from -foo to 1. 

For higher values of OP revolves over the same region 

and the cycle of changes is repeated as the angle Q is increased by 277 . 

Hence sec 6* is a periodic function and its period is 277. 

6.41. Draw the graph of > —sec x as x changes from 0 to 277, 

(P.U. 1944, 1950) 

Let XOX' and YOY' be the axes. Let one small division along 
x-axis represent 10° and 5 small division along v-axis represent unity. 
Then if we plot the points given in the chart and join them by a free 
hand curve, we get the required graph. 
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SECENT GRAPH 

0 < x < 



Meet at oo Meef of oo 


1 able fur the %alueN of \ sec \ 


X 

0" ' 30’ 

60“ 

90--0 j 

90‘-i 0’ i 

120’ 

150’ 

1 

180’ 

V -'Scc X 1 

1 1 1 2 

2 

4-00 : 

1 

-oo 

_2 

-12 

-1 

1 ^ 

210 240 ' 

270 -0 

270 -0 

300=“ 

330 i 

' 360’ 

1 

1 

v««Scc X 

1 

' ^ 

I 

— CXD 

1 __ 

-rOO , 
. \ 

*) 

1 

1 

1 

1-2 

1 


X 

0 —30* 

—60 

—90 ^ 0 

-90'-0 

1 

-I20’| 

-150’ 

i 

-180 

K-Scc A 

1 11-2 

2 

1 -Koo 

1 

1 -2 

-1-2 

-1 

X 

( 

-210*1-240 

-270 4 0 


— 300* 

1 1 

-330* 

1 

-360 



-1-2' -2 

—oo 

. +00 

1 

i 2 

1*2 

1 , 

! 

a 


Note :—Make use of the fact sec ( —r)=3S c x 
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6 . 5 . To trace the variations in the values of cot 0 as 0 changes 
from 0 to Itt. 

In the fig. of Art 6 . 3 . draw the tangent at B, and let '-'”2, 
OP3. meet the tangent at B in .y _ 

Ti, Ta- T3 . 

cot 0.- ( V OB=l ) 


T' X 


Also cot 62=^ ^'^2^ cot ^3=BT3. \/V 

Thus BT„ BT2, BTg ..V.. X/ 1 

represent cotangents of these angles. — \p^ 

Cot 9 is positive if T lies to the left * 

When 0 = 0 , the revolving line OP is coincident with OA and 
is therefore parallel to BT, consequently BT is positive and infinitely 
large, because OP being parallel to BT meets it at infinity. 

When the line OP revolves from OA to Ob, BT is positive and 

decreases from +00 to 0 , When 9= ^ ^ OP coincides with OB; 


• BT= 0 , orcot = 90°=0 

In the first quadrant as 9 increases from 0 to 


2 ’ 


cot 


positive and decreases form 00 to 0. 

(iii) When OP passes OB, it meets the tangent at B on the 
negative side of Bl . 

BT is negative. As OP revolves from OB to OC. BT is 
negative and dereases from 1 to — cxd. 


In the second quadrant, as 9 increases from cot 9 


is negative arid decreases from 0 to —00* 

(iii) When 9 crosses tt, cot Q suddenly changes from —00 to 

-hco. 

377 

In the third quadrant as 9 increases from tt to cot 9 is 

positive and changes from +00 to 0. 

(iv) When OP crosses OD, it meets the tangent at B on the 
left of B. 

BT is negative OP revolves from OD to OA, and BT 
varies from 0 to—00. 

Stt 

In the fourth quadrant as 9 increases from to Itt, cot 9 


is negative and decreases from 0 to —00. 

As 9 crosses 27 r, cot 9 suddenly changes from —00 to-roo. 
We see that cot 0 is a periodic function and the period is tt. 

6.51. Draw the graph of y = cot X as x changes from —2- to 
27r. (E.P. 1948 S.) 

Let XOX' and YOY' be the axes. Let one small division along 
x-axis represent 10 *^ and 5 small divisions along v-axis represent 
unity. Then if we plot the points given in the table and join them 
with a free hand curve we get the required graph. 
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COTANGENT GRAPH 

( For 0 < .V < 27r ) 

6 6 . To trace the variations in the values of cosec ^9 as ^9 changes 

from 0 to Itt (P U. 1951) 

From the fig. of Art. 6-5, we have 

OT, 


cosec 


OB=! 


Similarly cosec P.>= 0 T. 2 , cosec ©3 = 0 T 3 

Thus or, OTj, OT 3 . .. repiescnt cosecants of these angles 

in magnitude. 

Cosec 0 is negative, if the revolving line meet the tangent at B 

when OP is produced backward. 

When OP revolves from OA to OB, OT is.positive and changes 
from +OC to 1, for when 6 = 0, OP coincides with OA. and is 

parallel to the tangent at B. 

In the first quadrant cosec Q is positive and changes from-r -00 

TT 

to 1 as 0 changes from 0 to . 

In the second quadrant the line OP revolves fram OB toOC 
and BT is the positive and increases from 1 to +oc. 



variation of trigonometrical FLNCTIONS AND IHtJR GRAPHS 8i 
In the second quadrant cosec h changes trom 1 to— iiN 0 

increases from ^ ^ 

When 9 crosses tt. cosec h suddenly changes from — DC to 

When OP crosses OC, it n ect the tangents at B, hen OP 
is produced backward, /. OT is negative. As OP rcvoKcs from 
'^•OCtoOD, OT is negative and increases from —do to—I. 

/, In the third quadrant cosec h is negative and increaM.'-* Irom 

i_ r 

— OC to —1 as changes from tt lo-^ . 

In the fourth quadrant, OT is negative and decrea^e^ fiv m I 
to —oo. 

.. In the fourth quadrant cosec h is negal ve and decrease** Irom 

i- 37r ^ 

— 1 to —oo as increases from ^ 

When <9 crosses 27r then coscc 9 suddenly changes from 

— oo to ^oc. 



6.61 Draw the graph of .i =cosec .v as ;c varies from—27r to In. (PU.1951) 

Let XOX' and YOY' be the axes. Let one small square along x axis represent 



N.B. Make use of the fact that cosec (—a:)=— cosec x 
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Important Sohrd K\aTnple\ 

F\. I. Solve graphicall> the cquahons. \ 

4 3 

(/) cos '“'j : (^i) ^ between .v«» —s and 

r^n. 

Sol. Fix up a scale, c.g,, one small division (unit) represents 


lO’ on .v-axis and represents the number on r axis 


Ihc Cosecant («raph (lorO xc 27 r) 
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Draw the graph of>^=cos x, for 

5 

cos X is drawn as in Art. 6’21 


and „ 




The graph of y= 




,, „ y 


is a St. line parallel to x—axis at distance 


of “^(8 units) above it, 

Let the line cut the cosine graph in A, B. 

On measuring the abscissae of A, B are found to be nearabout 
-3*5 and 3*5 respectively. 

*/ each unit = 10'", /. A and B correspond to angles 

(-35°) and 35° nearly. 


(//) Similary we should draw the line y 


which is parall¬ 


el to X axis and — _ (6 units) below it 


Ex. 2. Draw the graph of>’=sec x (O^x^tt). Find sec-^ 
graphically. 

Sol. Scale:-One small division (unit) along x—axis to represent 

TT 1 

— radians ( 10 °) and one unit along 7 —axis to represent 

I o lU 


The graph is drawn as in Art. 6.41. 


No. of units in 


TT 


TT 

5 


TT 


18 


-= 3 * 6 . 


5 " 5 * 18 “ 5 

Measure OP=3*6 along OX and erect perpendicular at P 
cutting the graph in Q. On measuring PQ=12*5 nearly. 


sec 1*25 nearly. 


unit = 


I 

To 


Ex. 3. Trace the variations in the values of sin 0-f-cos 
0 changes from 0 to tt. 


as 


Let v=sin 0 +COS 0 


[^.ine+ ' cose] 


sin Q cos-^+cos Q sin 
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= \/2 sin 


( Using the formula proved in Chapter VII 
Sin (A —B)=Sin A I'os B — Cos A Sin ] 


(/) When (9=0, y^yjl sm 


= 1, when <9 = 


yz=zy'2 fcin V^2 /.when 0 increases from 0 to ^ , y is positive 

and increases from I to 

- TT TT 

(it} When increases from ^~to ' 2 '. >’ positive and de¬ 


creases from v'2 to I, for 9 ” ^gives y~\^2 sin =.l 


(Hi) When 9 changes from ^ » >' positive and de¬ 


creases from I to 0. 

(iv) When 9 changes from 
creases from 0 to — I. 


Jtt 


to TT. y is negative and dc- 


Ex. 4. Determine graphically the roots of the eqaaiion 


tan x*2 


which lie between 0 and tt, x being in radians. 


(P.U 1934) 


Rule To solve this cquatitm we draw the graph y = lan ,v(as 

4 

X increases from 0 to tr) and the graph of >’== 2— — x, which is a 

TT 

St. line because this is an equation of first degree 
The points of intersection give the roiMs. 

The method for drawing the graph of >*=tan jc has been 
already indicated by expressing the angle in radians. 

TT 

Scale:- — radian is represented by one small division along 

I O 


I 


^^IXUtnd the number by a snull division along y-axis. 


s 


86 


intermediate plane TRIGONOMETTRY 


To draw the grapli of 
y=2— we plot the points. 

^ TT 

x=0, y==2 

x= 3;:=0 and join them 

The two graphs intersect in 

I 

L and M whose abcissae are 

TT j 37r 

- and , . 

4 4 

A'=(). y=2 '] 3 

is the point (0, 20) q . 


X — 


2 ’ 


o . 

00 03 
C (J 

</3 

T3 


>’=0 is the point 

(9, 0) 



■■■■■■■■■■ 




Ks: 


am 






IM w I 

ISEiiis 


Ksa 




}CAL( .hUoNX-o/ies 
/* / UNIT 


Hence the roots of the equation are “ and 


Stt 

4 


EXAMPLES VI A. v 

I. Trace the changes in the values of Secant x between — 27r 
and 27r, and draw the graph between those limits, (P.U. 1944) 

2^ Trace the variations in the values of tan 9 as 0 changes 

from 0"* to 360*" and draw its graph. (P.U. 1948 J.) 

3. Trace the variations in cot 6 as 9 varies from —180^ to 
ISO"^, and exhibit these in the from of a graph. (P.U. 1948 S.) 

• t. graph of y= Sin x as x varies from —tt to tt and 

with the help of the graph, solve the equations. 

(/) sin x=2/5, (//) sin x=3/5, 

5. Draw the graph of ;;=cos x and from it find x when 

cos .r=0-6. (P U. 1949) 

6. Trace the curve ^=Sin .y from 0° to 180^ (P.U. 1951 S.) 

7. Solve the following equations graphically : 

(0 tan .v=I-5, (//) coseclv=]. (P.U. 1947) 

graph of sin .v as .v varies from — tt to ir Loc^e 
on the graph the values of .y for which ^ lo ir. . Locate 

sm2 A= i. ^p jj^ 1945) 

CaicuS”a!,'’22®''3o!’ '' '» 


om — TT to 

(P.U. 1947) 
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10. Draw the graph of lan x as x varies from 0 to 2r and 

hx:alc on the graph the values of x for w^ich 

(/) 3ian*x=I. (//) tan x=cot X. (P.U. 1946). 

11. Verify graphically— 

(/) sin (180 —35 )=—sin 35 . 

(//) cos (360 —20 )=cos 20". 

(Hi) tan (180 -15 )=lan 15 . 

12. Draw the graphs of sin x and cos x on the same axis and 

show that (/) sin 30'<cos 30 iO) sin 75'’>cos 75'. 

13. Draw the graph of tan x and col x on the same axis and 
show that 

(/) tan 15'Xcot I5\ {//) tan 55'’>cot 55 . 

14. Draw the graph of >’ = sin 2x as x changes from 0 to r. 

15. Draw the graph of y = cos as x changes from 0 to 2^- 

16. Trace the variations in the values of 

(/) sinx t-cos x, (u) sinx -yJ cos v (as x changes 

from 0 to 271.) 

[Hint Sin x f- \/3 cos x x Sm (x - 60 )] 


17. Solve graphically cos x=x when x is measured in radians 
(0<x<27r) 

[Hint Draw the graph of y—cos x and >’ = x. The points of 
intcr'icction determine the solution] 

18. Solve graphically the equation sin x=co> x for 0<x<90\ 

(P.U 1950) 


19. Solve graphically 3 sin x=cos x-^ 2 

v 3 \^3 

20. Solve graphically lan x - ^ x when x is measured 

Z IT 


in radians and varies from 0 to tt. 
[Hial:-Se: solved Px. 4|. 


RIATSION QUESTIONS I 

( ON CHAPTfcM I to VI I 

* f. Diline an angle of any magnitude. 

If 10'' were the unit for measuring angles what would he the 
measure of (/) 72* (/O 37 ((iV) 4 radians. 

^ 2. What do you mean by the circular measure of an angle ? 

A train is travelling in a circular track of radius } mile at 25 
m. p. h. Through what angle docs it turn in S minutes ? 

3. IT an angle contaning $ radians be expressed as D or 
prove that 

ir[G-Dl 20 B, 
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4 The sides of two regular polygons are m and n, the number 
of grades in an angle of one is equal to the number of degrees m 

u 20 18 

an angle of the other ; prove that ^ ^ - i. 

5 If the diameter of the moon subtends an angle of 30 at the 
eve of the observer, and the diameter of the sun an angle of 32', and 
,f the distance of the sun be 375 times the distance of the moon, 
show that the ratio of their diameters is 1; 400. 

Prove the following identities 
6. (1 + sin A+cos A)2=2(l+sin A) (I+cos A) 


tan A cot A 
” ]-cotA"^ 1-tan A 


sec A cosec A+1. 


8 . If sin 0 = 


show that 


tan a 
tan Q 

sin^ct 
sin^ /3 


4 -cos- a cos^ 0 = 1 . 


9 ) A pole 100 ft, high, stands in the centre of an equilateral 
triangle which is horizontal ; from the top of the pole each side 
subtends an angle of 60", prove that the length of the si^ of 
the triangle is 50^6 ft. (^ 11 ) 

lU. There are two towers on a horizontal plane. >\hen 
observed from the foot of the first the angle of elevation of the top 
of the other is 60° ; when observed from the foot of the second, the 
angle of elevation of the top of the first is 30°. Prove that the second 

tower is 3 times as high as the first. 

11. Can an angle 0 exist such that 

(0 5 cot^ 0 -f 7 cosec 0 equals 7. 

•Ui) 9 sin* 04-5 sin 0 equals 20. 

12... Express 2 sec* 0 -sec' 0-2 cosec* 04-cosec^ 0 in terms 
of tan 0 . 




— ^ - 

t 13?^ If sin a=m sin 0 and tan a=^n tan 0 show that 
'' - /n*-l „ . 


cos* a 


/ 


n*-l 




I 

i - 


V- 


^ 14/ If cot e=/c ; express cos^ in terms of k. 

Prove that 2(sin®e+cos® (sin« e+cos^ 0) is inde¬ 

pendent of 0 


16. 

Sin B 


ffi & find tan^ A and tan^* B. 

cos B 


[Hint—First eliminate Band thus find A.] 


1+sin A ^ r j * A 
— , , find tan A, 

1—sin A ’ 


N 




’• 17. If 
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'9 


i «. 


“rt. 

19. 

20 . 
21 


^22. 


( 


(sin .t-rsec x)- —(cosec x —cos xr = ( 1 — sec \ co ec da 
tan X (1—colNX)- col .x (1 —ian^x^ = 0. 

l-,cosA _ 1-cosA ^2(l-ianAL 
see A —lan A sec At A 
Show that 

sin* (tan (360^ —--'^71 

• - --- ^ -lafi^ 

cos*(9U -~h) coicc* h (15^0" — ^) 

cos h - iin (270 - (y) — i>\n (270 —0)-r'COs (54<j ^^ 7)^0 

✓ 


23. cot (r : A; r 


tan (2;r —.A) 


= 0 


1 


U- 


^25 


4- - ■= sec .\ lan (180 A» 

-^coscc (9o — A)- cot (90 - A) ' 

Given sinA = cos (n—1) .A find one value ol A. 

169 


26. If lan 6 »-' cot 9 = 


KO 


find the value of sin 0 cos 9 


'•27. Draw the graph of >>- tan x for values of .x Ivitij; between 

0 and ^ ; by means of this graph show that x 5 radians 

f approximately) is a soluation of x =^ian x. 

28. From the graphs of > -sin x and j tan \ deduce ihji 

sin X <x <tan x for o <x < “ (where x is m easured m ladian- 

only) (IT I 

• 29, (a) Trace the changes in the value of tan A as a vanes 

from TT to 27r and illustrate them by means of a graph. 

(/)) From your graph lead the values of tan2(X) and 


tan 



(IT 1952 .S , 


30. Trace the variations in the values of Cosee x as .1 vaiies 

from —TT to TT and illustrate this by means of a graph. Fnvm your 
graph read the value of (/) cou*c x when v 100 (//) a whi-n 

eosec.t-l -8 (P.L I95.1i 

31 . Define a Periodic Fuikiioii of 9 and prove eraphiealiy 

that the peruxl of tan 9 is (P.L'. 1953 S I 95 ij 

32. Solve graphically the equation Cos iv —tan v for values 

of X between o and tr. I P.L'. 1954) 

33. Draw the graph of >■ - Sin 3x for values of .v between 


<1 and St from your graph ^ff tlie values of ( 1 ) x when y 1-7 
(<7) y when Jt« 


36 


(P.L'. 1954 8 .) 


34 . Trace the variations in the values of sin 9 as 9 changes 
from 0 to 2* and illustrate them graphically. (P.LI. 1955 S ) 





CHAPTER VII 

Trigonometrical Ratios of the Sum and Difference 

of Two or More Angles. 


7.1. 


ADDITION AND SUBTRACTION FORMULAE 
(A) ADDITION FORMULAE 
To prove that 

sin (A-fB) =sin A cos B+cos A sin B 
cos (A+B) =cosAcos B—sin A sin B 

_ tan A -t-tan B 

~1—tan A tan B 

when all the angles A, B and A+B are positive and acute. 

Let the revolving line start from OX 
and revolving in the anti-clockwise dir¬ 
ection trace out ^XOA=A; and trace out 
further ^AOB=B, so that Z.XOB=A--B 


tan (A+B) 



Take a point P on OB, the final 
position of the revolving line. Draw PM, 

PQ perpendiculars on OX and OA; QN 
and QR perpendiculars to OX and MP. 

Since ZOMP=^OQP =90*, .-.OMPQHs a cvclit 

z.mpq=zmoq=a. 

- mr+rp 

■ OP ^ 


sin (A + B) 


nq+rp 


OP 


OP 


NQ RP 
OP "^OP 


PQ 

OP 


^NQ OQ RP 
OQ- OP ' PQ. 

=sin A cos B-^-cosA sin 

cos (A+B,= OM ON-MN 


OP 


B. 

ON-RQ 

bp 


tan (A-i 


ON _ RQ 

OP OP 

ON OQ 
OQ, OP 
cos A cos B- 
A^+RP 
ON-MN~ 


PQ 
PQ- OP- 
-sin A sin B 

NQ+RP 

ON-RQ 


I 
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NO RP 

ON*. > 


lanA 


ON 


1 - 


RQ.RP 


. Rf 

1 — tan A. 


RP O.N 

From Mmilar triangles OQN and PQR. have : — 

RP_ PQ 
ON" 


= tan B. 


tan (A -B) 


(3) 


6 



A 

✓ 



1 





O 


- OQ 

tan A - tan B 
1 — Ian A tan B 

Ajole ;—Jhe above construction and proof applies to all ca-es 
of signs of various lenctb' in establishing these formulae for 

angles of any magnitude. 

7 2. Method of Projection 
Def. Let AB be a given line 
and X'OX be a fixed line. Draw 
AL, BMIXOX then LM is de¬ 
fined as the Projection of AB on 

X'OX' 

7.21. Length of Projecllon 
Lcl BA miikc LH with X'OX 

PNf PL 

then I M, the Icn^jlh of projection = PM = 

PB cos 4i-PA cos h AB cos e. 

7.22. ProjectionH of two equal ami parallel lines on an) line are 
equal:— 

It* AB. Cl) arc parallel and equal, then they male equal, angles 

with X'OX, say f) each. 

Projection of AB.co* fy"! which 

Cl)=*CD cos 

O-h I). 

7.23. Projection of a biolcn Im^. 

Projection of ABC on XX' 

Pro], of ABTProj. of BC Y 

LM MN 


arc equal 


l-N r—, 

Proj. ol AC". 

7.3. Proof of the formulae b> Method of Projection 
Wc shall now shqw, b) mcthA^Kl of projection that 
sin (A r Bj^ftin p cos A*f cos A sin B 
cos (A t B)»cos .A cos jk—sin A sin B 
where A and B arc of any magnitude. 
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Let XOX' and YOY' be the 
axes. Let the revolving line make an 
angle A with positive side of jc-axis* 
in the position OL. Let it revolve 
further through an angle so 

that it makes an angle=(A + B) in 
the position OM. 


Take a point P in OM. 


OK 



Draw PNJ_OL. Draw 

equal and parallel to NP. 

Using the results of Art. 7*2 to 7.23. 
and projecting on OX, we have 

Projection of OP=Projection of ON+Projeetion of NP 

=ProJection of ON-[-Projection of OK 
or OP cos (A-(-B)=ON cos A-fOK cos (90'''-f-A) 

=OP cos B cos A-f-OP sinB cos (90’ 
cos (A f B)=cos A cos B-sin A sin B 
Taking projections on YOY' we get 
Projection of OP=Projection of ON-f-Projection of NP 

=Projection of ON-f Projection of OK 

or OP cos (A+B-90’)=ON cos (A-90°)-fOK cos A 

""2^ cos B sin A-FOP sin B cos A 
Hence sin (A+B) =sin A cos B-f-cos A sin B. (D 

7.4. To prove that ;— 


A) 

( 2 ) 


tan 

v 4 y 1—tan A 


(5) 


Proof: 




tan-?-f tan A 

1—tan ^tan A 

-Ftan A 
1 —tan A ■ 


7'4I. To prove : 


cot (A-FB) 


Proof cot (A-F B)= - 


cot A^ cot Bj-1 
cot A-F core 
1 


( 6 ) 


1 


tan (A-f B) 


tan A tan B 


1 


T 


tan A-f tan B 

- A, 

t^ot A ' cot B 

1 


cot A ^ cot B 
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Kx. 

Sol 


cot A cot B— I 
■“ col A—col B 

I. find sin 75", cos 75' and tan 75\ 
sin —sin (45 —30 j 

= sin 4S' sin 30'-rcos 45" sin 30 


(D.U, 1951} 


I v^3 
% 2 • 2 


v '2 • 


<1- * 1 

2v2 J 


j^Also cos 15 =sin (90’—I5^) = sin 75 = 

=cos(45 30 )=cos 45’ cos 30’ —sin 45 sin 30’ 

I v^3_I 1 _V3-_1^ 

-v'2- 2 ~ V2 • 2 - 2v2 


Also sin l5’ = cos (90’-15’)=co5 75’=-V,,- 


v'3-±l 

~2V2 J 


Ian 75 tan (45 +20 ) = 


tan 45 -r-tan 30 


tan 45’ tan 30’ 


V3 

I 


<^ll 

\ 3- 1 


L.H.S. = tan f tan B 


I_■ » 

v'3 

(V3-1)* 

(v'3-IKv'3^'|) 

(Also ccl 15’-=tan (90 —I5")=tan 75 =2 ^ \ 3) 

Kx. 2 Show that tan A t ttn B = iin (A - B) see. A. ; 

c! I I Lj (2 • • a ti sin A sm B 

Sol. L.H.S.<s:tan f tan B= — 

cos A ^ cos B 

A cos B r cos A sin B 

cos A cos B ^ 
sin (A4 B) 

COS Acos B 

»iin (A 1 -B) sec A. sec. B 
-R H.S. 

tx. 3. In a A ABC, sin A= . . sin fl= ^ finH d 


see B 


il A, B arc acute 

Sol. V ArBfC = 7r. 

sin Cwsin (r-(A 
“sin A cos B 

i *2 

“ 3 • 13 ^ 


J , sin fl= find sin C. 


C-»-(A + B) 

' B)) ■> sin (A-r B ) 
-cos A sin B. 

L 5 « 

3 • J3*65‘- 


fcos B— 


± VI -sin'B 


V 


23 
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12 

But since B is acute, cos B=- 

Similarly cos ■^=—^ • J 

EXAMPLES VII. A 

1 . Prove geometrically that sin (A+B)=sin A cos B + 

Cos A sin B. (D.U. 1951. P.U. 1953) 

2. Show by changing B into — B that 

((') sin (A—B)=sin Acos B—cos A sin B 
(») cos (A—B)=cos A cos B + sin A sin B 
, , /A n^ tan A —tan B 

' ^ ' 1 +tanAtanB 

Prove that (Q. 3. to Q. 5.). 

3. Sin 30° 45' cos 59° 15'+cos 30° 45' sin 59° 15'= 1. 

4. Sin (A—B) cos B+cos (A—B) sin B=sin A. 

5. Sin A+cos A=\/2 sin (A4-45°). 

6. If sin A=— ; sin B =—,, prove that A4-B= T 

V ‘" ^/ 5 4 

7. If tan A = J ; tan B = ^ ; prove that A+B=45°. 

8 . IftanA=K ; tan 8=4^ prove that A = B=^ 

K. 2 

24 12 

9. In a A ABC ; cos ^= 2 ^ ; cos B= yy.find cos C 

10. If A4-B=45°, show that (1 + tan AXl-{-tan B)=2 

(P.U. 1939) 

11. Prove that sin (A + B+C)=sin A cos B cos C-fcos A 
sin B cos C+cos A cos B cos C —sin A sin B sin C. 

/ (P.U. 1955) 

12. Prove geometrically cos.A=cos- A—sin^ A. 

(B) SUBTRACTION FORMULAE 

7.5 To prove :tgfi(A-B)=sin A cos B-cos A sin B.j) 

"cos (A—B)=cos A cos B Asin A sin A....^S) 

ton/A tan A—tan B 

l + tan A B.W 

where A. B, and A —B are positive and 
acute. 

Let the revolving line start from OX 
and revolving in the anti clockwise direc- I g 

tion turn through an angle XOA=--A ; let ff 

It revole back through an angle AOB = B. 

Then ZXOB=A—B. 

M X 

Take point P on AB, 

Draw PM and PQ perpendiculars to OX and OAand ON and 

QR perpendiculars to OX and PM. ^ 
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Since ZOMP^ZOQP=180*, OMPQ is a cyclic, quad 

zlRPQ = 180 -^MPQ=/MOQ=A.d) 

«in = _NO PR 

OP OP OP “OP'“^ 

^NQ. OQ PR PQ 

OP PQ OP 

= sin A cos B —cos A sin B . ^7 j 

:(« = ^ 0_N-Q^_ ON "qr. 

OP OP OP “OP'^^OP' 

^ON. OQ QR^ PQ 
OQ" OP ” PQ OP 
=^co<( A sin B-^sin A sin B 


, 4 n UM U 
CM (A-B,= qP=- 


OP "^op 


t«n (A-B,^^’P=.^N-PR_ 

OM ON-^QR~ 


OP 

B. 

QN _PR 
ON O P 

OR PT 


( 8 ) 


tan A — 


I -f-(an A.- 


PR 

ON 

PR 


PR 


PR 

ON 


tan B. 


(9) 


ON 

Form similar triangles OQN and PQR, 

tan (A-B )= A-tan B 

1 r tan A tan B 

Note :-The above construction and proof applies to sll * 

of .in,, of len,,!,, in c«.hl,.hin,%l,n nbo:; 

angles of any magnitude, 

SECOND PROOF-BV METHOD OF PROJECTION _ 
7.51. \\e should noNS prove by Method of ProKction ihai 

^lin (A—B)»sin A cos B—cos A sin B ; ^ 

COS (A—B>-icos A cos B -^sin A sin B , | 

where A and H arc of an> magnitude. *'•. I 

Let XOX' and YOV' be the axes. 

Let the revolving line make an angle * ^ —* 

A with positive .side of a-axis in the posi- ^ 

tionOL. ^ 


tionOL. H ^ I 

Let it revolve back through an anclesR .r, . 

W Mo m “„l:i'1::.'””"™ Take npoini P o\." 


makes 

Draw 
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ATOiriON AND SUBTRACTION FORMULAE 


Using the results of Art. 7.2 — 7.23. 

Draw OK equal and parallel to NP. 

Projecting on OX, we have 

Projection OP =Projection ol ON-[-projection of NP 

= Projection of ON -[-Projection of OK 

OP cos XOP=ON cos XON l-OK cos XOK. 

OP cos (A —B) = OP cos(7r— B) cos XON + 

OP sin (tt—B) cos XOK. 

cos (A-B)=:COS (7r-B)cos (A-7r)-f- 

9tn (TT —B) cos ^ 

=(—cos B) X (—cos A)-|-sin B sin A 
= cos A cos B-|-sin A sin B. 


Similarly projecting on OY, we gel : — 

OP cos YOP-ON cos YON4-OK cos YOK 


=OP cos 



OP sin (TT—B)xcos 



cos 


”) 


B sin A-rsin B (—cos A). 


sin (A-B) —sin A cos B—cos A sin B. 

7.52. Alternative Proof for tan (A-^B) and tan (A—B) 

sin (A-f B)_ sin A cos B-|-cos A sin B 

tan ( *r ) — cos(A-l-B) cos A cos B —sin A sin B 
We get dividing each term on R.H.S. by cos A cos B 


tan (A-l-B) = 


sin A sin B 

__ t 

cos A cos B _ tan A-[-tan B 
~ sin A siiTB 1 - tan A tan B 
cos A* cos B 




Similarly we can find tan (A —B). 

Note :—When geometrical proof is required then the proof of 
Art. 7*1 for ran (A-hB) and that of Art. for 7*5 tan (A —B) should 

be given. 

Ex. 4. Find sin 15°, cos 15° and tan 1 j°. 

sin 15°=sin (45°-30°) 

=sin 45° cos 30°—cos 45° cos 30°. 


cos 15 


_ 1 V3_ I I 

~ VT '2“V2 r“ 

cos (45°~30°)=cos 45° cos 30° 


V3-1 . 

2x/T 

-rsin 45° sin 30 


( , 


V2- 


tan 15°=tan (45°-30°) 


l\/3 , 1 J_yj+ji 

2 2 ” 2^2 

_ tan 45°—tan 30° 
~1 




tan 45° tan 30 



ADDITION AND SLBTKaCTION fORNlLLAE 


9:* 


I- 


I 


I 

v''3 

I 

v3 


\ 3—1 ^ 


tx, 5 


7.53 


Show ihat sin (A —Bi —cos (A —B) 

(A-coiA» (COS B 

sin (A —B)-cos (A • B) = .in A cos B-cos A 

- cos A cos b —sin A sm B 

— sin A (cusB sin B; - cos A (cos B sin B) 

~ (sin A ’ COS A) (cos B sin B) 

I o prove tan ^ ^ ^ 


s;n B) 
sin B 


tan 


c 


) 


I - (an A 


(an 


llOi 


(an A 


Ian lan A 

4 


I lan A 
I (an A 


754 

To prive col (A 


col 

B cot A 1 




col H ct>l A 




cot (A — 

H) 


1 1 • 

lan A 

lan H 


laiiiA Hi un 

\ - 

Kin 




col 

A cot H 1 






col 

0 —col A 


(Ml 

V.X. 6. 

n .t_ . COS 1 1 

Prove that 

cos 11 


>in 1 1 
sin 1 1 

^ lan 56 

[PV 

1949) 


I II S. 


lan (45"* M") lan 5n 


1 


Divide each term on I .M.S b) cos 

I ' tan I I 
I — tan 11 

-R H.S 

tXAMPLtii* \ II B 
Prove ihai cos (A-B) cos A c*»s 


v^c ^cl : 


D I D. 


Prove ihai : 


B- sm A sin !> 
[P I' 1950 S ] 


2. sin 75 14* cos 15’ 14 -cos 75 14 sm 15 14* ' ^ 


3. lan A —fun B 


cos A cos B 

4. <in(A * B)—cos (A —(sin A —cos Ahcos B — 

5, If R • C-*60 . show ihal sin (120 — H)- sin (120 
Prove that 

^ sin (A —B)4-sin (A —B) 

cos (A + 6 )tCo$(A-B)"''“" 


sm B) 

-Cl. 
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7. 

8 . 

9. 

10 . 

II. 


cos (A—B)+cos (A + B) 

.sin(A-+l) A sill (a- 1) A+cos (a+1) A 

cos A4-COS (I20°+A)+cos (120°-A)=0. 

If cos A=l ; cos B=; HA, B being acute) ; 
A-B-60°. 

In a AABC, right angled at B ; sin A=^ find 
sin (A—C). 


cos (a— 1)A 
=cos 2A, 

(D.U. 1947) 
prove that 

(P.U.) 
cos (A—C) 


Prove that 

12. (i) sin (A+B) sin (A 

(ii) cos (A+B) cos (A 


13. 


14. 


15. 


B)=sin^ A—sin^ B. 
B)=cos^ A — sin** B. 


sin (A 


-^) , sin (B—C) 

TX I 


sin A sinB ' sin B sin C 
cos 38° + sin 38° 


_j_sin (C —A) 
sin S'sin A 


0 


cos 38° —sin 38^ 
cos 17°+sin 17° 

cos 17°—sin 17° 


= cot 7 


tan 62 


(A.U.) 


(D.U. 1950) 


16. Cosec 2A=tan A + cot 2A . (P.U. 1954) 

7.6. Prove that :— 

'stn (A4-B) sin (A—B)=sin‘'* A-sin-B=cos^ B—cos^ A (12) 

cos (A-l-B). cos (A—B)=cos2 A—sin^ B=cos^ B—sin^ A (13) 

Proof : — 

sin (A rB), sin (A—B) = (sin A cos B-!-cos A sin B) 

x(sin A cos B—cos A sin B) 

= sin^ A cos^ B—cos^ A sin^ B 
=sin2 A (1 —sin2 B)—(1—sin^ A) sin^ B 
= sin2 A“Sin2 B 

Further R.H.S.=(1 —cos^ A)—(I—cos^ B)=cos2 B—cos^ A. 

Again we have 

cos (A + B) cos (A —B)=(cos A cos B—sin A sin B) 

x(cos A cos B+sin A sin B.) 
~cos^ A cos^ B —sin^ A sin^ B 
=cos2 A(l—sin2 B)—sin^ B (1—cos^ A) 
=cos2 A—sin^ B. 

Further R.H.S.=(1 —sin^ A)-(I—cos^ B)=cos2 B—sin^ A. 

EXAMPLES VII C 

# 

Prove that :— 


1 

2 . 


. /A ■ Dx. ,A Dx Sin- A—Sin* B 
tan (A-hB) tan A—B)= : -. 

' cos* A —sin* B 

Sin* (2x+3y)—sin* (2x—3y)=sin 4x sin 6y 

a/6 


Sin* 52+-sin* 7+= 


'4 




2cos^^ + AJcos (-^ -A^^cos* a— sin* A 


3. 
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(i) Cos Ih cos 2-^ —sin^^ ——sin-—d>) = cos 2(^ — oi 

(ii) cos ^ cos (2a—^)=cos® a —sin- (a— 


7. 


r 1 * ^^ 

cos <9 cos<^=cos* ^-sm- ^ — 

Sin (2n — 1 ) A sin A ^sin- (n — I) A —sin- nA 

cos* B —sin* A 


(PL 1953) 


8 I —lan* A tan*B = 


cos* A cos* B 


sin 


A 

2 




CIRCULAR FLNCTION FOR THE SUM OF IHREE ANOLFS. 

7.7L sin (A - B ' C) -sin A cos (B -C) —cos A sin (B-rC) 

= sin A (cos B cos C—sin B sin C) 

— cos A (sin B cos C —cos B sin C ) 
= sin A cos B cos C —sin A sin B sin C 

^sin B cos A cos C —cos A cos B sin C . 

— cos A cos A cos C |Ud A - tan A — fan C 

— tan C tan A tan C | 

B * C) = cos A cos ( B ■ C) —sin A sin ( B 

= cos A (cos B cos C - sin B sin C j 

— sin A (sin B sin C- sin B sm C]. 

- cos A cos B cos C —cos A sin B 


7.72. cos (A 


• 14) 

U) 


mC 


— sin A sin H cos C —sm A cos B sin C 
= cos A cos B cos C (1 —tan B tan C'J 

— tan C tan A —tan A tan Bj. (15) 

lin (A -r B r C) 
cos (A r B-r C) 

tan A r tan B r tan C—tan A tan B tan C 


7.73. tan (A^ B C) = 


I —tan B tan C —Un C tan A —tan A tan B 

7.74. Aliicr To find tan (A t B^ C) 
tan (A T B t C) =«lan ((A • B)-f C)J 

^lan (A B) T Ian C 
I — tan (A t B) tan C 

tan A flan B 
1 —tan Atan B 


( 16 ) 

(P.U. 1950) 


tan C 


I 


_ rtan 
J- 


f tan 


tan A tanB 


tan C 


tan A rtan B tan C—tan A tan B tan C 
1 — tun A tan B— tan B tan C — tan C tan A 

Cor. 1 . If A+B t C-=180 . then tan (A- B T C)-0. 

tan A ftan B + tan C«=tan A tan B tan C 

OrTkM:- A-= ISO^-iB 

. n .-.X tan B-r tan C 

—-tanBunC- 



intermediate pi ane trigonometry 


Cross multiplying and transposing, we have the result 
tan A + tan B + tan C = tan A tan B tan C. 

Cor. 2. If A+B + C = 90°, tan (A + B + C)->oo 
tan B tan C + tan C tan A+ tan A tan B=l. 


Ex. 7. If sin A = 


Mixed Solved Examples. 

^ sin B= ,^,; find sin (A+B), 


5 ’ 


13 


A and B being acute. 


Sol. sin A= - ; y. cos A=x/1 —sin^A 


3 

5 


sin B= 


jj, . cos B^/v/ 1 —sin-B= j 2 

sin (A-! B)—sin A cos B-f-cos A sin B. 

63 
65- 

Ex. 8. Prove that : — 

tan (45°-f A)-tan (45°-A)_^;„ 
tan (45°+A)-ftan'(45°-A) 

The left hand side 

sin (45°-i-A) sin (45° —A) 


12 


^4 12 3 5 

5- 13 ■*“ 5- 13 


(P.U 1938) 


_c;os_(45N-A) cos (45°-A) 

■sinj45 -f A) ^sin (45=-A) 
cos (45‘'-f aV' cos (45 —A) 

^sin ( 45° + A) cos (45°-A)-cos (45’-t-A)iin (45"- A) 
sin (45" + A) cos (45‘=-AT+cos (4'5°— A‘) sin (45"-A) 

^sin ^ (45"-i-A)—(45°—A) sin 2A 


sin ^ (45"-|-A)-f-(45°-A) y sin 90 


sin 2A, 


Ex. 9. Show that 

tan 15 A —tan 9 A—tan 6 A=tan 15A. tan 9A. tan 6A 

since 15A = 9A-|-6A 
tan 15A = tan [9A-j-6A] 

_ tan 9 A+tan 6 A 

1 —tan 9 A tan 6A 

Cross multiplying we get : — 

tan I5A [1 —tan 9 A tan 6 A]=tan 9A+tan 6A. 

tan I5A —tan 9 A—tan 6A=tan 15 A tan 9 A tan 6 A. 

Ex. 10. Prove that tan 70'" = tan 20"+2 tan 50° (D.U. 1950) 

Sol. Since 70° = 50° + 20° 

tan 70°=tan (50°+20°) = — 

1—tan 50 tan 20 

lan 70" (I-tan 50" tan 20") =tan 50"+tan 20" 


addition AVa subtraction fORMC'LAS 


101 


tan l(y ~Vdn >0 —lan 20 —tan 70 tan 50 tan 20 

--tan 50 —tan 20 —cot 20 tan 50 'tan 2C 
'~2 tan 50 —tan 20'. 


Ex. 11 Given A=jr and 

. w - I . 

that ^in a , sm x. 

m - 



=a and tan — tan A 


4 

5 


6. 


7. 


8 . 


11 


12 . 


13. 


sin a 
sin c 


sin(^—A^_sta0 cos A—cos ^ sin A 
sin (0 ^ \) sin 9 cOi A—cos 0 sin A 

im I ( tan A 1 

(m - I> tan A m ~ \' 
m~\ 


un-^ — UP A 
lan^ —lanA 


sm a — 


m 


I 


sm X 


Mi>celUneous Examples \ II. D 


1 If sm A 


., , cos B= ,find sin ( A — BI and 
61 41 


cos (A B). 


sin A = 




cos B 


41 


, find sin (A — and 


cos ( A - B). 


3. It tan A 


I 


tan B 


, find A B 


Show that 

cos 5A cos 3A —sin 5A sin 3 A- cos 2 A 


sin (ii • /J) cos \(i —cos (ii - sm (a —^)= sin 2 j 


2co>^ 4 * 4 ^ ^ -B) —s n (A 

sm A ci>s (B C» sin B cos (A —C)^cos C sin (A 


B) 


-B) 


sill 3A cos a cos 3 a sin A 


cos^ 2A sm^2A 


— Ian 4 A 


cos (A ; Bi sm ( A — B) • cos (A— Bi sm (A - B» 


— Ian 2 \. 


lU see tA± Hi 


(IVt I 


cos (A • H| cos I A —B) sin (A r B) siti \ —B) 

sec A com;c B MX A cus<rc H 

cosec A coscc bj^i^sec tt see A 

cosec A coscc B see A see B 
sccA coscc B • see B coscc A 

ID cos* A-i“COs* B -2cos A cos B cos | A - B|=sin*(A —B) 
(ill sin* A - cos* B —2 sin A cos B sin ( A * B|^cos*(A B) 


cosec ( A » B) 



cos 


( 


A 


) 


cos 


(; 



Sin 



\ ^ - A )J =1 




f 
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14. 


I cos 


+ A )+cos 



+ 



+ A 


)-si» ( 



17. 


(P.U. 1948 S) 
(P.U 1949 S.) 


20 . 


‘15. tan 75°-tan SO^-tan 75° tan 30°=1. 

16. tan 60°-tan 15°=l+tan 60° tan 15°. 

1—tan 30° tan 15°=tan 30°+tan 15°, 

tan 50°=tan 40° + 2 tan 10°. 

'19. tan 65°=tan 25°+ 2 tan 40°. 

tan 13 A—tan 9 A-tan 4 A=tan 13 A. tan 9 A. tan 4 A. 

(P .U.) 

tan 8 A—tan 3 A-tan 5 A=tan3A. tan 5 A. tan 8 A 

(P. U. 1954) 

tan (a-/ 3 ) + tan ->;)+tan , 

cot 0 —cot 20 =cosec 20 . 

tan A tLn — +l=sec A. 


21 . 


22 . 


23. 


24. 


25; 

26. 

27. 


(P.U. 1954) 


2 


tan 2 a—tan a=tan a sec 2 a. 
cot 2A+tan A=cosec 2A. 

If Q^^=a and tan 0 =A tan <j). 


< 


' t 




A-i 


(A 


prove that sin 


28, tan 




= ni col 



-a.) 


if 


sin (0+^) _ i — 


cos( 6 —i?) 




(D.U. 1951)/ 
(P.U. 1954):- 




it 


I 


j 














CHAPTER VIII 

KLEMENTARY TRANSFORMATION OF PRODUCTS 

AND SUMS 

y FOUR FORWARD FORMULAE 

8.1. Tr«nsforin*iion of tbc sam or diffcreoce of two sines into 

Product Form 
Prove that 


P-^O P—0 

sin P- sin 0= 2 sin ^ cos — - 


sin P —sin Q —2 cos 


P-Q 


sm ^ 


P-0 


and 


sin (A • B) = sin A cos B--co$ Asm b. 
sm (A— B) *5in A cos B—cos A sin B. 
By adding and subtracting, we have 
sin (A fB) rsin (A—B|-2 sin Acos B. 
sin (A • B) —sin (A —B) = 2 cos A sin B 
Pul AT^B^P and A-B = 0. 

P-0 

2 

I and II become 

P 

sin P f sin sin - 


A^ 


‘’+^-ana B 


-Q P-Q 

j-co. 2 


p. o 

•nd sin P —sin 0 = 2 cos ^ ^ 


P-Q 

2 


8.2. Transformation of the sum and Difference 
Into Product Form :— 


To prove 


(I) 


( 2 ) 

(P U 1949) 


co« P+co» 0™2 cos 


P Q 


cos 


P-Q 


( 1 ) 

(II) 


( 1 ) 


( 2 ) 

uf iMo cosine 


(3) 


cos Q—co« P—r sin 


P 0 


sm 


P-Q 

2 


Wc know : — 

cos (A I B).bcos a cos B —sin A sin B 
cos (A —B)—cos A cos B >-sin A sin B 
By adding and subtracting, wc have 
cos (A )-B)4 cos (A —B)—2 cos A cos B 
cos (A —B)-cos (A - B)—2 sin A sin B 
Pul A ) B-P, A-B-Q 

P ■ Q and B- 


A- 


( 4 ) 


(III) 

(IV) 
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P I 0 P_ Q 

COS P+cos Q=2 cos—cos - 


P-j-O 

cos Q—cos P=2 sin—— sin 


2 

P-Q 

2 


(3) 


2 2 (4) 

8.3. These four formulae may be called “Four Forward 
Formulae” 

The reader should note “with care” the order of angles in the 
last formula (4). 

8.31. These formulae, are of Top Importance in Trigonometry 
The reader is advised to understand them in spirit and then remem¬ 
ber them. 

8.32. The sum and difference of two tangents or cotangents 

A 1 * D sin A sin B sin (A+B) 

tan A+tan B=-- 4- --‘ ' 

cos A cos B cos A cos B 


* A * r, sin A sin B 
tan A—tan B= —. — —-- 

cos A cos B 


sin (A—B) 

“cos A cos B 
. A . . T> cos A cos B sin (A-f-B) 

CO. A+co. + g 

CO. A-co. 

sin A sin B sin A sm B 
8 . 33. To Express Cos. A 4-Sin B as a product. 
Cos A-j-sin B=cosA+cos (90^^—B) 


2 cos 45®-f 


A-B 


cos 45° 


A-l-B 


Similarly we can express sin A-j-cos B, cos A—sin ^B, etc. 
as a product. 


Ex. 8. (i) !|2_A+sin B 

sin A—sin B 


. A+B A-B 
2 sm — 2 — cos —— 


2 cos- 


A 

tan— 


A+B 


A-B 


sin 


B 


A-B 


cot — 


... c os A+ cos B 
'^cos B—cos A 


* A + B 
2 cos - ^— cos 


A-B 

~r~ 


~ . A+B , A--B 

2 sm ^ sin — ^— 

A + B " A-B 
cot —^— cot —— 


(///) 


sin A +sin B 
cos A+cos B 


. . A+B A-B 
2 sm — 2 — cos ‘ ~ 2 ^- 

~ A+B A^ 

2 cos-r- COS - 


tan 


A+B 
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IU5 


sin A —sin B 
cos B—cos A 


^ A - B . A—B 
2 cos ^ sin 


A^ C A-B 


2sin-^ 


=tan 


A- B 


lx. K Prove lhal sin 15 - sin 45 =sin 75 


sin 15 —sin 45"* —2 sin 


45-15 


45‘^-15 


cos 


= 2 sin 30 -cos 15 =2.i cos (90 
sin 75 


= - 15 ^) 


fx 3 


1. M S. = 


Show that 

sm A - sin 3A —sin 5A-rsin 7A 
C4>s A—cus 3A • cos 5A —cos 7A 

(sin 7A + sin A) -(sin 5A -sin 3A> 
(cos 7A-i-cos A)-r(co5 5A- cos 3A) 

2 sin 4A cos 3A 2 sin 4A cos A 
2 cos 4A cos 3A^ 2 cos 4A cos A 


= lan 4A 


2 sin 4A [cos 3A - cos A) 
2 cos 4 A (cos 3A —cos A) 


— tan 4 A 


I V 4. 


cos 20 —cos 70 

Prove 

sin 70 — sin 20 


- 1 . 


cos 20 -cos 70 _ 2 sin 45 sin 25® 
LM.L. — ;as 45® sin 25 


MH 70 -iin 20’ 2 c 


= [ 

(B) BACKWARD FORMULAE. 

K. 4. To express the product of two sines or cosines as the 
or difference of sines or cosines :— 

In Art 8.1 and 8 2 the following results were found 
2 sin A cos B«>sin (A * B) • sin (A —B)...(l) 

2 CO* A sin B“sin(A+B) —sin (A—. (II) 

2 cos A COS B~cos(A ^ B) * cos (A —B) . (Ill) 

2 sin A sin R<«cos(A—B)—cos (A > B) ..(IV) 

The result* I—IV may be called *‘Four Backward Formulae”. 
They arc used for transformation of Products of sines and cosines into 
sum or Difference of sines or cosines. 


Ex. 6. (i) 2 sin 5x cos 3.r=*sin (5.c-f 3.r) i sin(5.c—3.c) 

— sin 8.t4 sin 2x 
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(ii) 2 COS 5x sin 3x=sin (5x+3,t)—sin (5x—3x) 

=sin 8;c—sin 2x 

(iii) 2 cos 5x cos 3jc=cos (5x+3jc)+cos(5x— 3x) 

=cos 8x+cos 2x 

(iv) 2 sin 5x sin 3x=cos (5x—3.r)—cos(5x+3x) 

-^cos 2x—cos 8x. 

Prove that sin 0 + sin^e+ ^ 


+ sin 


4 TT 

“5" 


+ sin( 0 + 


6 TT 


4-sin ( 0 


8 TT 


= 0 


TT 


Sol. Multiplying throughout by 2 sin ^ and expressing every 
term as the difference of cosines we obtain on the left hand side. 


cos ( 0 


cost 9 + 


^ —cos^ 


9 4- 




cos 



cos ( 04 


3 TT 


cosf 0 


I 

1 ' 


r cos ^ e + TT^—COS^ 0+ 


)]4 



cos ( 0 


cost 04- 


97r 



cos 


(-f) 


cosl 04- 



■/ all other terms"! 


cancel out 


j 


e\- 


47r 


= 0=R. H. S. 

Ex. 8. Show that sin 20"’ sin 40° sin 60° sin 80 
L.H.S.=sin 20° sin 40° sin 60° sin 80°. 

[ 2sin 20° sin 40°] sin 80°. 
=^-[cos 20°-cos 60°] sin 80° 

= .:!^[sin 80° cos 20-^ sin 80°] 

= ^-^[K2 sin 80° cos 20°)-1 sin 80°] 

"'^^[sin l00°+sin 60°-sin 80°] 


T IT 


( P. U. 1944.) 


8 


V3 


^[sin (180°-80°) +^-sin 80°] 










6LEMEN7UY THANSfORMATIOS OF PRODL CTS AND St MS 107 


= SO' -r 


zI "rs: 

F.x. 9. If sin h =a sin ((i —2a), show that 

. 1 - a 

tan (0 - 0 )= . - tan a 

1 —a 


c , •in 0 

Sol. -^ . 

sin (Or-2af 


a 

1 


Applying componcndo and dividcndo 
sin - 2a) ^sin _ 1—a 
sin 2a) — sin <9 1 — a 

2 sin cos a_ I —a 

2 cos -fa) sin a” I —a 

1- a 


or 


or tan (0 a) 


l-a 


lan a 


(PU. 1952) 


tx. 10. Prove that tan (A30 )-col (A —30 ) 

_ I 

"“sin 2A —sm60 


Sol. ^-OMA-lOl 

cos (A 30 ) sin (A—30 ) 

_sin<A-r 30 )sin(A —30 )- COMA — 30 '>co5(A- 30’ 

cos (A- 30*) sin (A —30") 

cos 60' 

\ (sin 2A —sin 60") 

i_ 

I (sin 2A- sin M ) 

^ ' S A * 1 ^' 

sm 2A—sm 60 


Kx. II. Sum up ihc Trigonometric Sines: — 

(i) Sin A~r sin (A • B)-r sin (A • 2B) ^. -r sin (A- n— I B ) 

(ii) Cos A • coat A B) • cos (A ^ 2B) f. * cos (A ^ n— I.B) 


Mere il should 
common difTercnce 

Sol. T, «sin A 



sin (A-»- B) 


he ohaerved that the angles are in A P and the 
is H. 
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T3=iSin(A + 2B)= 


1 


» • B 
2 s.n - 2 - 


COS 


3 B 




A + 


5 B 



Tn = sin (A + n—iB) 


1 


2 sin 


B 


cos 


A+n 


B 


cost A + 


2-^)] 


Adding vertically cancelling on R. H. S. 

B 


S,. 


1 

cos^A 

2 sin 

B 1 
2 

1 


2 sin ^ 

2 sin 

B 

2 

sin[^ 

A + 

2 ® 

• 

. B 
Sin2 


-n 


cos 


( A+n- ^ 


B 



\ . «B“| 

2 J 


i . nB 

sin ‘2 


4 

(iii) Similarly we can prove that the sum of the other series 


cosf A -I- 


2 

B 


B 


X . n B 

Jsm - 


sin- 


EXAMPLES VIII A. 
Express the following as products : 

1. sin 14 0+sin 16 9 
3. cos 30+cos 50. 

6 . 

5. cos 


Stt I IOtt 

T3-+ '“13 


2. sin 19 0—sin 7 0 
4. cos 30—cos 50. 
sin 72°+sinl62". 


Put the following in the from of a sum or difference: 

7. 2 sin 49 cos 20. 9. 2sin 40 cos 60. 

8. 2 sin 40 sin 20. 10. 2cos 40 cos 60 . 


Prove that 


11. «ill^.®i^'=tan5.x- 




COS 7.v4-cos3x 


(P.U. 1945 S.) 


12 . 


cos 30—cos 50 


sin 50—sin 30 


tan4^ 



iLEMESTRV TRANSFORMATION OF PRODLCTS AND SL MS 


109 


13 


14 


15. 


«« \^ = tan 2A 

sin 3A—sin A 

sin (3A-:-B)—sin (A - B) 
CM [3A-B)*cos (A- B) 

coft 25'"—cos 65’ 


iP L ) 


= tanA 


16 


sin 65"-sin 25' 
cot lt’-*-sin 11° 


- = 1 . 


cos 11 —sin 11 


=ian 56 


(P,U 1M49) 


17 

IM 


^lan 4A. 


19 


— cot 2^ 


20 . 


21 . 

22 . 

23. 

24. 


25 


26. 


cos 20’ —cos 100 —cos 140' —0. 
sinA -sin 3A —sin 5 A - sin 7A 
cot A-f-cos 3A- cos5A- cos 7A 
cot 7<9+cos 3^—cos 5^ —cos^ 
sin 7(9—sin 3^ —sin 5^- sin h 

sin A ^2 sin 3A —sinSA 3^ 
sm 3A 4 2 sin5A —sin7.A sm 5A 

sin (B—C)-l 2 sin B -sin(B r C) _ bin B 
sin (A—C) I 2 sin A t sin(A-*“C) sin A 
cos 40 cos 3(9-cos 5^ cos 2(9 sin Ih sin h 
tin 3(9 cos 26( —sin 4^ cos a = — sin ^ cos Ih 
sin B sin (B r2C>—sm C sin (C - 2H) 

= sin (B-C) sin (B 

. h . Iff in • b w 

sin . sin . 4 sinsin , =sin2»:ysin9 
4 4 4 4 

sin A sin 2A4-sin 3A sin 6A r sin 4A sin 13 A 


^ C I 


(C.L ) 


27. 


28. 

29. 


sin A cos 2A I sin 3A cos 6A-i"Sin4A cos 13 A 

tin 11 A sin A \ sin 7A sin 3A 
cot 11 A tin At cos 7A sin 3A 

2 sin (A— C) cos C-sin (A- 
2 sin (B—C)cot C —sin (B 

(i) cos 80 -* cos 70* 4 cos 50 

(ii) cot Sr-fcos 68®-;-C4n 172 


— -tan hA 


— tan 8 A 


sin A 


(P L ) 


2L) 

2C) liiT B 
cos 40 *sin 70 


0 


sin HO . 
(D.L) 


30. sin 47''+cos 77’»cot 17 


(P L. 1954 S I 


31 


32. 


cos B sin (C—A)-t cos C sm (A — B)tcos A sin (B —Cj 

^0. 

cos 2© cos 3©—cos 2© cos 7© • cos © cm 10© 
sin 4© sin 3©—sin 2© sin 5©-f sin 4© sjn 7© 


cot 6© cot 5© 


IT 47r 

13 13 


• ♦ 


CM 


St: 

13 


cos- 


lOi 

13 


33. 2 cos 


0 . 
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intermediate plane trigonometry 


in (54°+A) sin (54°-A)+sin (362-A) sin (36°+A) 


34. sin 

35. cos 20° cos 40° cos 60° cos 80° 

3/3 


36. cos 20° cos 30° cos 40° cos 80 

37. (n) sin 20° sin 40 sin 80° 


16 

V3 

8 


cos 2A. 
(P.U. 1948) 

(P.U. 1951) 
(P.U. 1950 S.) 


(P.U. 19^4) 


38 


39. 


sin 5 A 


40. 


41 


a/3 

Ih) sin 10° sin 50° sin 60° sin 70°=^ 

sinA+sin 3A , sin 2A+sin 4A _ 

^5^A+cos 3A ' cos 2A+COS 4A cos 2A cos 3A. 
cos (A+B+C)+cos (—A + B+ C)+cos (A—B+C) 
slrTlATB + C) +sin (-A + B+C)—sin (A—B+C) 

+COS (A+B-C)_^^^g 

+sin (A + B—C) 

If cos (.v+y)=cos z, show that 

l_cos 2 X—cos^y—cos 2 z +2 cos x cos y cos z= 0 . 

If sin e=3 sin (0 + 2a); show that 

tan ( 0 +a) + 2 tan a=0. (P.U. 1954 S.) 


Revision Question II 

(on Chapter VII and VIII) 

1. Prove that [cos (x+y)+cos (.v-y)f + [sin {x+y) 

—sin (x—^y)]*=2 (1+cos 2.v). 

^ 2 sin (a-8) cosg-s in (a— 23 )_ sin a 

2. Show that 2 (^_ 0 jcos 8 -sin ()S— 20 ) sin jg 

' 3. lfcos(A + B)sin(C+D)=cos(A-B)sin(C-D) 

Show that cot D=cot A cot B cot C, (R.U.) 

4 If (cos^x—sin^v) tan- z=sin^v, show that 
sin.v= ±cos y sin z. 

5. Show that sin e+sin (<^+^)+sin (6+2^)+. 

+ sin (e+/J— l)3)=0 where n/3=27r. 

[ Hint [ See Solved Ex. 11, Chap. VIII ] 

6. Show that tan 69°+tan 66°+ l=tan 69° tan 66° (P.U), 

7. Prove that tan 63°=tan27°+2 tan 36°. 

> 8. Write down the formulae expressing 

(«■) sin A+sin B 

(/7) cos A+cos B as product. 

‘ Show that cos 55°+cos 65°+cos 175° =0. 
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Prove that : 


"( 




)sin ( 


A 


3 A. 


TT 

■3 


COS 


A 




4 \ 


lU 


/ll. 

« 12 . 

I 

•^13. 


D I — COS A- COS B—cos(A-B) A B 

Prove . ^ - tanked . 

I - cos A^os B —cos (A - B) 2 2 

A B 

sin A rsin fi = sin (A - 5)— 4 sin ^ sin sin 


A H 


Uin( 45 ’ A)—tan (45'*- 
sin A -sin B_cos B 
Cos A - cos B sin A 


A) ==2tan 2A, 
-cos A 


14 


— sin B 

L Show that cos 0+ \ 3 sin d = 2 cos h- ^ J 

Mcncc find its greatest and least values. 

15. Express \ ' 3 cos h • sin ^ in terms of 
Single angle and hence find its greatest value. 

scc.r-^sec y-* tan r-tan i 

sccjr-l-scc >' - tan x - tan y 

.a.(; + ;.) 


the cosine of .1 
<P I 1^51*1 


16. Shaw that 




tan 


4 

( 


TT 

4 


An angle a is divided into two parts so that ihc ral.o 
of the tangents of the parts is A; if r Be the dilEience teiwccn 
the two parts, then 

A-l . 

sm .v» . —sin a. 


IH 


A + i 
If sin -T-hsin y 


( r V ) 


a and cos t co^ 1 h find 


(i)tan and (//)tan ^ 

19. Show that sin A-r cos B 


(Ml’.) 


-2 «in (^45’+ 

A- B ^ 

cos ^ 

45 - 

A f B 

s 

—2 cos (^45* — 

A-B . 

cos I 

45 - 

A + B 

■s 

[Him 

• ^ 
— Rcicr to 

A 

An. 

8-33] 


In a quadrilateral ABCD, 

show 

that 



* 20 . 

cos A cos B—cos C cos D^sin A sin B —sin C sin I) 

(Hint;- Combine terms of A and B on one side and ih*.>se of C and D 
on the other side] 






CHAPTER IX 

TRIGONOMETRICAL RATIOS OF MULTIPLE AND 

SUB MULTIPLE ANGLES. 

/ 1. Multiple Angles, 

^.1. Multiple Angles. Any angle such as 2A, 3A, 4Aetc. 
which contains A as a factor is called a Multiple of the Angles A. 
Th.e object of the present Chapter is to frame formulae giving 
Trigonometrical Ratios of a multiple angle in terms of those of the 

given angle. 

9.2 T. R. of 2 A—To find the T. R. of 2 A in trems of the 
T. R. of A. 


sin 2 A= sin (A + A) = 
cos 2A= cos (A + A) = 


sin A cosA+cosA sinA=2 sin A cos A.(l) 
cos A cosA~sinAsinA=cos2 a— sin^A. 


= cos- A—(1—cos^A) = 2 cos^A —1. 
= (1—siii^A)—sin^ A —2 sin^ A. 

cos 2 A = cos- A — sin- A — 2 cos- A—1 = 1—2 sin^ A 

tanA + tanA _ 2 tan A 


tan 2 A = tan(A + A)= 


1—tan^A' 


( 2 ) 

(3) 


9.21 To get sin 2A, cos 2A etc. in terms of tan A : 


- . 2 sm A cosA 2 sin A cos A 

sin 2A =— , - - =- 

1 cos^A+sin^A 

co s A cos2 A+sin* A 

=_£O^A_ 2 tan A 

cos-A sm2 A~]-!-tan2A 

cos^ A cos^ A 

cos 2A= -sm^A cos^A— sin^A. 

1 cos-A+sin-A, 


1 ) 

(4) 

((P.U, 1948) 


1—tan-A 


cos^A -^ sin^A 
cos^A sin^A 
cos-A^sin^A” 1 +tan-A 
cos^A ‘ cosA 


(5) 


■an 2 

I—tan2 A 


sec 2 A = 


1 


l + lan2 A 


cosec 2 A= ~. 


cos 2 A 

1 


1—tan- A 
1+tan^ A 


sm 2A 2 tan A 


(Obtained Abovej (3) 

( 6 ) 

(7) 
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coi2A = 


_ 1 

tan 2 A 


^'ote since sin 2A — 

sin 2 A 
'tan A "" 


1 —un* A 
2 tan A 

2 Ian A 


I^lan^ A 

2 

I —Ian- A 


( 8 ) 


which is Positive 


sin 2 A and tan A have the >amc sign. 

9 22 The student is warned not to mug up the results 

m language oniv. Fhe sense must he understood. All these formulae 
express the f. R of an angle in trerns of ihusc of half the angle 

A 


fhus sin A - 2 sin 


cos “ 


» , A t ^ 
cos A cos* y — sin* , 


- 2 cos* 




1-2 


2 tan 


tan A 




I —tail* 


3 To p.ov/ geometrically that 

sin 2 \ 2 sin A COA A 

cos 2 A -3 COs*A— sin* A 

2 tan A 

1 — lan*.A 


tan 2 A 


(F.L. 1 


Ali he a At. hue aiiJ (J it> iniddic Po*.u, Draw a >eiui- 
circle on A II as diameter. 


lake :,BAP«A, Join f)P 
PM and draw PM pcrpcfulf' 
cular to AH. 



I hen / Ht)P 2A ...(Artjllc at the centre) 

and ^ BPA -9a* 

^ HPM 90 PBM-vIBAP-A. 

,• ,2MP , MP MP aP 

... 2A-OP .OF AB -- AP AB 

— 2 MO A CO* A 


cos 2A — 


OM 


Of 


20M MB 

* AB 

AM AP MB PB 
AP * AB^PB • AB *• 


AM 

AR 


MB 

AB 


cos‘ A—sin*A 
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tan 2A— 


MP _2MP 
OM 20M 


= 2 . 


MP 


AM-MB 


(now divide by AM^ 


2MP 


AM 


2 tan A 


1 - 


MB PM 


tan=^ A 


PM AiVl 

9.4, T. R. of 3 A. To find the T.R. of 3 A in terms of those of A. 
Sin 3 A=sin (2A+A)=sin 2 A. cos A+cos 2 A. sin A. 

-=2 sin A cos^ A+(l—2 sin^ A) sin A. 

= 2 sin A(1—sin2 A)+(l—2 sin^ A) sin A. 

= 3 sin A~4 sin® A. 

Cos 3 A=cos (2A-fA)=cos 2 A. cos A—sin 2 A sin A. 

=(2 cos® A—1) cos A—2 sin® A cos A. 

=(2 cos 2A—1) cos A—2 (1—cos® A) cos A. 

=4 cos® A—3 cos A, 


A . AX tan 2A+tan A. 
Tan 3 A==tan (2 A+A)-y^-2A, tanA. 


2 tan A 


1—tan*A 


+tanA 


3tan A—tan®A 


, 2 tanA . . 

1 __-- . tanA 


1—3 tan^ A 


1—tan^A 


N B 1. The above formulae for sin 3 A etc. could also be 
deduced from Formulae (14-16) of Chapter VII by putting A=B 
.=C; but the above method is preferable. 

N.B.2 . The formulae for Sec 3 A, cosec 3 A, cot 3 A can be 
deduced easily and are left as an exercise to the student. 

SOLVED EXAMPLES. 

3 .. . 

Ex. 1. Find cos 2 A and cos 3A if (i) Cos A= (ii) Sin A= 


1 


(ui) tan A 


y'lO 12 • 

mulae for cos 2 A according to the need 


Here we have to use three different t«r- 


A (i) eos 2 A= 2 cos® A— 1 


9 


2- f6-' 


1 

i 


(ii) cos 2 A=1—2 sin® A—1—2. 


1 

10 


(iii) cos 2 A 


1—tan®A 1 


4 « 


95 


B. (i) cos 3 A 


1+tan® A“l + ?|* 193 • 

r 27 

4 cos’ A—3 cos A=4 


64 


9 

4 


9 

16 


and so on for other parts find cos A first. 


y* 
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Ilf 


n .u . ^ A—tan A . . 
Prove that - =cos 2 A, 

cot A-f-un A 


L. H S. 


- . — tan A 
tanA 

. * ^ ^ tan A 
tanA 


1—tan* A 
1 -r tan* A 


=cos 2 A = R. H. S 


ta. 3. If a tan ^ =b, find the value of a cos &-t-b sia B 


1— lan^ 


2 tan 


e 


Sul. a cos f b sin a 


l-rUn*- 


9 


^b.- 


9 


I -r tan*,-^ 





1 


b* 

a* 


tan = 


a (a»-b*) 

a(a*4 b*] 
a*^-b* 


a 

2 b* a 


a*+b* 


a Ans 


r.x 4 Show tha,; [ 

I f sin^ Lcos/9 

V t I u M * ‘ -cos^ ( I 

aol L.H S ^ . . . , . ^ =' 

I SioB f cos^ (I 


= tan ff!2 

-cos©) + sin^ 
• t:os©)4-sin& 


2 sin 2 

i 2 sin 

9 

2 

9 
~ 2 

2c os* 2 

+ 2 sin 

9 

yCOS 

9 

9 


c 

V 

9 ^ 

1 cos^ 

) 

2 cos4( 

."'i 

, & 

' -2-, 

) 

-1 





Ex. 5. Prove that cosec A j 2 cow 2A=»sec A coi A;2. 

<P.U. \99$-S) 

Sol. coacc A-f 2«osec 2A= . * 4 . 

sin A $in2A 






« 
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' + ^ 


COS A-f 1 
sin A cos A 


sin A 2 sin A cos A 
2 cos^ A/2 1 


2 sin A/2 cos A/2. cos A 
= cot A/2 sec A. 


F\. 6. Show that coscc 2A'—cot 2 A — tan A. 


Sol. cosec 2 A —cot 2A = 


.I___ cos 2A,^l—cos 2A 
sin 2A sin 2 A^ sin 2 A 
2 sin^ A 


- =tan A. 
2 sin A cos A 


Examples IX 


Find the value of sin 2 A and sin 3 A : when 


1. sin A = ^ and A lies in the second quadrant. 

' A 


2. cos A 


V 


10 


p ^ ^ p 


Fourth 


p p 


3. tan A =-• 


12 




A 




Third 




4. 


Find the value of cos 2 A and cos 3 A ; wjien ; 
coscc A = — \'5 


5. sec A = ^/ 




6. cot A = 


3 . 

3 

4 


Find the value of tan 2 A and sec 2A, when : — 


r 


t 


r t ♦ 




7. 

(/) sin A = 

2. 

v5 

(//) cot A= 

w 24 

4 

• 

8. 

If sec A— 

~ evaluate 

■ , 

,cos 2.A and sec 3 A. 

A 


9. 

If cosec A 

— \1 evaluate 

* 

* p 

' sin 2 A and cosec 3 A. 


4 

✓ •v . 

n _ 

4 

i 


i 


' (PU. 1952) 

(//) The equation a cos 2 b sin 2 h~ c has two roots 
© 1 , e, evaluate tan ej+taii and.iaii^ lan^ t/-. 

[ Hint Transform the equation into a quadratic in tan fi bv 
using formulae (4) & (5).of chapter IX ] 


• 1 * 





J 
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1 . 


11 Prove that : — 


sin2 A 
1 — cos 2 A 


=:tin A 


12. (/ ) cot e-tan e 2 cot 2 e 


\ L j 




13 cos 2 A= ^ ^ 

/ - \ 


tan ^ 4 "” ^ J 

(4 - ^ ) 

14 

1 - sin 2 A ' -t / 


15 

2 A^co.: ^ 

1 i sin 2 A — cos 2 .A 


16 


2 cos 2 e 

n." 

co»*2A sin- A—cos A. cO'* 3 

A. 


tPL' 


IK *ian ? if P-0, 

p . 0 cma 2 . 


V - 


sin A 
sin A 


=rsec A * tan A 


I 


A 

Ian j 

Ian A 
2 





f os 3 A 

20 . 4co«(60 -Acot)(60 r A) ^ A 

• .11. 8 »in« A-cos 4 A-4 cos 2 A 3. 

A V 22. 8 co»‘ A-'COS 4 A ‘ 4 co> 2 A + 3. 

3 co> A cos 3 A 


23. ^3 «in A - *in 3 A^ 3 c 


)' 


1 


2 QOkh 


24 




if v=A wo h. 


25. Prove thtl w) 2 co» 2 • .^2-^2 co»4 e (D.ll. I»44j 


(H) 2 cos © 


^^2 4-V 2^-2 cos 8« 


26. Evoluaic the following: — 



f 
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(0 1-2 sin2 67r Ui) ^ ‘an^0° ^...^3 sin7o-_4sin3 70’ 

i —3 tan^^SO' 

27. Show that tan x and sin 2 x always agree in sign. Exhibit 
this fact graphically. ( £).u. 1947 

n Ki^ Formulae for Sin^ A, Cos^ A in terms of T. R. of 

OouMc .Angle. 

We have cos 2 A = 2 css^ A—1 = 1—2 sin^ A. 

.-. 2 sin 2 A= 1 -cos 2 A and 2 cos2A= 1 +cos 2 A. 

sin 2 A=|(I—cos2A)(12)and cos3A=J (l+cos 2 A). fl.T) 

(B) Formulae for sin* A, cos* A in terms of T. R. of Tripl 
Angle. ' 

We have sin 3A = 3 sin A-4 sin* A. 

.'. sin* A = ^ [3 sinA—sin 3A] (14) 

Similarly cos 3A=4 cos* A-3 cos A. 

cos* A=;} [3 cos A+cos 3 A] (15) 

smean^H.^^c-' '^hese four formulae (I2)-(15) express the powers of 

u' cfni in T ^ Multiple Angles and are verv 

u.clul in Trigonometrical Work. ' 

N.B. 2. The student may deduce them at the spot. 

Ex. 7. Prove that cos*A+cos* (120“-A)+cos* (120°^A). 

Wc havA 2 A 1 ^ ( P. U. 1950-Si 

Wt nave cos^ A = Hl+cos 2A) 

. .cos-(120''—A)=A (l+cos2(I20°—A)] 

=i[l+cos (240"-2A)] 

Similarly cos* (123" +A)=-H1+cos(240’+2 A)]. 
cos*A4-cos*(120°-A)+cos* ( 120 N-A) 

= i' + .l [cos 2A+COS (240'=’—2A) 

+COS (240-42A)] 

= !!-r } [cos 2A-i- 2 cos 240"cos 2A] 

= [cos 2A+2. (—- 1 ) cos 2 A]. 


Ex. 8. Prove that sin* A^ sin*(" J-a Vsin 


We have 


= — f* sin 3A. 

sin 3 A = 3 sin A—4 sin^ A, 
sin3A={ [3 sinA-sin 3A], 

, a 1 Ta 27r , 


) 


[3 si„(2- 

fV--)] 
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iiy 




Addinu sin' A 











^ £-1 sin A • 2 sin ( 


r= ^-*in A 2 si 


TT 


sin A 


— — sin 3\ 

4 


A) 



■> 


- s n 3 A 


4 



3 

sin 

4 




r R of IH\ 36% 54 . und 72 , 

9 61. (A) To find 1. K. of IK . 

Let A IK' then 5 A = 9il or 2 \ 90 — 3 \ 

sin 2 A sin (90'-3 \)-cos 3 A 
or 2 sin A cos A 4 cos*A —3 ct>s A. 

Dividing by cos A: 2 sin A =4 cos*A —3. 


or 

or 


2 sin A 4( I — sin* A) 3 
4 sin*A r 2 sin A I 0. 

sin A ^ 10 

K 



But sin A is positive sincx 

wn 



Further co% I S’* v^l — sin* IS' =* i 

We can now find the other T. R. ol IK . 

».62 (B) T. R. of 71\ ‘ 

sin 72 -sin(«0 '—is") - cos IH -2^1i®T^^and 







I 
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COS 72 


sia 18°= _^ and so on for others. 

4 


9.63 (C) To find T. R. of 36°. 

Let A= 36° then 5 A=180° or 2 A= 180° 

sin 2 A = sin (180°—3A)= sin 3 A. 

2 sin A cos A=3 sin A— 4 sin^ A 
or 2 cos A = 3—4 sin^ A 

Simplifying and rewriting 4 cos^ A— 2 cos A—1=0. 

cos A = 

8 4 

Blit cos A is positive since A=36° an acute angle. 

. t/o+l 

COS 36 .- 


-3A 


Hence sin 36 



1 —cos^ 36 



10 - 2^5 

4 


We can now find the other T. R. of 36°. 
9.64 (D) T. R. of 54° 

sin 54° = sin (90°- 36°)=cos 360° = -^^* 


COS 54° = sin 36 


=V 


and so on for other T.R 


9.7. The Trigonometrical Equation a cos 0+b sin 0=c 

9 

l-tan2 2- i_t2 

^= 14 -t^ and 


cos 0 


e 


l+tan2 


2 tan 


e 


and sin 0 = 


l + tan2 


i +l 2 ’ where /=tan 


The equation 1 




2bt 


-=c 


or (c-l-a)- 2 6 f+(c-a)= 0 , 11 

II being a quadratic in t, possesses two roots ti, which may 

45 0 

be ca-led ti= tan and r 2 =tan ..A Thus there are two values of 0, 

z ^ 

i.e. 9i and 9-2. which satisfy I. 

7. h 0 0 2b 

From H ; or tan 


HI 


c—a ^ 0 , . 02 c—a 

and ti/o = -— or tan tan ^" = —7:;: 
^ ^ c -ra 2 2 c4-a 


IV 


Many interesting and useful results can be deduced from III and IV 


ratios O.- MULTII t.E AVD Sa3 MULTIPLE ASGLES 






2b 

c — a 


I/O 


tan 


t ^.-^1 \ = 2 ^ _ 


b \ 


(b) Ian - 


C‘ ?■) 


2 tan 




(///) ^in (Ot -O.i- 



1'- 

L - 

2h 

s 

a 

[hi - hi \ 

td 

L ^ ) 


2h 

a _ 2 i 2 h 

C 

a* 


a-—b- 


“iL^ 

(3* ^ 6 


(/m cos ( 

I urthcr t'Ao valuer of ^ 'A'ill be reil anJ ditlcreni cquel 


or 


imaginary, 


Acj 

ording . 1 ^ ; 

IJiscriminant of 11^ 

✓ 

i e. 

♦ 

s s « ( • 

4/>-- 

-Ml*—a 

/ 




z 


S 0 

ft 1st 

- 



K\ 

l(). Show 

that 

sin 1 H 

and cos 


c-|uition 4v^—2\'5r-l 0. 


IP U 1950] 


Sol sin 1K 


\— 1 I "id. \ 5 ^ I 

' . and cos 3o = ' - 


a a 

I‘—(sum ol •he roots) r » pro lucl i>! the rools = 0 is the equation 

with given roots 


^5 - I 1 _ \'5 

4 * 4 

5 ^ I I 

4 4 4 

The reqd. equation is : — 

1 

- () 


Mere arc sum of roots ^ 


Pri*duct of root r— ^ ^ ^ 




I 

4 


or 4v*—2v/5 t 4 I 0 

Kx II Prose that cos ^ cos cos ^ cos 

15 15 15 




/. Q E. n 

It: ^ I 

15 “ 16 
(P. L 1950 

Sol. 1. H.S ^cos 12 . cos 24 cos cos H4’. 

— (2 sin 12 cos 12 cos 24 cos 48\ cos84*] 

2sin 12 

""2iin* 12 ‘ ^ ^ • 

"4sin* P ^ 

Jr,-> 
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[sin 96*. COS 84"". ] 
[cos 6 °. sin 6 ^] 


.* 

'^“1 

=R.H.S. 

16 


( Q. E. D.). 


Mixed Solved Examples. 

Ex. 12, Prove that : — 

4 sin A sin (60^+A) sin (60'"-A)-=sin 3 A 

L.H.S=4 sin A sin (60° + A) sin (60'"—A)=4 sin A (sin-^ 60°—sin-A) 

— 4 bin A"(^ —sin^A) 

= 3 sin A —4sin^A = sin 3A. 

Ex. 13. Express sin 5a: in terms of sin .y. 
sin 5Y=sin (3.v-r2Y)=sin 3.y cos 2y+cos 3.v sin 2.y. 

• 

=(3sin Y—4 sin3Y)(l —2 sin =^y)+( 4 cofAv— 3cos x) X 

(2 sin A* cos .v) 

= (3 sin Y— 10 sin^Y+8 sin^Y) +2 sin y (4 cosIy —3) cos’y 

= 3 sin Y—lOsin^Y+8 sin^Y+2 sin y [4(1 — sin^Y)—3] 

(1 — sin-Y) 

— 3 sin Y —10 sin^Y-i- 8sin^Y4 2 sin y (1—4 sinAY) 

(1-sin-Y) 

= 3 sin Y— 10 sin®Y-}-8 sin^Y+2 sin a*— 10 sin^Y+Ssin^v 
=^5 sin Y— 20 sin^Y4-16 sin^Y. 

t? t A cu .u 4 . cot A , tan A 
Ex. 14. Show that-r- - * -I-** = 

cot A—cot 3 A tan A—tan 3A 
cos A sin A 


L.H.S. 


sin A 


cos A cos 3 A 
sin A sin 3 A 

cos A sin 3A 


cos A 

sin A _sin 3A 
cos A cos 3 A 

. sin A cos 3A 

1 • A ~ ~ “ ^ A . 


Ex 


sin 3A cos A—cos 3A sinA sin A cos 3A—cos A sin ?A 
_ sin 3A cos A—cos 3A sin A_ j 

sin 3 A cos A^— cos 3A sin A 
ou . tan50+tan39 . 

15. Show that ^ =4 cos 29 cos 49 /i> im 

tan 50—tan 30 y (P.t.) 


L.H.S.= 


sin 50 .sin 30 
^s 50‘cos 30 


sin 50_ sin 30 
cos 50 cos 30 


sin 50 co^30-rcos 50 sin 30 
sin 50 cos 30—cos 50 sin 30 
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_sin 8<^_2 sin 4^ cos 4^ 

"sm IH 29 

^4 sm 2^ cos 2^ co. 4^. 

Sin 29 

K\. 16. Show that tan 80 =9 lan !0~-i-2 tan 20 


cot A—lan A 
Putting A 


! - tan- A 


= 2 col 2 A 


un A 

40 , wc get ; 


4 tan 40^ 

(P l\ 1942) 


8 cot HO 4 (cot 40 -tan 40 ) 

= 2 (cot 20 —lan 20 )—4 tan 40*. 

-c<jl 10 lan 10 —2 tan 20^—4 lan 40’ 


or 8 tan |0 col 10 —lan 10 —2 lan 20 —4 tan 40* 
col 8(1 un 10 
Transpoong 

9 lan M» 2 lan 20'- 4 un 40 ^ col 10* 

=-- tan 80 

Ex 17, Show that cot 15 lan 15 -6 tan 30* 



Since 2 cot 2 A 

Put A 
4 co» 

or 4 col (90 - TIP) 


cot \ —lan \ 

30 , wc gel ; — 

2 col 3 ) - 2 un 
col 15 -un 15- 


30^ 


2 un 30* 


4 lan 30 cot 15 un 15 -2 un 30’ 

col 1 5 lan i 5 6 lan 30° 

KXWIIM.KS l\ B 

sin 49 1 —cos Ah 1 cos 49 • sin 49 

I ct>s 49 sin 49 I cos 49 i-sin 49 

i)N* \'-»in'* A \ (cos 2A * cos^ 2A). 

co» 4A_ >m 4 \ ^ ^ 

lin A cos A 


in 2^' 



cos 4 \ 


I 6 tan* A • tan* A 
(I lan* Ap 


sin* A ^in* (60 A) 4 -sin* (60 t-A) 

(() 4 (cos* 10 -f sin* 20 ) 3 (cos 10 f sin 20") 

(0) 4 (cos* 10 -|'CO»* 50 ) 3 (cos 10 cos 50 ). 

cot A —lan A=^2 col 2A, hence show that 
lanA 4-2 un 2A 4-4 col 4A*cot A 
lan a f 2 tan 2a ^ 4 tan 4a * 8 cot Ha cot a 
cot4 tan 4 t 2 tan H 4-4ian 16 . 

t 8 tan 32 16 cot 64*. 





1 
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10. 4 cos Acos (120° -A) cos ( 120 °+A)=cos 3 A. 

11. COS A cos (60°—A) cos (60°+A)=.l cos 3 A- 

12. tan A tan (60"-A)tan (60°+A)=tan 3 A. 

/13. sin3Asin3A + cos 3A cos^ A-=cos3 2A. 

sin 3A—cos 3A 


14. 


=2 sin 2 A— 1 






sin A+cos A 

15. Ifcot2A=l+2 cot^ B. prove that 2 cos 2 A=l+cos 2B. 

16. tanA+ tan (60'^+A) + tan (120V A) = 3 tan 3A. 

17. cosA (1—tan 2 A tan A)=cos 3A ( 1 +tan A tan 2A). 

18. If (l + Vl+a) tan + show that sin 4 a ==a, 

( P. U’ 1930 ) 


19. Find (/) sec 36® (//) cosce 18® 

Prove that they are the roots of equation ; — 
jc2-2-v/5A:-h4=0 

^ 202 Find the value of sin 18®, 

s • 

Prove that sin 6 ®. sin 42® sin 66 ®. sin 78®— 


(P.ti.) 



1 

16 


(P.U 



.S) 


Prove that : -- 

c21. cos 12°+cos 60®-t-cos 84®=cos 24®-t-cos 48 
22 4 (sin 24®+cos 6®)=-v/3+Vl5 ^ 

23. sin^ 72®-sinW= y^~i 

8 

24. cos2 48® — sin2 12® 

8 

. TT . 277 . 3?: . 47r 5 

25. sin- . sin . sin . sin ~rT- 

J 3 J ^ 1 o 

. 77 . 377 . Stt In 1 

26. sin^g .sin . sin -sin jg - J 57 

1 


(D.U.) 

(M.U.) 




27. cos 36®. cos 72®* cos 108®. cos 144®.= 


16 


28 


1 + cos 



1 + cos 


377 


8 



i 


14 -cos 

= J_ 
8 


577 



777 
cos -- 


29. sin^ ^4- sin^ ~ + sin^ ^J^4-sin‘^ -^‘=2 

^ o 8 8 

77 V - 577 - 777 . . I ItT 


30. cos^ ^ j 2 


cos 


2 


cos- = 2 


12 ' 12 

Hint :— use cos^ Q= > (l+cos2 0 ) in Q 301 

and sin- 0 = ] (1—cos2 0 ) in Q 29J ' 

1. If cos A=tan B. ; cos B= tan C ; cos C=tanA 
prove that sin A=sin B =sin C— 2 sin J 8 °i 


(P-U) 


ft V ' 











I 


» 
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32, If the equation o cos h sin (y C is 
and fi—y ; where i show that ; — 

a}-b- 

coi(x^y) = 

Also prove tha' sin(-t —,l) ^ rj^i ^ tr 


satisfied by ^ = .v 


I P.U 1954 S ) 


i,( PL. 1930 SI 


1 Hint :_ x, > arc roots ol given eqauiion 

-"a to=. jr * ^ sin .r = f ; a cos ysin I t 

subtracting ci [cos.v - cosy ] -sin i ) ~ t» 


-2a sin ‘ 


Mn 


. . Ian 


V - V 


X T \ 


tan* 


^ov^ co^»(.v-f-y) 


> ^ 


clc. 


lan* 


[H] SI B.MLLTIPl L ANGl hS 

9. K. SuboiuHiple ” 2 * 3 * 4 

etc. \^hich can be conlaincJ in the angle A is called a su^'muliipit >1 
ihc given angle A, 

Now we shall Irumc lormulae e.xpfc%Mnu ihv IK ol an angle 
in icrms of f.K. ol double the angle. ^ 

9 81. T. R io express all I K of ^ •” UrniH •;! 

coxinr of Ihr double angle. 

,\ /\ 

We know that cos A 2 _!=.| —2 sin* ^ , 

/. 2 sin* ^ —I—cosA. 


2 cos 


1 cos A, 


and cos 


V 

V 


cos A 


I » cos A 


tan 


A - A / * ““ ^ 

2 * V I 4-cos A 


A A 

Simtlarl> we can tind cot see ^ 


(1) 


i2i 


13) 

and cosec ^in terms ol cosA 
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N. B. 1. The proper sign + or—should be taken according to 
i.ix' value of the angle—E. g. If-^ is in first quadrant, we 
siioLiid taKe [ sign. 

N.B. 2. 1 he above formulae may be also put as etc. 

etc. etc. 

2 "V 2 

Ex. 1. What sign should be taken with the radical in the for- 
. A 


A-± A /1-f-cos 2A. cosA- 




V 


ii) A 


Itt 


Sul. (i) If A==280‘^ then ^—=140° which lies in quadrant II. 
Now sine is positive for angles in quadrant II. 


the sign to be taken is +, 


. A 


(ii) A“520°..\^ =260 in the quadrant TIT where sin is negative 

/. The sign to be taken is —. 

A 

(iii) A = 777/3;.\ ^ = 777/6 in the quadrant Ill. 

sign to be taken is = . 

Ex. 2. Find (i) sin 15® ; (ii) sin 22|° ; (iii) tan 22-J®. (P.U.) 


Sol. We know, sin A=-\- 


±v 


1 cos 2 A 


If A= 15®; the sign to be taken on R.H.S. is-f . 


sin 15® = 




^4—2^/3^;^3-l 
8 2^/2 

(ii) .'\gain if we put A=22i° we get ;— 


sin 22.r=- 



(iii) Al?o tan A= 4 


Vi 


—cos 2 A 
-hcos 2 A 


Put A=22-|®, we gel : 
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• A / ’A / -\ 2-1 

tan 22i =-r y , ^ 2_] 

Ex. 3. Find Geomctricallv T Ratios o! 221 . 

Sol. To find circular functions of ^ 

224 geometrically ^ 

semicircle with centre O. Make B.AP ^ . 

224'. then BOP 45 . 


rJL:-- 


Draw PM perpendicular to AB. 

l et OA OP o, then P M OM 


■> 

\ - 


AM 


a ( \ 2 - I) 

^2 x 2 


\ 2—11" U' _ ,1 

. AP- \M' - 7 “ 2 ^ 


2 \ 2 ) 


-u ^2 \ 2 ) 


AP uv2- 

... 


CM 22 | 


V 2 


s ' “> 

\ -— \ - 


tan 22 \ 


AP 

M P 
AM 


\ 2 v 2 

_v 2 ^l 

n2x2 v/2 


_v2-^x/2 


2 • I 


/2 


and 4)thcrs can he found now 


9 82. r. R of 

•f double angle. 

We knovf 


l o express all T.R. of in itrmx of mit* 


and 


Adding I and II, 


Mn 


CON 


5 I 


2 stn 


\ A 
^ cos 


- sin A 


/ . A A 

(sin ^ -cos 


I -c iin A 


sin 2A. 


s n icos 




Hence 


ill 
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and 


. A A 

sin-2-“2 


± Vl—sinA IV 


The signs of III, IV must be definitely determined from the 
position of ^ and thereafter III and IV be added to yield sin -y 

A 

and then IV subtracted from III to yield cos-^,It is very important to 

get correct results. We now give below. 

9. 88. Method Determining the sign of 


A , A , . A 

sin ~+ cos ^ and sin 


A 
‘2 • 


THE SIGN DIAGRAM. 

This Mechanical Method, for which, we are indebted to Mr. 

S. L. Loney of the London University, ( Authour of Numerous 
Works on Mathematics ) is really grand in application. 

Divide the plane into four “Quarters” AOB, BOC, COD and 

DOA by lines bisecting the angles XOX’ and VOX' between the axes 

AOB is the “First Quarter”, BOC is the “Second Quarter” and 


so on. 


( Limits of quarters ) 

Angles between 2w7r4*~^and Ini :-]—^lie in “First Quater 






■y _i ^ 
2/J7r+ . „ 




99 


2/177 + 


< — 


99 


2/277 + 


2/277 


577 
4 

77 


99 


Second 


99 


99 


Third 


99 


99 


99 


2/277 


99 


Fourth 


If ^ lies in 


9 9 


99 


9^ 


P9 


99 


1 

11 

111 

IV 


99 


- 4 » 2/277-r 4 

( Rules of Signs ) 

Quarter Sign of sin +cos ~ Sign of sin-^ ~ cos ^ 


9.84. Note :—It is instructive to note that the signs of sin_^ 


+ 


cos 2 ^‘'■e in ihe same order in the " Four Quarters" as those of cos 


(H 


-+) in the “Four Quadrants”, similarly the signs of sin^ 
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JS - arc compatible wilh those of sin e (-) in four 

uadraniN, Wc add fev* examples lo illustrale the above rules. 

Find siii 1575 ^ 

Wc have sin cos t 2 A 

sin A —cos A= :i \ 1 —sin 2 A. 

Nua Id A- 157 ;-, /. 2 A = 3I5\ 

•/ _A lies in the second quarter (between IBS'* and 225 ) 

»in A • cos A is — and sin A —cos A is — 

(from Sig n Diagran. ) 

sin A -cos A= — y' l - sin3 15 = 



sin A-r cos A 




V 


Aild'itg WC get 2sinA= — 



/ 


2-1 


4 


/2 



V 2-1 

2 



4-2x.2 



sm A - 


\ 4 2 


^ 2 4 - 2^2 

4 ~ 


\ 2-x 2 

S 


9.84 Note;—lo Kvaluatev'4 



- V4-2v 2 


I’ut V 
> * 


v4 2\ 2 — V''4-2v 2 then 

4 r 2v 2 , 4-2 v 2-2^8 


• • 


8 


sin 1571 


TTh ^ ' 2 


X 2 



X 1 


X 2 


K.x.S. I Hid 9 and ct>s 

Wc have sin 9 ■ cos 9 4- I t tin 15 



1 , \ 


/5-1 



sin 9 — cos 9 1 — »in 18* 


--V'- - 

Here 0 is an angle in the Fourth Quarter. 



Adding 2 sin 


s'3- 


% ^ 
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Put V3+ ^5— V 5 V 5 =3^ then 

j,2=3+y'5+5-v'5—2\/10-2V5 


y=2y2—^/5—y/ 5 


« • 


sin 9°= 


V2-y/5-V'5 


cos 9°= 


V2+V5-V 5 


9.9. T.R. of 


of the Double Angle. 


We have 


To express the T. R. of in terms of langeni 


2tan 


lA 


tan A = 


1 —tan^ 


Let t=tan-^ then we have, 


tan A= 


2 t 


1—1 


or (tan A) t2+2t—(tan A)=0 
which is a quadratic in t,that is, tan 


^ — 2+ V4+4 tan=^A 

2 tan A 

- J ± VT+t^A 

tan A 


tan ^ = 


A 

2 


•• 

% 


\ 


Thus, tan -^is expressed in terms of tan A. sin 

2 and cos-^ can be found at once . 

N. B. The sign should be taken consistent with the left hand 
side according to the position of 

Ex.6. Given tan 15°—2—♦ tto t_ 

V 3, find t an 7^ by assuming A=15 


l±Vl+(2- 


We have tan ± Vl+tan ^A 

2 -vJ 

We take only positive sign since 7^ is acute angle 

(V6-v2 )-1 

2 -v i 


tan IV 


(V3-v^2) (V2-I) 








R ATIOS OF MULTIPLE ASD SUB MULTIPLE ANGLES 


131 


Example \l. C. 


1. Given coi 45 =-4:-’‘ 

\ 2 

2 Given co> 135 = - *; find sec 67i , tan 67i 

V 2 


3. 


Givc*nc(>s 330 = ; find sin i65’ ; cos 


165 


4. fVo\c that tan A= n 


/ ! — coa2A 
[ t-cos2A 


5. Deduce the value of tan 15 from cos 30 


(P.LM949.S) 

(P.U.) 


A A 

6 . Prove that sin cos 

2 2 

A ^ 

sin '' — cos 


~ ± V 1 r-s\n A 


± \/ I — sin A 


2 2 
hind sin 15 , cos 15" by this method 

Given sin 30'= i; find the values of sin 15 


(P.U ) 

and cos 15"* 

(P U 1949) 


8 . 

9. 


(iiven sin 210 — find all the T. Ratios of 105^. 


What si)jn should bs 

follovsing formulae. 

A A 

sm ^ 


taken with the radicals in the 


cos 


- V I ^ 


. A A . 

and sin — cos ^ -^IVl—sinA; >* 

it) A- 280 (/D A 390’;(///) A 570 (/v) A = 2I0 

10 If a^340 ; show that 


2 sm 


and 2cos 


a 

2 

a 


~ \ I « sin a * v'l—sin a 


— .\ I-i-sina—\^l —sino. 


II. If a «580 , show that 


2 sm 


and 2cos 


a 


” \ I • sin a ” \ I —sin a 


a 


\ I sin a \^l —sin a 

12. Find tan ^2J , given tan 45 I. 

1.3. Find tan 1121 ; given tan 225 = I. 

14. Find tan 375 , from tan 75 — 2 - 

15 If sin a—<; sin (a, being positive acute angles) find 
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the value of cos—- and sin 


Hint. *.'cos a 


H 

. 




I —COS a 

-~2 


Vs 


and etc 


Now cos — ^~ = 

2 2 

Or 2 cos* — = l_|-cos(a— 


a iS . ct 

cos — cos “2 ^ 


sin §- 

2 . 


= 1 + cos a cos ^ + sin a sin ^ J 


16, If cos A=H and cos B==ij; (ind the values of sin 

and cos 


1 . 


17. If sin A + sin B— a; cos A+cosB=/); evaluate tan 

18. Find geometrically the T. Ratios of 15“. 

19. IfTan A = ?5 and A lies in third quadrant, lindsin ~ 

REVISION QUESTION III 
( ON CHAPTER IX ) 

Prove Geometrically that 
sin 2A=2 sin A cos A. 


A-B 

2 


cos2A=2 cos^A—1. 


2. Prove that cot 2A = '^^^^^ -^ 


3. 

4 

5. 


-4>'»j-=l. 


7. 


2 cot A 

Find other T. Ratios of 2 A in terms of cot A, 
Find all the T. Ratios of 37J°. 

Ux^+y^=l prove that (3a:— 4.v®)2 f (.3.^ 

Prove that 

sin 6° sin 42° sin 66° sin 78° 
cos 6°cos 42°cos 66° cos 78° 

Prove that 

sec 8A —l_tan 8A 
sec 4A -1 tan 2A 

1 - cos X X 
I+cosV^*^" T” 


(P.U. 1952) 
(P U. 1954-S) 

(P.U.) 


1 _ 
Is • 

r«« 


(P U. 1953-S) 
( B U. ) 



(P,U. 1944-S) 
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7t 


It: 


4r 


7r 


8 . cos ,5 cos j^cos j^cos , 3 - 


9. sin 36’sin 72 sin 108’sin 144 = 


10, (/) If sin <9=^^—^ 

' a^h 1 


{it) If sin 0 = 


m’ — n* 


nr-^n 


find lan 


16 


1 P U.1^50» 


iP.t. 1952S 


(P.L. 1952 


2 tan - 


Him sin 


2 _ Solve as a quadratic in tan ^ 


I 


tan* ^ 


• II. Show that co'i 40 is a root of the equation 8 a- 


IS.V ^ I -0. 


12 


[ Hint. Put ^ = 40"* ; x=cos^=cos ^0\ 

then cos 36#-cos 120’= —land etc.] 

cos A —e . . 6# 

If cos #9= 14 . then tan = - 


1- e cos A 


Vi 


_ ‘ tan 


{\)U 


13. 


h 

If tan A 


prove that cos 0 = 


1 


Vi*^ 

cos c 

I —t cos^ 


tan 


0 

*) » 


( \ L > 


14 if h\ and arc two diffcrcnl values of h '^hich saiisl 
a cos b sin &*=c, show that 

(/) tan ‘ tan 


, (I/) lan . tan ^ 


c 


(m) 





15 


16 


17 . 


Prove further that if 6», = 6>, then a'-r b’ = c'. 

I Refer to Art 9. 7 ] 

If and ht be two different and distinct valuer of v.h.oh 
satisfy <; cos #9 • 6 sin 6# t, show that 

t . t 

P.U. 1951 S, 

Show that sin* .\=»l (3 sin A—sin 3 A) 
and cos* A «= J (3 cos A —cos 3.A». 

Show that :— 

3 tan .v-tan*.v«il—3 tan* .v) lan 3a. 

Deduce the value ol tan 00 . 
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/ 


18. Find the values of sin 18° and cos 36'^. 

Find the equation whose roots are sin 18° and sin 54°. 

[Hint sin 18 °+sin 54 °= ^-and sin I8°xsin 54“=^] 

19. In any circle, show that the chord which subtends an angle 

108° at the centre, is equal to the sum of the two chords 
which subtend angles of 36° and 60°. (M.U.) 

[Hint Length of chord subtending an angle 2 0 at the centre 
IS 2 a sin 0, a being the radius]. 

20. Two parallel chords of a circle, which are on the same side 
of the centre, subtend angles of 72° and 144° at the centre. 

Prove that the distance between them is half the radius. 

( P. U. 1939-S) 

21. Prove that ;— 


/ ‘X A ^1 A ^ 

(l) COS^ g +COS^—g 


. 5 TT , 4 7 TT 

cos^— -+cos^ - 


8 


8 


+sin^ -' 3 ^ 


.,, « ^ t • I 3 TT I • I 5 TT 

+sm' --+sin' - — 

22. If cos (A—B) = 3 cos (A + B). 
prove that cot A cot B = 2. 

23. Prove that : — 


(/) (cos a+cos)3)^+(sina+sin^)2=4 cos 


2 “-/s 


3 

2 


3 

2 


(//) (cos A—cos B)2+(sin A—sin B)^ = 4 sin* 


2 (M.U.) 

A-B 


Find sin 


A-B 


A—B T A 3 Q 12 

cos _— if cos A= ——, cos B= 


13 


24. Prove that :— 


25. 

26. 


1 


tan (A + 30°)+cot (A—60“)=—:—— . 

sin 2A—sin 60 

Find the value of tan Q from the equation. 


(//+1) sin 20~f-(n—1) cos 20=//+1. 

I* 

Show that cos*0—sin80=cos 20—jsin 20 sin 40. 


I 




CHAPTER X 

CONDITIONAL TRIGONOMETRICAL IDENTiriLb 

and 

TRIGONOMETRICAL EQUATIONS 
I. CONDITIONAL IDENTITIES 

10.1. What is a Conditional Idenlit) 7 

(’onsider (o - 2 ab-j h*. Thii li true lor all \alues ol a and 

On the other hand the relation abc true onl> 

a-\-h->-c=0 Such a relation is called a Conditional Identity. 

In Trigonometry the relation sin- A + cos- A=1 in iiu: lor 
values of A but same relations arc true only under iomc condiiA-n. 
for example, sin 2 A-rsin 2 B —sin 2 C — 4 «in A sin .\ sin C onl> t 

A - B : C = 7r. 

Such a relation which is true under some Condition on aiu 
is called a Conditiooal Trigonometrical Identity. 

10 2 KXAMPLtlS ON CONDIIIONAL ll)KNMril> 

Kx.l. If A B C = 7r, Prove that 

Cos 2 a'. cos2 B -cos 2 C rP.L.195l s 

— — 1—4 cos A cos B cos C. LD.t' 1951 

— (cos 2 A^cos 2 Bl r (2 cos- C — I. 

= 2 cos (A-B) COMA- B) -(-2 cos- C- I. 

= 2 cos (tt —C) cos (A— B) -2 cos-C - I 

— 2 coi C. cos (A—B)-t - C — I. 

— 2 cos C ( cos C —cos ( A — B ) ) — I. 

— 2 cos C ( cos ( A • B)-^cos (A — H) J — 

^ — 2 cos C 2 cos A. cos B.— I 
s* — 1 — 4 cos A cos B cos C — R- H. S. 

Kx 2.lf \ + BrC^I80^Provc that 
sm*A-f sin* B —sin* C *»2 sin A. sin B. cos C. 

L. H.S. sin* A + 5 »n(B • C) sm (B-C» 

sin A [sin A rsmtB—C)) 

•/sintB -C) —sintr- A|==sin A 
«sin A 1 sin (B-t C) t sm (B- C i ) 

SB 2 iin A. sin B. cos C. 

= R. H S 

Kx.3. If A f C-0, Prose that 

sin 2A sin 2 B 4 - sin 2 C 

•■2tsinA-i smb - smC) 11 -rcosA-^cosB —cosC I 


L H S. 


I 


135 
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L. H. S. 


=(sin 2 A + sin2B)+sin 2 C. 

=2 sin (A+B) cos (A—B)+2 sin C cos C* 
=—2 sin C [cos (A—B)—cos C ] 


V sin(A + B)=sin(-C)=-sinC, 

= —4 sin A. sin B. sin C. 


R. H. S. 


2(2sin^-+®cos^®+2sin | 
c(2cos2^+2cos^^ cos 


cos 


C 


=4s.n2 


X cos 


A-B , A+B 
cos——l-cos—^ 

A, B-C~I 

cos — +COS— J- 


A+B 

2 


C . B+C 

= - 2 "T- 


-8 sin-^ 


cos 


A 

2 

sin 


A 

2 . 


sin 


L. H. S. 


T B C 

x2 COS-y- cos y- 

=—4 sin Ai sin B. sin C. 

L. H. S. = R. H. S. 

10.3 The Angles of a Triangle:— If ABC is a triangle, then 
A4 B + C=7r Thus all the Conditional Identities which are true for 
the angle whose sum is -n are true for the angles of a triangle also. 

Examples X. A. 

If A4 B+C=7r, prove that (or Prove in aAABC) 

1 . sin 2 A+sin 2 B + sin 2 C=4 sinA. sin B. sinC. (P.U.1950) 

2. sin 2 A+sin 2 B—sin 2 C=4 cos A cos B sin C 

3. cos 2 A+cos 2 B—cos 2 C=l —4 sin A. sin B cos C. 


cos A+cos B+cosC=I +4 sin ^ sin® 

2 2 


5. sin A sin B+sin C =4stn—cos ~~y 


sm 


sin - 

2 . 


7. 

8 . 

9. 


cos A+cos B—cosC=4 cos ^ cossin y— 1 , 

sin^ A+ sin* B + sin* C =2+2cos A cos B cos C. (M.U.) 
sin* A+ sin* B— sin * C =2 sin A sin B cos C, 
cos* A + cos* B—cos* C =l-2sin A sin B cos C 


10 , sin 


+ sin 2 — sin 


A vr—A 

=4 cos ^ - cos 


TT—B . 

.— sin 
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B C , tt-A 

II. cos 2 2 —-“4 


r-B --C 
4 -cos -4 


»2. sin 2 A-^sin 2 B'--sin2C 


B 


A . „ . 

:8 Sin 2“ ^ 

C 


^ [sin A —sin 


B —sin C] 


l.V sin- 2 


A . . B . , 

- $in* ~ 2 ~'^***'* 2 

A B . C . 

I 2 sin sin ^ sin ^ (r»l 


ui) 


< 


14 


sin A Sill B - sin 


A B 

—4cos , cos "2 cos ~2 

(P U 1948 J .) 
3A 3B 3C 

. 15 . sin lA-sin 3B-sin 3 C = -4cos - , cos ^ cos 2 

16 tan A- tan B-tan = 3 lanA tan B. tan C. (P.U.I95I) 
I Mint A i- B -r C = 7 r, tan ( A -B )—tan (sr-C ) 

and further etc. j 

* 17 i, cot A. cotB = I. 


A B r 

IK tot 7 • cot cot 2 


cot 


cot 


B 

r 


cut 


P U.I948 S. 
I953.S 


IV 


(<) 


(li) 


-V - } ‘ 

xy: 

Prove that 





J. 

2 

a 

*■ -f- _ 

2 v 

2 

« 

y 

2 z 

l-.v- 

1 - 

-V* 1—r* 

l-x* 

1 - 

s 

I—I* 

3.r - 

1 

3i-. 

-y* .3r-r* 

31 -X* 

3>- 

-y* 

3r-r* 

1 - 3.v» 

1 — 

-3y*' l-3:» ' 

“l-3x* • 

1 - 

3?- 

1-3;* 


( Mint Put .V -tan A. > =*tan B. r=^tan C then from the 
hypothesis ssc isould get A i-B rC=7r or 0 and so on. ) 


20 


21 . 


If A -B—C then 

cos'A i cos* B • cos* C — I = 2 cos A. cos B. cot C. 
Prose in a A ABC; 



cos 


cos 


-f cos 


B 

s 


C_A C A—B 

cos — 2 - --f-cos 2 cos- 2 


■■ sin A-f-sin B-h sinC 

22 In a A A B C show that sin (B C- A)-iin (C + A—B) 
-fsin (A-f B-C)*^* 4 sin A sin B sin C. 
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23. If A+B+C= Y" C 

= 1—2 sin A sin B sin C. (P.U. 1949.S.1951. S.) 

24. If A+B+C=-^show that v tanA tan B=l. 

(P.U1950-S. 1951) 

II. Trigonometrical Equations 

10.4. Trigonometrical Equations :—Consider sin0=K. For 
a g’ven value of 6 , there is one and only one value of K but on the 
other hand if K is given there are many values of Q that satisfy this 

equation. 

e,g, if e=30°, sin 0 =i 

but if sin Q^l ; then 6=30'^ ; 150^ ; 390° ; 510°; 750°. 

.and many more values of 0 »xist. 

Thus we see that a Trigonometrical Equation has mauy solutions. 
We shall try to find a general Formula for all these solutions in 
angles. 

10.41. To fiind the general expression for all angles whose 
(/) Sine is zero, (//) tangent is zero. 


Let <XUF=-0. Draw PM±OX 

then sm 6 =Qp and tan 0 = 0 ^^ 

If sin 0 or tan 0=0 then MP=0, 
which happens if the revolving line 
OP coincides with the initial line OX or 
OX', so that 

6 =^ 0 , TT, 2?!, Stt,. 

and in the negative sense, 

0 = 0, —TT, —27r, —377, 


Hence if {!) sin Q-O 'I then e==mr, where n is an intcge 
or(//)tan0=O J’ or zero. ^ 

10. 42, To find the general expression for ail angles whose 

(i) Cosine is zero (ii) Cotangent is zero. 

From the figure of Art. 10-41, 


cos 0 


OM , OM 

OJ, and CO. 


If COS e or cot 9=0. then OM=0‘ 

OY'Jo^^thaf''’'""'’^^ the revolving line OP coincides with OY ( 

’or 0=90^ 270^ 450\ «... 

e=_90=, 270^-450“. ... 
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13 :^ 


^ 7r Itt St: 

In radians, wc have 9= ±-2 - 2 *’ “ T 


then 9=(2 'j — i) “ 


Hence if (/) cos 9 = 0 
or (it) cot 9 

where n is an integer or zero. 

10. 5 To find the general expressin for all angles basing the 
Mme sine. 

Ui a be the least positive or negative angle having the given 
sine and 9 any other angle having the same sine. 

Wc have, then, to find the general expression for all angles* 

Which satisfy the equation sin 9 —sin a. 

i e. sin 9 —sin a=«0 

9-a 
'2 


or 


2 sin 


94 -a 

cos 2 "^0 


• « 


r- !_ 0^ A 

Either sm ^ 


or 


9 -a ^ 
cos * =0 




^ rn 


9-fl 

1 




(2z-l) ~ 


TT 


or 


9 ~=2^tt *- (I 

^2r7rT(— 1 0 


or 


9=(2z-: l^r-a. 

= ( 2 ^ -l> 7 r 4 -(-!)*'*>. (a) 

From (/) and (//) we find that both the values arc included in 

the formula f^^rm ^{ — lya 

Where n is a positive or negative integer or zero 

10 51. To find the general exprcaslM for all anglcN having a 
given cosecant. 

Wc have to solve the equation 

coscc 9=coscc a 

Where a is the smallest angle whose cosecant is same as coscc 9 

From I wc get sin 9 = sin a U 

Proceeding as m Art 10 5, wc gel 

9=,mr f (-l)"a 

where n is an integer or zero. 


10.52. Hence wc conclude 

if (/) sin9'~>inci 
or (0) coscc 9*co»cc a 

where n is an integer or zero. 
Note: a is called “PnnK Angle 

" 2 


then 9='i^ — l^a 


• • 


Lx. 1 . Solve sin 9 
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Now sin @=^^=sin j, the least angle is 
/. sin e=sin^ 

TT 

Hence 0 =n 7 r+(—1)”.-j is the general solution. 

Ex. 2. Solve the equation cosec 0=—y'2. 


We have cosec 0 

1 

sin 0 =— -^2 


=-V2 


=—Sin 


) 


The Prime angle= 


TT 

0=«7r+(—1)" (— 4 “) is the general value 


Ex 3. Solve the equation sin 0+cos 0 

We have sin 0+cos 0=^2 


= ^2 


or 


Sins 


or sin 0 . cos ---- +cos 0 . -J- = i 


sin( 0 + =j 


Sin 


or 


(P, U. 1941) 


e+--=«7r + (-)n J 

0 =«^+(-)" J isthegencal value 


examples X. B 


Solve the equations ; 


sin 0 =^ 


2 sin 0 = — '^^ 3_ ^ 


sin* 0 _I, 5 _ sin 0 —cos 0 = y '2 

a/ 3 sin 0-COS 0=2. 7 . .sin^ 0 =^Zr^ 


v2+i 

2V2 


(P. U. 1950) 


o. cosec 0 =- 

10 . cosce^ 9 = 


:^5- l e=-2 

3 - II. sin 0 —v3cosi9=2. 
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12. »in 6-cos 6 



13. sin 36=i 


14. sin 2 jc=cos 3t. 15. sec 4jc=coscc 5.t. 


lU.i. To find tie general expression for all angles basing ibt 
same cosine 

(i) Let a be the least positive or negative angle having uic 
given cosine and 6 any other angle having the same cosine. 
We have, then, to find the general expression for all angle- 
which satisfy the equation, 

COS (9=cos a 
cos a—cos9=0 


or 


2 sin ^ sin 


either lin 


• • 




6=2/nr—a or 



S=-2mt^a is the general value 

where n is a positive or negative integer or 2 ero. 

10. 61. Alternative netbud. 

Let XOGs^a be the least angle having the given cosine.1 hen 

XOG'»=2ir—a will be another 
angle less than 360' having the 
given cosine. 

Now whenever the revolving line is 
in the position OG or OG' the angle 
iracad will be such that it will have the 
given cosine. 

All angles whose terminal side is OG are given by the 
expression 2nT-fa ..(1) 

Similarly all angles whose terminal side is OG' .ire given 
by the expression 2nr+2»—a -2 (/• rl) w a .. (1) 

Both of these values are included in iIk one expression 
Qm,2int±a, where n is a positive or negative integer or zero. 

10.62. To find tke general value of all the angles nhicb ha.t 

a given Secant. 

Since secant is the reciprocal of ibc cosine, all angles wbuh 

have the same secant, also have the same cosin and are ihcrciorc in 
the same general form. 

6«:2rrjrio. 
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Ex. 4 Solve cos 0 = 


1 


V2. 


I -Jf 

The least angle whose cosine is is 

y 2 4 

0=2n7r-h^~ 

~4 


Ex 5. Solve sec 0 = 


2 
v/3 


The least angle whose secant is-is 150° 

v3 


Stt 

~6 


0 = 2/177 + 


Stt 

T. 


Ex. 6 . Solve -v/3 cos 0 +sin 0=1. 

-y/S cos 0 +sin 0 = 1 . 

■^^cos0+4 sin 0 =^ 


or 


or 


cos I 0 




TT 

cos 3 - 


or 


e==2w7r± 

d=2n7r+~^- or 2 w 7 r 
Examples X. C. 


TT 


Solve the equations 

1. cos0=;r 


2 . cos 0 


\/5fl 


4 , sec- 6=2. 


5. cos20=^'^ 


3. cos* 0 = 1 . 
6. sec 6=—2. 


7. sin0+cos0=l. 8. cos 0+^3 sin 0=1. 

9. ^3 cos 0 + sin 

v 2 • 

10. sin /7jr=cos mx. (P.U. 1941 

10.7. To find the general expression for all angles havuie th 
same tangent or cotangent. ' ^ 

Let a be the least positive or negative angle having th 

given tangent, and 0 any other angle having the same tangent 

We have, then, to find the general expression for all angle 
which satisfy the equation. ^ 
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1-43 


or 


un ( 5 i=tan a 
sin <9 _sin a 


or 

or 


sin 6 cos a 
sin iO—a) 


cos Q 
cos 6( sin a=0 


cos a 


=0 



/. a=i»7r 

Hence 0=on-ra, where n is a positive or negative integer, 
or zero. 

10'71. Altemative Method. 

Let XOG=fl be the least angle having the given tangent 

Then XOG =7r-i-a will be another angle less 
than 2rr having the same tangent. 

Now, whenever the revolving line is in the 
position OG or OG' the angle traced will be 
such that it will have the given tangent. 

All angles whose terminal side is OG are 
given by the expression 2m t a. 10 

Similarly all angles whose tciminal side is OG'are given by 
the expression 2r rW-i-a—(2r-r lyn-ro- 

Both of these values are included in the expression O—tm - a 

where n is a positive or negative integer or zero. 

(//) Since the cotangent is the reciprocal of the tangent ihc 
angles having the same cotangent, have also the same tangent and arc 

included in the general formula fa. 

Ex. 7. Solve tan ©= I 

... TT 

The least angle whose tangent is I is ^ 

El. 8. Solve tan‘e-J. 

1 


tan©—± 


y/y 


I 


The least angle whose tangent is 


IS -7 


1 

6 




©—mr-f 


6 ‘ 


I 


Again the least angle whose tangent »» 


K 

6 
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1) 

• Q I ^ 

.. f7 = n7T±—, 

6 

Ex. 9. What is the most general value of 0 which satisfies 
both of the equations. 

sin 0=1 and tan 0 =-U-. 

VT 

Considering the angles between 0° and 360°, the equation 

77r 1 1 'TT 

"^ine 0=5 is satisfied when 9~ ^ov • 

/n 6 6 

1 ' TT 

} i y Similarly the equation tan 0 =—/. is satisfied when 0 =—^ 

r. , , V*> o 

777 ■ - 




Ttt 


Hence both the equations are satisfied when 0 = -^ 

D 

The most general value of 0 is obtained by adding any multiple 
of 277 to the angle. 

-t ^77 

/. 0=^2n7r+ 


Ex. 10. Solve the equation tan 2.v=tan- 

X 


Since 


tan 2 x=^tan— . 

X 


We have 2.v=n7r+ 


or 


2a:^—//TTJC—2=0 
_n7r± \/n^TT^+ 16 

^-4- 


Examples X. D. 

Solve the equations 

I. tan 0=^3. 2. tan 2 e=l. 3. tan 

4. cot ^=2+\/3. 5. cot^ 0=3 

6 . 3ian2 0 =l. 7 , tan^e-J-fYC^ tan 0 

8 . tan 50=cot 20. 

9. tan/; 0 =cot mf). 

10 . 2 cot 20 =coses 2 0 . 11 . tan 2 0 =cot 5 0 , 


=2 +.^/ 3 . 

(P.U. 1953) 
- 1 = 0 . 

(P.U.1943) 
(P.U. 1948) 
(P.U.1953) 
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10.8. I rii^onomecric e^uitions of Miscellaneous Types ; — 

An c:^uiiion wriic’i involvei the trigaaomftrical ratios of an 

unknown an^lc is caOe 1 a trigonomcirical equation. 

Type I : I quation of the form 

(i) ^in* a I 

01) C'H- a H 

Oii) tan- i^aiian* t III 

W e shall prove that in the above ihrce cases the general sohitioa 


1.0 :: r a. 


taking I. 2 sin* h 

1 — cor 0 
cos 2 h 

2(i 

• 9 ^ 

which gives ^ 

Taking II, 2 cos*(9 

I - cos 2(9 


-1 sm- a 

I — cor 2 a 

cos 2 a 

2n:T 2a 

=^n7:::a ^ 

=2 co^* a 
I cos 2 a 


cos 2^i=cos 2 a 
2^ = 2/r7r V 2a 

which gives, ^ -n7:±a 
Taking III, I tan* fj »I "i-un* a 

see* ^-=scc* a 
cos* ^>=cos* a 
which gives us 

Thus wc sec that in all the three cases. 


h 'HT r a 

Kx. If sin* h j; sin* ^ —sin 


III 


; ^ = /(r ± 


Ia I*' see* h 2; see* Q*=scc* 

4 


(t~n r ± 


F..\. Ifcol* cot* 6«cot’ *’i . :.ffT=n-K ± ^ 

r>pell. When only one function of an unknown enters an 
iTpiation its value or values can be obtained by algebraic solution, 
and then the general expression for the angle may be written down. 

Ia II. Solve cosec* 26^4 cosec 29- 
Wc have coicc* 29—4 cosec 29 

cosec 2 9 ( oosec* 29 —4)-^0 

coscc 29*0 or cosec 29 * ±2. 
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cosec 20=0 for cosecant of angle never lies between 1 and 1 . 


/. cosec 20 = ± 2 =cosec 



/. 20=n7r± 



Type III. Equations involving more than one function of unknown 
angle. In solving equation of the present type some skill is employed, 
in the various processes which will be clear from the following solved 
examples. 


Ex 12. cos® 0—sin 0-^=0. 

Here change cos® 0 into 1 —sin® 0. thereby we get a quadratic 
in sin 0 

l—sin® 0 —sin® 0—^=0 
or 4 sin® 0+4 sin 0 -3=0 

or 4 sin® 0+4 sin 0=3 

(2 sin 0+l)®=4. 

2 sin 0+1 = ± 2 . 

TT TT 

Hence sin @=4=sin-g^ , /. i 9 =/, 7 r-|-(—)" -g- 
or sin 0 = J, which is inadmissible. 


Ex. 13. Solve the equation cos 30=sin 2 Q. 
This equation can be written as. 


cos 30 


20 


• • 


/ TT 

=cosl 2- 

3^=2 m:±\^ - 2 ^ ^ 

30=2 w7r+~-20 or 0=(4/i+I) 


or 


30 = 2 /ITT- 


Ex. 14. 
Hence 


or 

or 


~2 -20 Jor 0=(4/?—I) 

Solve the equation 2 (sin^x+cos4A-) = l 
2{sin‘* A+cos** x)=l 
2 [ (sin2.v+cos2 x)®-2sin2.v. cos®,y ] = 1 
2 [ 1—2sin®jc cos®A’ ]= i 
1=4 sin®.v cos®A:=sin® 2x, 


77 


(P.U. 1938) 


sin 2 a= X 1 = ±sin-J-= sin^j_ 



tkigonouetwcal equatioss 


2jc=nr^(-)‘(^± 2 ) 

— / TT \ 

fcx 15. SoUe coscc x=coi 

coscc X—col x= V3. 


* • 


I—cos X 
sin X 









r 

4 


27: 

X fi=2 nx * ■»- 

• • 

Ex. 16. Solve sin 5 €»-l-sin & -»>n 3 9 
or sin 5 0 +«n e-»in 3 0=0 

or 2 sin 3 0 cos 2 0-sin 3 0=0 

or sin 30 ( 2 cos 2 0 - I >"“0 

sin 3 i 9 =0 or cos 2 0 =ij^cos ^ 

ir 

or 3 i 9 2 di j 


”^or0=rtir±^ 

Ex. 17. Solve COS0 ^cos 30 * cos 50 hcos 70 

We have (cos0 • cos 70» r ( cos 30 cos 50 ) 

2 COS 4 0 cos 3 0 - 2 cos 40 cos 0 
• • 2 cos 40 ( cos 3 0 f cos 0 1=0 

cr 4 cos 40 cos 20 cos 0—0 

V cos 4 0 0 cr cos 20 0 or cos 0-(» 

40 l2»i • 1> 2 0<"(2^+l) 

or 20-(^i Ml * 0-t2nM) 

or 0—( 2/1 * 1) , 
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Type IV. SIMULTANEOUS EQUATIONS 

Ex. 18. Find the most general values of 0 which 
two equations. 

(/) sin d= ;(n) tan « 


satisfies th{ 


Sol. sine= 


tan 0 


\/ 3 47r . Stt 

. - =sm_orsm_ 


3. 

_ ^TT 

V 3 =tan- ^-ortan-^- 


TT 


471 


to it 


Thus the smallest value of the common angle Add 2 /; 7 r 


Att 


• • 


General Value is 0 = 2 n 7 t+— 


Ex. 19, Find the most genera) value of 0 which satisfie 


cos 0 =——oosec 9=\/"2 

V2 

1 Stt . Stt 

cos_— cos _ 


Sol. cos 0 = — 

V2 , 4 

3 tt 

cosec 0 =\/ 2 =cosec ' 




or cosec 
4 4 


The smallest value of the common angle is Adding '>ni: 


it the most general value is : 


0 = 2 /ZTT + 


37r 




9 

10. 9. Type V. Classic equation—« cos 9+b sin 9=c 
To solve the equation 

a cos e+b sin 0 =c. 

Put a=r cos 0 

t« * ••• AAM 

h=r Sin 0, ... 

Where r is positive 

The given equation becomes:— 

/• cos e cos 0 +r sin e sin 0 =c. 7 

or rcos (( 9 - 0 )=c, 

From II, III we get, r= ^ 324^2 

and tan 0 = 


« • « 


a 


» • • 


mnet *^6 angle from the tables. Since r is positive 

/7 sign as tL num 

a, and its sme the same sign as the number b. 
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Now COS (gl —^)=—- = -7-^-- 

If c< wc can find an angle a such that 

c 

cos ->—« 

then cos cos a 

6'—^=2mr±fl 

6'=2mr-r'^±fl» is the general Solution. 

Note The above equalion can also be solved by the subsiiiu- 
lion ^ — r sin A=*r cos \Thc answer that we will get m iS 5 
ease will be apparently different. But the two an^v^ers can ah^avs *'t 
identified. 


10.91. Classic Equation—Second Met 


i:i:« 


( Refer to Art. 9. 7. Chap. IX also ) 

We can solve 

a 

M COS sin 6=f, by the substitution lan—.^ = /. 
The given equation can be written as 


or 


l-tan‘— 2tan ^ 

a - ^ -^.b - ^ 

1 +tan* 2 i4-Un*-2 

a(l-/*)+2A/-f(I-fr») 


- = c 


i‘ (c + a)—2bi rc—a:=m0 



This gives us two values of to or 
be found. 

When is the solution possible ? 
The solution is possible if 

4/>*>4v + fl) (e—a) 
or b^>c*—a* 
or 

Ex. 20. Solve the equation 


from which ^ can 


cos y/i lin 

Put liar cos 4 and y3-»rsin^. where r is r ir. 

r cos ® coa sine, sin 0 — 2 
or r cos 0)—2 where r— 2 , and 

tan 0 — yS 

^ w 

- O --3 

Now coa (®— 0 )—I—cos 0 
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0 — 0 =2n7r 


TT 


or 

All ter 


0=2/?7r-f 0 = 2/?7r+ ^ 

Now we solve the same equation by the substitution 

l = r sin 0 


v'3 —r cos 0, when /■ is+ve 
then r cos 0 sin 0+r sin 0 cos 0=2 

r sin f0 + 0) —2 
r = 2 

I 

V 3 


I 

Now 

atid 


/ 


tan 0 = 


0 


TT 

6 


Now sin 0-f- 


TT 


TT 


= l=sin 




TT 


= /i7r+(—1)*^ 


TT 


0=«7r + (— 1 ) 


n 


TT 


TT 

6 




This answer is apparently different from the one already 
(>htained. We shall, now show that the two answers are, in fact, 
identical. When n is even (//) becomes. 


2w7r ~ 


TT ^ , TT 

^- = 2 m,r + 3 


when ri is odd (ii) becomes. 


TT 


( 2/W+l ) TT- — 


TT 

6 


2 mu 


TT 


TT 

6 


= 2mTT 


TT 

3 


(9=-2m5T + -^-which is the same as (/) 

Examples X. E. 


Solve the equations 
I. 2cos-(9=I. 


3. sin 70=sin 39. 

5. cos 7e=cos5©. 

7. sin 70-f-sin 30= 

8. sin 20^cos 36. 


4. 

6 . 


sin 50 


tan 50=--i 

V3 

sin 90=sin0. 
sin 30=cos 40. 

(P.U. 


1942) 
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IS) 


9. COS e+cos 3©=cos 2©. 

10. sin 2d—cos 2d=cos©—sin ©. 

11. sin ©-hsin 2^+siii 3©-rsin 4tf=0. 

12. • sin 3©=3 sin © 

13. cos 3©-r8 cos»«=0. 


(P.U 1940) 


14. sin 7©=sin «-sin 3©. 

15 sec*JC-6 sec*.rJ-8=0. 

16. tan* ©-4 tan*©-3=0. 

17. 8 cos*Jt-7-. 10 sin*r=0 

18. tan*«-(l^\'3) tan ©-^ 


(P.l*. 1931) 
(P.U 1949) 


18. 

19. 


tan*fl—(1\'3) tan ©-‘-v^ 3 = 0 
sin*©—2 cos © - i=0. 


coscc 


Find the general value of © which sati>lics 
nultaneously. 


the C( 4 u.'!. ns 


21. (/) cos 9= («) tan <: 

Solve:— 

22. (0 cot © 0. (i7) sin © 

23. un (IT cot ©)=cot (jr tan ©). 


Ui) tan © = — - - 

\ •’ 

(i7) sin ©= — I. 


(F.U. 1918) 


24. un 

25. tan 

26. tan 

27. sec 

28. tan 

29. v/3 

30. sin 

31. sin 

32. v'3 

33. sin 

34. sin 

35. cos 


36. 


un (»cosjr)=cot (r sin .t). 

tan © — tan 2© tan 3© 

tan 2© tan ©= I. 

sec ©4coiec © - 2\'2. 

tan © ^sec 2©= I. 

v/3 (tan © I cot ©>•- 4. 

sin ©—sin 3© + sin 5©-i sin 7©»0 

sin © + sin 7© sin 4©. 

v'3 sin ©-cm ©•■-V2. 

sin 3 A-a cos 3A — I. 

sin 2 A —V3 cos 2A = 2. 

co*(V ^ ) 

sin (jr+>) 

/ V ^ 

CO* (x—yi 2 


37. sin 2©— I -f-cos 2©. 

38- • t*6 ©- >«: V 3- 

39. tan .r-ftan Ir+tanx tan lx - I 
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III ELIMINATION 


Ex. 21 . Eliminate 0 and 0 from the equations 




X cos 0+y sin 


-V cos j 0 -f v sin 0=^7 and tan " — tan 
' • / z 


0 

2 


2b 


where Q and 0 are unequal and lie between 0 and 27r 

I—tan^ 2 Ian— 

Since cos -^ and sin 0 =- 


1 +tan2‘ A 


1 + tan 


2 _ 


9 




• 0 . r 1 

are roots of the equation 


tan-y and tan 
^ 2 


This reduces to ia+x)t^—2yt-\-a—x=0 


1 _]L /2 "• 




tan 


9 


.<'> 


and tan tan ~ 
also tan |—tan^ 


a—X 
a+x 


( 2 ) 


2b. (given) 


• • 


tan— 


- - \-b and tan ^ 

a+x 2 


a+jc 


Substituting in (2) we have 




M 


I 




• • 


Examples X F. 

Eliminate 0 , from the equations. 


> 

I 


1 . fl(l—cos e)=b sin 9, c(l -f-cos e)=d sin Q. 

2 - ;t=a sin (9, sin (0-A). 

3. I+sin 2 | 9 =a sin Q, l+cos~e=b cos 0 , 

4. sin 0—oosec 9=a, cos 0—sec e=b. 

Eliminate 0 and 0 from the equation. 

5. sin 0 —sin 0=2a, cos 0 —cos 0=2A, 0—0=2>'. 

6. .Ycos0+>>sin 0=2a, xcos0+>' sin 0=2a, then 
that 2 cos -y cos “2~ “ * * 


prove 
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Revision Questions IV. 

1. Find the general expression for all angles having the same 

coiinc. (Q I 1954) 

Solve (i) cos^c —sin x ^ I. (//) sin 3.r—sin 2 a— sin a = 0 

iP. L 1945) 

2. Solve (/} 3 tan ^ ^-5 cosoc 


(P L' 1952) 


/3 


f/V)cos (It—3>)=l; CO'S (3 a —2>*)=: ^ ^ 


(P U. 1944) 

3. Solve (/) sin v^ 3 cos \ 2 {ii)s\n 7i9^sin 3(9. 

4. Find the general expresaon fur all angles having the same 
sines and the same cosines. 

5. If sin A- sin*A - I find sin a, and prove that 

COS*A —COS*A=: 1 . 


(P U 1948 J) 


^ Solve cos*^ (I - sin 9)- sin-9 (I -cos 9). 

7. Solve 2 sin*A-<-V 3 COS A—I 0, 

H. What is the genera! value which satisfies both the equations 

sin 9 = i, cos 9 -= \ 

2 (P.U. 1948) 

9 Solve the equations: — 


(I) sin 9 ^ cos9 = 


1 

\^2 


(//) tan 9 r tan 




f liven sin 9 vm a; find the most general value of 9 in terms 

^ ,P.U. 1951) 

10. Solve 5 laM‘9 -1 = 4 ian-9 (P.U. 1953) 

II FimI the most general value of a which must satisfy the 

IP L. 1954) 


two equations cos a^;, cot a 
12 Solve the equation 

cos*9 sin 39 J-sin*9cos 39 


3 


\ 3 


(Hint ('hangc sin 3 9 into 3 sin 9 — 4 sin*9 and similarly 

for cm 39 | 


13 Find out the values of 9 and O satisfying the following 
equations simultaneously. 

V' ^ 

(0 ^in(f#-0) Y and cos (^-i. = 

((7) sin ft sine ^^and coslj cose ^ J. 

4 
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14. Solve sin A+sin B=l, cos A+cos B 


17, 


18. 


19. 


I 

i « 


15. If tan (tt cos 0 )=cot (tt sin Q) prove that 


cos 


e 


TT \ 1 

4 >/= V2- 


16. If A+B+C=180‘^ (or in a A A B C) ; 


prove that 2 


cot A+cot B 
tan A+tan B 


1 . 


tan 


cos A+cos B+cos C— 1 
cos A+cos B—-cos C + l ~ 

sin A+sin B—sin C A 

T j • ^ j —tan tan 
sm A+sin B+sin C 2 


, B 
tan - 


B 

2 


cot A+cot B+cot C=cot A cot B cot C 

+cosec A cosec B coscc C. 

If A+B+C+D=27r, prove that ; — 

20. cos A+cos B+cos C+cos D 

A A+B A+C A+D 
= -4cos—— cos— ; cos 

2 2 2 

21. sin A—sin B+sin C—sin D 

_ _A+B.. A+C A+D 

■=—4 cos—^sin^;— cos—- 


( P. U.) 

. • 


(D.U.) 


CHAPTER XI. 

RELATIONS BETWEEN THE SIDES AND THE 

ANGLES OF A TRIANGLE 

11. 1. The angles of a triangle ABC ore denoted by A,B, C and 
the sides opposite ti» them by a, b and c. Lhe six quantities A, B, C, 
a h.c are caILd the elements of the triangle. The sides are indepen- 
. dent, except for the fact the sum of any two of them must be greater 
than the third. The angles are not independent, for when any two ot 
them are given, the third is known, as A- B — C=7r. 

11 2. The Sine forDiula. The sides of a triangle ire propor- 
liunal to the sines of the apposite angles, that is. 

a b i. 

sin A“ «n B"“sin C 

l.cl AHC be ihc triangle, in which angle B is acute, C ina> then 
be acute, obtuse or right. 



t D CBCDB CD 


Draw AD perpendicular to the base BC, produced if necesaary. 
From the triangle ABD, wc have 
AD«»AB sin B«f sin B. 

From Ihc triangle ACD, wc have, if C is acute (Fig. I) 

AD—AC sin sin C. 

If C is obtuse (Fig. 2) 

AD^ AC sin ACr)»/> sin (IT— C)=/> sin C. 

If C is a right angle, D coincides with C. 

AD-iAC-AB sin B. 
or AC sin 90'*AB sin B. 

or h sin C«c sin B. 

Hence in each case, h sin C sin B. 
b c 
tin B*sinC 

ISS 


or 
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Similarly by drawing perpendicular from B on CA, it can be 
shown that, 

a c 

sin A~sin C 

a _ 6 c 

sin A “sin B “shTC 

These relations enable us to replace any relation connecting the 
sides of a triangles by a corresponding relation involving the sines of 
its angles and vice versa. 

Ex. 1. In any triangle ABC, show that 

a sin (B—C)+b sin (C-A) + c sin (A-B)=0. (P.U. 1950) 

Sol. From the Sine formula, we have 

sin A“sinB “sin C~^ (®^y) 

sin A, 6=K sin B, c=K sin C. 

Now a=K sin A=K sin (180^-B-C)=K sin (B + C), 
for A+B+C=I80°. 

a sin (B—C)+6 sin (C—A)-hc sin (A—B) 

=K[sin A sin (B—C)+sin B sin (C—A) + sin C sin (A—B)] 
= K[sin (B+C) sin (B—C) + sin (C-t A) sin (C-A) 

+ sin (A + B) sin (A—B)] 

= K[sin2B—sin^C+sin^C—sin^A+sin^A—sin2B]=0. 

Ex. 2. If a^=b {b+c), show that A=2B. 

Sol. ’/ — b‘^=bc, 

K2(sin2A—sin2B)=K2 sin B sin C, 

Or sin (A+B) sin (A—B)=sin B sin C. 

Or sin(180''—C) sin(A—B)=sin B sin C. 

Or sin C sin (A —B)=sii B sin C. 

A-B=B or 180^—B. 

A=2 B erA=180^ 

The second value is 
inadmissible. 

Examples XI, A. 

Prove that in a triangle ABC. 

1, c sm A=a sin (A+B). 2. C . 

b+c 

3. If b+c=a, then cos 5^.?= sin ^ 

“y • 


HELATIONS BETWEEN' THE SIDES AND THE ANGLES OF A TRJANC. fc 1? / 


a—h C . A—B 

4. cos 2 =S'n -2 • 

^5. a sin ^ (PL. 1^41) 

g 

^ 6. (cos C-i"Cos A) = 2(c—tf) sin-—-, 



asin(B —C) AsinfC —A) a sin (A — B) . 

h^~c^ ^ c* — a^ ~~ a^ — h^ 

h %cc sec C c sec C —a sec A a sec \—h s.c h 

tan B - tan C ^ tan C —tan A tan A —tan ^ 

i I ) 

a*5in(B —C) fc-sin (C A\ c-^iniA—B) ^ 
sin B • sui sin C —sin A ^ sm A —^ia B 


10, If sin* A -sin* B -sin* C ; show that the 
AABC is right angled. 

A-B 

a-h *> ’ 

II In a A^BC, prove that , -,—r. 

a ' n \ «~ n 


/ 


Deduce tan 


B a^h C 
a ' h 2 


(Napiers' AnaUg .) 


in any triangle cos A— sin B-cos C ; show that 
it is a right angled triangle. (P T !*^51 ) 

11.3. The Cosine Formula In a triangle ,ABC. 

b* I c* 


cos A = 


I 


2 bc 


, or a*=b* c* —2bc cos \ 




Whether A is acute, obtuse or right an^ilc, one. if not both, r( 
the other angles B, C will be acute Let B be acute. From C draw 
CD perpendicular to BA, pnxluced if necessary. 

From the triangle CAD, we have, as in the Iasi art ck. in all 
cases. DCa-CA sin A h vin A. 

If A ii acute. (Fig I) AD*/) cos A. 

DBsiAB—AD*c—/) cos A 
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If A is obtuse, (Fig 2) AD = b cos (tt—A)=~ 6 cosA, 
BD= BA +AD = c*— b cos A. 


A is right angle, (Fig 3) C coincides with A. 


BD=BA-r-Z> 


cos 


7t 


c'—b cos A 


CuS 


TT 


= 0 


P*orn triangle CBD. we have 


a^=.BC^=BD24-DC- = (c’~i cos Af+{b sin A)* 
~c^ — 2bc cos A+Z)^ (cos^A + siu'-^A) 

^c- — 2bc cos A-t-Z?^ 


Or cosA — 



I he other two formulae are 



cos B = 


C“+ir—Z ?2 

2uh 


Or b-—c--{^a^ — 2ca cos B 


^2 ! ^2_ ..2 

and cos ('= Or c-= d-+ b'^-lab cos C 

may be proved similarly. 

31.31. Alternative proof for (he Cosine fo rmula 

a^ — b'^ + c-—2bc QOS A 

From Plane Geometry, we have. If A is acute (Fig. 1) 
BC--CA2+AB2-2AB.AD 


BC“=CA2 + AB*-2AB.AC cos A 

+ —2c6 cos A 
l! A is obtuse, (Fig 2) 

BC2=CA2+AB»+2AB AD 

--CA2+BA'*+2AB AC. cos (tt—A) 

— 2cb, cos A. 

li A is a right angle, (Fig 3) 

BC2=CA2+AB2=:CA'^ + AB2-2CA.AB cos ^ 


4 


d^=b-^c'^—2bc cos A. 

If one angle is a rigid angle, say B. 

BC-=AC2-AB2 = AC2+AB2-2AB- 

=AC- + AB^-2AB.AB=AC2 + AB--2AB.AC cos A 
a-=b--i-c- — 2bcc os A. 

Ex. 3. In a triangle ABC show that. 

t C AT 

a sin2+ c sin-’ ^ \=c+a-b (PU.1959) 


RELAnoVS BETWEEV THE SIDES AND THE ANGLES OF A TRIANolE I5‘' 



C 


2 ■ 


rc sin* 


= fl 2 sin 




sin-_ 



= cos C)+dl—cos A) 

o*-u6*-f* 
^a^c-a - 


=a4- c — 
-a^c—b. 


- b^ - c*j-b^-h 

2h 


2bc 

y%l 


„ . ,-COS A cos B cos C * 1 . i_ . 

Kx. 4. If-=—r - = prove that the triancit 

a h c ^ 

equilateral. 

Substituting for cos A, cos B, cos C, we have 


2ahc ~ 2ahc 


a 


lahe . 


From the last two equation, we have, 
c* • a* —c* 


2 f*=2A* 

From the first two. we have 


or A=^r. 


or j = A 


• • 


Q^h^c. 

F.x. 5. Given <i«:2, r= I 4 ^3, B = 60% find A, A and C Sir.cc 

2ra cos B, 

-(1 + ^/3)* 4-4-2(l-A v/3) 2.* = 6 

a h 
sin A* sin B 


• • 


2 


I 


•• iln A " v3 ■ y/2 '• ^ *' ’ 

2 


Esamplrs XI. B 

1. If tf cos A»A cos B. Show that the ARC is a iighi 
angled tilKnglc or an isosceles triangle. 

2. If sin AiB2 sin B cos C, show that the triangk is an 
isosceles triangle. 

3. Show that 4*H - 2 ( Ac* cos A-f co cos B + a A cos C ) 

A>-^ 

c 


4. A cos A-*tf cos B 
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5. If in any A ABC, angle A —60°, show that, 

(^ 7 + b+c) {b-\-c—a)=3bG, 

Prove that in a A ABC: — 



(a—b)- cos^ 5 jfj 2 ^ 






a 


2 — sin 2 A + 




b^ 


2 

sin 2 B+ — sin 2 C=0 


c- 


8. tan A=(a2-/)2+c2) tan B=(/>^-c^+a ^) tan C 

9. 2 : (b^~c^) cotA=0 (P.U. 1944) 

10 In any triangle the sides are 6, 10 and 14 Show that the 
liiangle is obtuse angle & find the obtuse angle. (P.U. 1952. S.) 

1 1 -4. The Projection formula. In a triangle ABC. 

a=b cos C+c cos B 


h=c cos A+a cos C 
c=a cos A+b cos A 


Take figures of Art. 11.2, 

•n triangle ABD; -® g-=cos B 


triangle ACD; 


DC 

AC 


=cos C 


t7—BA —BD + DC=r cos B +b cos C 


/. BD=c cos B 
DC=*=^> cos C 


triangle ABD; (Fig 
In triangle ACD, 



-cos B 

=cos (tt—C)=— 


BD=c cos B 
cos C 


■. a—BC=BD—CD=c cos B+6 cos C. 
i n Fig. 3, a = C — AB cos B = c cos B 


CD=—6 cos C 


=c cos B+^ cos 
=c cos B+Z> cos C 

lienee in all cases a=b cos C+c cos B 
Similary ^=c cos A+a cos C 

c=a cos B+/j cos A. 

Fx, 6, In any triangle ABC, prove that • 

(/^+c) cos A + (e f fl) cos B-!-(n+Z,) cos C=a+b+c 
(A+e) cos A + (c+n) cos B+(a-/!)) cos C 
= (b cos C+c cos B)+(c cos A+n cos C) 


=a + /)+c. 


(a cos B+f? cos A) 


j 
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Ex. 7. Show that a (b ccs C-c ccs 
Since a—h ctw C —c cos B 

/. aih cos C—f cos ccs C-f ccos B) ib cos C—c cos B i 

=/)* cos* C—f* cos* B 
=Wl-sin* O-c^d-sin^ B) 

Since />* sin* C sin* B. (By Sine Formula) 

'Ki 8. Deduce ihe projection formulae from the cosine 

loriTiutae. 

The cosine formulae give 
a*—* c^—2hc cos A 

a*—Iflc cos B 
r*=»a*4 />*—2tff cos C 
adding the last we have 

/,i-f t* = 2u*-/>*+c*—2a (c cos B -/> cot C) 

whence a if cos B coi C, 


Kx 9. Deduce the cosine 
formulae 

a^h cos A i-f cos B 
hmc cos A ♦ o cai C 

f ^ a cos B r h cos A 


formulae from the projection 

(P.L.1949S) 

..-(i) 

.( 2 ) 

.(3) 


Multiplying these formulae by-a,h and c respectively and 
adding we gel 

u*-+h*-f t*-» —o (/) cos C-rf LOS B) h{c cos A^o cos C) 

1- c (a cos B r 6 cos A) 

j«2AfCOs A. 

4-r*— 2/>c CO* A . 

Similarly the other two cosine formulae can be deduced 

Ex 10 Deduce the projection formulae from the sine formula. 

( P U. 1950) 

a _ b _ c 
~sin A sin B sm f 


Since A + B * C-180' 

A-180 -B—C 

sin A«*in (180 -B^ C)«sin(B + C) 
■•sin B cos C+co* B sin C 


• « 


sin B ^ , sin C „ 
. cos C+ . -rcos B 
sin A sin A 
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b ^ c « r. .sin B 6 . 

—cos CH-cos B I . —r=-etc 




sin A a 


a a 

Or a—b cos C+c cos B 

Similarly the other two projection formulae can be ded- 


uced. 

Ex. 11. Deduce from the projection formulae that 

a b c 


. (Sine Formula) 


sin A sin B sin C 
The projection formulae can be written as 
a~~b eos C—c cos B=0 
a cos C—Z?+c cos A=0 
Whence we have 


a 


c 


cos C cos A+cos B cos B cos C+ 


1 —cos^C 


or 


a 


cos C cos A+cos (180'"—A—C) 

b 


or 


cos B cos C+cos(180°—C—B) sin^ C 

a b 


cos C cos A—cos (A+C) cos B cos C—cos (B+C) 

c 


sin2 C 


a 


sin A sin C * sin B sin C 


sin^ C 


a 


or 


sin A sin B sin C 


Q.E.D, 


SEM-ANGLE FORMULAE 


11.5. To find sines and cosines of half of any angle 
triangle in terms of its sides. 


of s 


To Prove: 
. A 


sin 



{s-b) (s-c) 


be 


In any triangle cos A 


, 62 -|- c 2—^2 


2bc 


Now 2 sin2 x—=1—cos A=1 


Z>^ + C* - 


2hc 


o^ —{b^-\ - c^—2bc) _ 


2bc 


2bc 


KELATIOSS BETWEEN THE SIDES AND THE 
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_(a^b—c) (a 

2bc 

Now if we put fl-r6-rc = 2s 
we have. 

a-b-c=2(i-b) 

a-hb—c=2(i—c) 
f=2(j—fl) 


-± -c) 

=thc Perimeter of the triangle 


. , A 2{i-c)2is-b) 

' =- 4 ^^ 


(s- 


2 

A 


bjji-^ 

be 


9 9 


Sin 




/ A< 180. 


\ hcncc'sin-j— 


in positive 


Similarly sin 


and sin 


11.5. I'o Prove: — 


B ^ /(»—CX! 

2 V 


(s-a)(s-b) 

ab 


) 



cos 


2 


=V’ 


2 cos* - 


A 

2 


I fcos A=»l + 


(j-fl) 

be 

b*-^c*—a 
2bc 


6* + f*-i-2fw—o* —o* 

* 2fc 2bc 

_ {a+b±c) (—a + b^c) 

M ~~~ 


2bc 


, A 2« 2(j—fl) 

2 " 46f 


co« 





A 


The positive sign is taken as .—<90\ 


Slnllarly cos 


R 

2 




lantriits of half the aaghn ia teraa 


•Maa 


, A 1-cos A _ . a* 

We know that tan* “ | 4.cos A~cos A——- 
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tan 


A 


•. tan 


,2bc - +a^) 

'lbc-\-(b^+c^-a^) 

a^-(b-c)^ _(a +b-c) {a-b+c) 

''{b+bf—a^ {b+c+a) (b+c-a) 

{2s-2c)(2s—lb) _(s-b) (s- c) 
2 s( 2 s- 2 a s(s-a) 

= + / (■y-^ ) (^-^) 

V 5 (s—a) 


A /A 

Now tan-^ is Positivef- 2 —being 


less then 90 


_ w_ 

A /(s_b)(s—c) 

••• set tan -J— 

n- -1 , ^ ® - /(s-c)(s-a) 

Similarly tan - ^ - v 

C = /(s-a)(s-b) 


and 


tan 


V 


s(s—c) 


The above results can also be obtained with the help of the 

A A 

values of sin j~ cos and -^and etc. found in article 11 . 5 

11.7. To express the sines of the angles of a triangle in 
terms of its sides. 

To Prove:— 


sin A= (s—a)(s—d)(s—c) 


... A A . 

sin A=2 sin-j^cos 
* 2 2 

/(s—b)(s-c) /s{s—a) 
V -be y be 


[P. U. 1946) 


sin ) T 


Similarly sin B= — v'4?-a)(5_^)(5_(r) 


and 




Ex. 12. Show that (^ 7 +ft+c) sin ^ =2c sin ^ sin ^ 


I 
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(a^h^c) sin 


(A — 6 ><J — 

V ~ a b _ 

V ti-CX5-<7) 

ac- 

, B. n 

2c sin ^ sin , 


t>) 



u-c;(s 


-b 


tx. 


A h 


13 If cot-2* show that the iiiangle r-ght angled 

h^c iin B-^sin C 


Sol. cot 


sm A 


(b> sine hi rnvjla i 


• » 


cot 


b-C B-C 
2 sin , coa ^ 

sm B-sm C 


sm A 


2 sm ^ cos ^ 


Now sin 


B 


( 


• • 


Cancelling etc. 


cos 


Hence either 


2 

A 

2 


cos 

B-C 

2 


B-C 


« • 


A ^C = B-VH) 


A C— H 

or 2'== ”2' ^ ^ = 


Fherefore the is right angled at B or at C 


Allter. col - 





(f 



lii - ' i){ *i - /M I) 

(iJ /l - 4 T /» f I ) 

1 »- 

V (/)- <)» 


Hence 


- A (/> • t 
But col* . = 

2 a- 

{h r 4 )* <1* (/> fl* 

4i* —(/> — <•)* o* 

\ ft* —U‘-=»4l*t/> • < )*-(/>* I *1* 

or a* (/►*-(•*)' or 4i-*--t (A*—r*) 

• i|if c*-»A* or 4j* *-A*»=^H 
Ihcrcfore the A is right d at B or at C. 

Idiainpirs XI C. 

Show that in a tria ngle ABC:- 

— Amt— r) 


((ji\rn 


V 

, I C , B 

2. h co%'-^+c cos*-y 


j. 


L. 
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cot 


cot 


_ a—b+c 
a+b—c 


4. tan A 


a sin B 
C—acos B 


^ acos C sin C 
c—a cos B“sin B 


, A ^ A 

tan tan-j 

. A 

tan ^ + tan^ 


c —a 

~b~ 


A B 

-2^ + tan-2 


2c cot 


Be A 

9. 2a sin ysin-^- - (Z>+c~a) sin^ 
10. If a, b, c are in A P. show that 


© 


T • A . C . B 
2 sin — sm-^= sin 


A Be 


(P.u. 1949-S) 


12. Prove that in a A ABC, 


Icos^^+J, 


abc 


11. 8. Napiers Analogy. In triangle ABC. Prove that •- 
. A—B a—b C 

tan 2“- =^aT:pb similar results. 

From the sine formula, we have 

_ ^ _ b a sin A 

sin A~sin B 6 "^sltTB 


(M.U. 


a—b 

a-\-b 


, , A+B . A-B 
sin A— sin B ^ — 

sin A + sin B ~ . A+B A_B 

2sin ^-cos 


c^b 

a+b 


tan 


A—B 


tan 


A—B 


tan 


A-B 


, A+b 

tan —^ tan 


(f-?) 


cot 


» % 
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and the angles of a TkL^NGLE 16“ 


A-B t—b ^ C 
2 -. - b 2 

A—B c a-b 

or tan —tan 

2 2 a~b 


(Alternative Form) 


Similarly tan 


B-C b—c 


and tan 


2 

C—A c—a 


c —a 


cot 


B 


Ex. 14. If ABC is a right angled triangle 
angle at C, show that 


hav inc 


a ^ . 1 +tan '2 ( 

. . C-B c-b 

Sol, In any triangle, tan ^ 




cot 


A 


TT A T B-C » 

Since C — -*- ^ 2 ^ _ 2 


B 


r 


and tan 


C-B 


.(an)-' - 



( 1 ) takes the form 


/ TT B \ c-b . / T 

+ (-4 - 


B 

2 


or tan* 




c — b 

v-t-b 


(c f 

B 


a* 

( 6 -ft) 


• » 


a 

' />+ < 


tan 





1 — tan 


I r tan 


B 


4* 

t 


or 



I i tan ® ^•^{b * t) ^1 —Ian J 


ALITER <i»c cot B. and 6 »c tin B 




a 

b+c 


cot B 
I 4 " tin B 


tin 




I +COS 


TT 

2 




- (.n( _ 



and etc. 


a righi 


.. ll 

rt 
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Ex. 15. Prove that in any triangle 

sin ( B-C ) sin ( C-A) sin (A-B) 
b+c c+a 

(P. U. .1952.S) 

sin^ A sin (B—C) , , . 

K sin (B^-sIn C) 

K sin A sin (B+C) sin (B—C) 


L.H.S. 


sin B rsin C 


+ two similar terms 


K sin A (sin^ B—sin- C) , ^ ... 

= --v - + two similar terms 

sin B+sin C 

= K sin A (sin B—sin C)+K sin B (sin C—sin A) 

+K sin C (sin A+sin B) 

= 0 . 

Ex, 16. if the sides of a triangle are in A, P., show that 
* A ^ C 1 

,a„ - j- tan^=- 2 -. 

since a, b, c are in A. P. 
a+c=2b 

sin A+sin C=2 sin B 

. . B B 
=4 sin 2 “- cos - 2 “ 

-C . . B B 
2 - =4 sin ^ 2 — cos- 2 - 


* A-f-C 

or 2 sin 

A-C 

2 

or 2 sin ^90°— 

j cos ^ 

A-C - . 

co^ • - —7 Qin 

B 

• • Wv/o 2 ^ Oili 

2 . 

=2 sin 

( 90°- 


A+C^ 0 .,. A+C 

=2 COS —=—( 


AC Ac 

or COS ^2 COS +sin ~ sin 


Of A C 
2 ( cos ^-cos —« 

2 2 


. A . C 

sin —^ sin — 


or 3 sin sin ^—cos - • 


A ^ C 
.. tan tan 


3 • 


Miscellaneous Examples XI 
In any triangle prove that. 

1 cin A—B a—b C 

1 . sin -s—=- cos -- . 

2 c 2 


D 



SIDES AND THE ASGLES OF A 


TRIANGLE 165' 


A-C , 

h cos 2 4 '" 


B 

■) 


3 . (a ~h^c} sin 


— 2 x 1 cos 


B 


C 


cos 


B 


4 . Jtan , = (f- 6 )col ^ =(i-c)coi 

A B ' C 

5 . (i-a)Un ,-- (s-i) lan ^ =(J-f)tan , 


, B ^ .A 

6 . j = acos* +/>cos- 2 


C B 

^ cos- cos--^- 


= c cos- 


A , C 


1, a six\^ ^ -/)sin’ ^ 


= 5 —C. 


H. 


co^ A co^ B coi C _ ^in B 
^ h c ^2 <i sin C 


a 


Mn C ^>in A 
2 h sin A^ 2 t sin B 


C 


9 . 


f (:o» A :as B) =2 (u i- 6 ) sin= ^ 


10 


Ian B u' —r* 
tan -r® 


II («* />*> cos C — r (/> co^ B — a cos A). 

12. </(c*»> B-cos C) = 2(t —/))cos* ^ 

1 3. h(h (■ - CON A) ^7(a-^ T-( M I - cos R). 

14. o cos (B -C» /»cos B * V cos C. 

13. rt cos A • h co> li f »t>N C =»2 h sin A sin C 

16 ti coi A 6 cos H c cos C 2 a sin B sin C 

(' C 

17 (<i A I* cos* , • (u * A)® sin’ ^ 


(P t 194 «> 
(P.U 1954 S» 


1*. 


A B 

IK. {a A)c»u • (A—<»cot ^ it itKoX ^ —0. 

*(P.L I954S.) 

19 (<j* —A*»C 'l ■ (A* --(*®)coi A -ii*» col B^O 

IP. I 19441 


2 D, 


a sin (R—Cl A sin iC —Ai 


A*- < 




21 . 


a*(A^r*—ii®i Ml*-* fa*—A*| 


sin 1 \ 


sin 2 R 


r s*n r\ -B) 
a®-A* ^ 

—A® —* *) 
sin 2 C 


22 cos* A rcos* H -i:i>s \ con B=if, if C - 60 *. 
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23. sin 


A . B . C , , , 

=sin sin if 3 a=b-\^. 
2 2 2 


24. 

25. 


a2_A2 b^-c^ 

cos A+ cos cos B+cos C cos’C+ 
If^ 7 , b, c, are in A. P. show that 

(/) sin ^A+^^=2 sin — 

ABC 

(//) cot^, cot cot -y are in A. P. 

A-C ^ . B 
(Hi) cos-y—=2sin— 2 ” 


C2-^2 


COS B+cos C cos C+cos A 


(P U. 1951.S. 


(iv) sin 


- . A . C 
2 sin -y-sin ^ 


(v) tan 


+tan-^ =f cot 


. !. C , , A 2b 

(vi) a cos^ 2 2 ~~~ 2 ~’ 

26. If cot A, cot B, cot C be in A. P.. prove that a® b^ ^2 are 

in A. P. - ’ 

27. If cos A+2 cosB+cos C = 2, the sides are in A. P 


28 


29 

triangle. 


If in a triangle, C=60®, then prove that 

A- 

a+c ' b-\-c a+b+c 

If cos A=sin B—cos C .show that it 


is a right angled 


30. If tan tan 2'=-37 i prove that a+c=26. 

31. In A ABC, b, c. B arc giv.-n; also b<^c ; show that 
( 01 - 02 )*+(fli+ 03)2 tan* B=4 6 * where o^ Oj ar« the two 

values of the third side. jp jj 


20 


Revision Questions V 

[ On Chapter X ] 
1. Prove that in a triangle ABC 

(/) ^ 
sin A sin B sin C 


-r 


(//) cos A = 


b^+ci-a^ 


(Hi) tan 




2bc 

A—B a—b 
2 ~ 0+6 


(P.U. 1950) 
(P.U. 1 50. S) 


cot 


(P.U. 1953) 


kLL\I 


i% BtrV^ttS THE SIDES ASD THE ANGLES OF A TRlANuLE 171 

. A /s{s-a) (PU. 19451 

2. CO. 

» 3. In any a ABC; prove that a=b cos C —c cos B. 

From this and two similar formulae .deduce that 


cosA - 


2hc 


(P U 1949 S.) 


4. Prove »in*A - sin* B-t-sin* C-2 sin A sin B sin C=1 

5 a (cos B cos C • cos A)= Mcos C cos A-cos B). 

= c(cos A cos E - cos C). 

Prove that in a triangle ABC 




B 


COS — * cos ^ 


cos -y — 


- A X * B n -C 

4 cos ^ coscos ^ 

7 If A - B fC - 180 , prove that 

sin 2 A i-sin 2 B r sin 2C A 

^ u ^ r' ^ 

%in A ^sin B - sin C • 


B C 

2 2 


H. 


II !.»n Ian ^ 1 show that a, r, arc in A. P. 

in which caw cos A t c >s ^ con A cos C r J sin A sin C“ I. 

Show that cos \ - cos B ^cos C^l. hut less than \ 


10 . 


If t.in A ci>t B»»'*^ ^ , show (hat ABC 

sin* B 


u either an 


Isosceles or a right angled trungle 

11. Prose that Un \ - ci>s A see B sec C 

tan B + cos B sec A sec C 
tun C -r- cos C see A sec B 

12. If P he any* point in the base AB of a _;;iABC and il C P 

divides AB into two parts m and n; show that 

+ cot h « col A-m col B where C P H=-^ 

' ^ ' (P 11.1950) 

13. InQ 12 , il C P divides/: C into two parts a and prove 
that Um «)Col ^ — w cot a^n col 


14. cot 


B 


col 2 4 ^'^‘2 


C a r ^ c 


<j ♦ h — f 


cot 


C 

s 


(D.L1.I95I1 


l/ 

CHAPTER XII 

'^LOGARITHMS 

12.1 Def. If then jc is called the logarithm of N to the 

base a and is written as Iog*N=x, 

The logarithm of a certain number N to the base a is the index of 
the power to which the base a must be raised in order to make it equal 
to the given number. 

Ex 1. Find the logarithm of 625 to the base 5. 

Let X be the required logarithm. Then 
log5625=x, So that 5^=625=5^. 

Ex. 2. Find the logarithm of 5 to the base 125. 

Let X be the required logarithm. Then Ingj 25 5 
125^-5 or S^^=5\ 

/,3x=I or x—l 

Note-^Tihe two equations ^ 2 ^=N and .\-=IogfN have the 
same meaning. I'he students should get familiar with this nota¬ 
tion and be able to derive readily one equation from the 
other. 

12.2 Important conclusions: — 

(1) Since c/^=l, loga 1=0 

/. Logarithm of unity to any finite base is zero. 

(2) Since a'^=a logcfa=I. 

Logarithm of any number a to the same base a is unity. 

— oo 

(3) Since a =0 Iog.'i0= — oo. (a>I) 

oo 

Since a =0 loga0=+oo. (a<l) 

(4) Since 6''"= —(a>0) is not satisfied by real value of 

The logarithm of a negative number to any positive base is 
imaginary. 

Examples XII A. 

Change the following exponential functions to logarithmic form 

1. 73 = 343 . 2. 27=128. 

3 . y=129, 4. lu" =0 001. 
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r3 


Solve for X : — 

5. Jt=log4 216. 
7. log, 4=1- 
9 Show tnal 

log^ 

x=e 


6. .r = logi, 2. 

8. log, 125=;. 


10. logb (6*)=x. 

Fundamental lavis of logarithms. 

12 3. The logarithms of the product of two factors is equal (u 
the sum of the logarithms of the faciurs 

To prove log. m/» = log*M-r!og.Ai. 

Let iog.m = A. so that /n — u\ 

and log../i=>. so lhal /i = a'. 


(Uw I] 


then m/i 


Hcncc log./n/i=A'-^> =log*/n-rlog*Af. 
or log^mn = log«m log«D. 

Cor I. log. {mnp ) = lug*m-r log,^i ^ log./)-*-.. 

12 31 The logarithm of a quotient is equal to the logarithm 
of the nuinerator diminished b) the logarithm of the denominator. 

m 

Iu prove log«^-=log*m—log./r. lLa^^ II] 

log.ms^.t and log.^ = >. 
m and n = a . 
m a* 
n u 


Let 

so that 
then 



X —>’=alog.oi— log*/i 


Hence log. 


log.m — loe>n 


12.32. Ihe logarithm of the ptiwer of a number is equal to the 
product of the index or the power and the logarithm of tiv number 


To prove log.m*" n log.m 

Let log.oi*4:, so 

Hence log.m** —nlof./n. 

12.33. To prove that lug« b Niog.or 
Let log»6i«x and logbOt«-i> 
so that and 


tumtu', 

loff.m 


(law III) 


log.OI 


log« m 


(Law IV] 
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Substituting the value of by we get 

logaAn=xv=logaixlogb'W. 

Cor. Putting m==a we get 
log bClX loga^=^ I. 




An independent proof oj /ogb^JX1. 

Let logba==.v and Ioga/?=v 
so that and 


A*>'=1. or logbaXloga/>=l 
12.34. To prove that 

l0ga"= -I- 

logma 

This law i> known as “Base Changing Rule" also. 


Proof Pul \ogiub—x ; 

Put logm^7=>' ; 


t 

X 


• • 


'-m=- a 


m^=^b 
/. w> =a 


[Law Vj 


or 


b = 


L 


X 

Y 


, A- l0gn,/> 

I0ga6 = - ^- 

;• logmr/ 


• • 


Q.E D 


Ex. Find log^lb ; given that logn,2=*3010 and 
logi„3 = *4771. 

logioI6 log 2* 4 log 2 2X'301() 

logn,9 “”log 3^~“2 log 3“ '4771 

= 1*261 nearly. 

12.4. Systems of logarithms. 

riicrc are two systems of logarithms in use. One is called the 
Natural or the Napier's system. The second is called the Common 
or the Brigg’s system. The Natural system is useful in higher 
branches of mathematics e.g. Differential calculus and is not suitable 

for numercial calculations. The second system is used in all 
practical applications. 


12.41. The Natural system. In this system the base is taken 
to be a number e which stands for the infinite series, 


UjG^RITKMS 



1 


1 

1 I 


1 


! 


lO cc 


c s h j 1) 


Thus e 15 a number King betv^ccn 2 and 3, 
approximately. The exact value of e cannoi be calculated 

U 5 C thi 5 xysiem in Differeniial Calculus 

12.42. The Common logarithms or Brigg's system. 

When the base used is 10 tne logarithms are called cominor 
logarithms In this chapter when the base is not indicated, it will be 

undersU>od to be 10. 

12 43. Characteristic and Mantissa ; —The logarithm ot a num 
her is not always integral. If the logarithm of any number is p^irtK 
integral and partly fractional, t!ie integral part of the log-riihmN is 
called the Characteristic & the fractional pan is called the .Mantissa 
The mantissa is expressed in decimals and i> always Wept positisi-. 

F.x. 1. For example, If the logarithm of a certain number is 
^ 30103 then 1 is the Characteristic and 0 30103 is the MantKsa 

Ea 2 If the logarithm of a number is—’7921. It wril he 
writien as-1* 2079 then - I is the characterhtK and 2079 is the 

Bsantlaui. 

12 431* Bar Notation In F.x 2. the number -1 - 2079 
can be written as 1 2079 and read as "one bar point two zero seven 

nine. 


Thus 2 "37 means -2-1--37. 

-5 06 — 3 - 1 - 06 and etc etc 

F\ 3. What is the difference between l 5147 and — 3 5147 > 

(I* b.) 


12.44. A4?antages of the common system. 

(1) The characteristic of the logarithms ol any number can 
always he found by inspection. 

(2) The mantissa of all numbers consisting of the same digits 

arranged in ihc same oruer arc always the s.imc, n»t matter wheic 
the decimal is. 

12 45. To show that the characierisiie of the logariihm of any 
Bumber .N can be written by inspection 

(u) Let the number N be gicatcr than unity 


Since HI*™ I , 

10'--10 
HF^IOO ; 
10* lOOU . 


log I 0 

login 1 

lo^lOU 2 

logllXfU 3 and so on 


|i follows that the logaiilhm ol any number lying between 
1 and 10 lies between 0 and I. I bus the chaiaeicnslic of a numt>ci 

between I and 10 is zeio Ihe logaiilhm ol any number between 

10 and 100 must lie between I and 2. hence its ^haiacieiisiic will be 
1, and so on .A given number N having n d'giis in its integral palt 

lies between I O'-' and lO . 
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Hence N=10 where k \s b. positive proper fraction, 

/. log N=«— I +/c. 

Hence the characteristic of log 1. 

Rule A :-Therefore the characteristic of the logarithm of any 
number (greater than unity) is one less than the number of digits in the 
integral part of the number. 

(h) If the number N be less than unity, we have 


Since 10® = 

1 

9 

/. logl 

= 0 

10^1= 

. 1 - 
' 15 - 

=01 , 

log l 

=-l 

10^^=: 

1 

=001 , 

log 01 

=-2 

10-®= 

T 

I 5 O' 

5=0001 

log-001 

=-3 


Hence if a number lies between I and *1 its logarithm lies 
between 0 and—I and is therefore equal to— l+a, where a is a 
positive proper fraction Hence its characteristic is — 1. Si milarly if 
a number lies between *1 and -01, the characteristic of its logarithm 
is —2 and so on. If a given number N has n cyphers after the 

decimal point, it lies between I0~^”"^^^and 10“”* 

Hence where A: is a positive proper fraction 

log N=~(n+\)+k. 

Hence the characteristic of log N=—(/i+l) 

RULE B: —Therefore the characteristic of the logarithm of a 
decimal fraction is negative and numerically greater by one than the 

uumber of cyphers immediately after the decimal point. 

\ ^ Ex. 4. Thus the characteristics of the logarithms of numbers 
5678, 587 2, *0056 and *0528 are 3 2. —3, —2 respectively. 

12. 46. To show that the mantissa of the logarithms of all 
numbers consisting of the same digits arranged in the same order 
differing only in the position of the decimal point are the same. 

Let and y be any two numbers having the same digits in the 
same order. We shall show that log .r and log ,v have the same 
mantissa when x andj differ only in the position of the decimal 
point. 

.y=10p. y where p is an integer positive or negative. 

.*. log x=p+logy 

.*. log a:— log 

’ ‘ Thus log-Y and log j differ by an integer and therefore, have 
the same mantissa. 

Ex. 5. Find the characteristics of the logarithms off/) 219*7 
(//) 2.197 (///) *002197, 

The characteristic of log 219*7 is 2. 


I 


LrXiARlTHMS 


n? 


I 


V the integral part of 219-7 has onl> 3 digits. 
The charaaeristic of log 2-197 is zero. 

The characteristic of log fX)2l97 is—(2—I I or 


A 


fix 6. Given that log 2 = -3O10. find the number 


[Rule A] 
[Rule .\1 
[Rule B) 
of diiiiiti 


in 


Let .ic==2 




t 




j 7~*8451, ^ *lve 


log — 19 log 2 = 19 / *3010. 

-S7I90 . . u 

Since the characteristic of logarithm of .r is 'here are six 

digits m 2“. -^1 

t:x. 7. If log 4567 = 3 6597, write do^n the Lvanthmsol 45’67 
04567, fXK)4567. 

Since ihc^ numbers consist of the same digits in the same order 

the mantissa of their logarithms is the same. 

Hence log 45 67= I 6597. 

log •04567=-2- 6597 = 2 6597. 
log OfKj4567 -4 6597 4 6597. 

K\ 8. Cii\cn log 2 .3ol0, log 3- '4771, and i. 

the equation. 

2* y 3*‘'i „7 imJ 

Taking logarithms we have 

log 2* » l*tg 3* ** —log 7‘*** 

X log 2 • (2.\ I) log 3 -^(4 V 3) log 7 
;r(log 2-t 2 log 3 — 4 log 7] -- log 3 * 3 log 

■ ^ .3 _ 

log 2 f 2 h'g 3—4 log 7 

2 5353— 4771 _ 2 05^2 

“ 30l(»r-9542-3 3H04 " I 2552 -3 3^04 
2 058^ 2 0582 

* 2 1257“* ~2’1252” 97 ncarls. 

F.x. 9, If lop,/r/«.r and loghm = 3 , show that 

I 

log m » 

x^y 

Sol. Ry the “Base change Rule" (Law V) 

L.H.S- log w - 


'n :) 


log.'W 
log./»— I 


I 
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But \og^b= . ^ ^ 

logjnO 

Putting values in I 


lOgni^ _ loga W 

logb/w 


X 

y 


L. H. S. 


xy 


y 


1 


x-y 


Q. E. D. 

of first significant digit in 5'*24 ^hen 


Ex. 10. Find the position 
log 5 = *6990. 

Let jc=5''24 

Taking logarithms on both sides to the base 10; 

log a:=— 24 log 5 
=-24 X *6990 

= -16-7760 

= -^17+*2240 
= 17*2240 

Characteristic of log x h —17. 

There are 16 cyphers after the decimal point in the result 

-21 

of X and hence 17th is the first significani figure in 5 

Examples Xll B. 

1. Find the value of 

(0 log2512. (i/) log832, {Hi) loggi729. 

2. Given log 2 = '3010 find log 5, log '0016and log*005. 

3. Given log 3=*4771. Find the number of digits in 3®^ and 

the position of the first significant digit in 3'^ * 1951) 

4. Given log 2=*3010. and log 3=*4771 calculate the value of 
logg 27 to three places of decimals. 

5. Solve the equation 

j given that 

log 3 = *477L log 7=*8541, log 11 = 1-0414. 

(P.U. 1943-S) 


6. Solve the equation 1 3“^=-5* * - 

7. Solve 2^-3-^=100. 

8. Solve the equations for a*, y 
2*=3>', 2''*^=3*^*. 

Given that log 2=-3010, log 3=*4771, 

9. If a, b, Cy be in G. P. 

Show that logaW, logbW, are in H. P.) 


7- 


(P.U. 1946) 
(C.U.) 


(P.U.) 


logarithm 


r9 

' 10. Prove that =2 log (x~- \ V-1). 

X - \ X’— 1 

12 50. fhe use of Four Figure Logarithm tables ( Given at the end 
of the Book | 

The logarithm of a number is generally a decimal which neither 
terminates nor recurs. In all such cases logarithm is calculated to a 
certain degree of approximation Tables in which mantissa extends 
only to four places after the decimal point are called four figure 

tables. 

Tables containing the mantissa upto seven or eleven places 
have also been publi-ihcd. but for all practical purposes four 
figures arc enough. 

In the table the characteristics are never given because they 
can be found out by Inspection. 

12.51. Rule to find out the mantissa from the tables. 

(/) Remove the decimal point from the given number. 

(//) In the first column find out the first two significant 

figures. 

(///) In the hori/onial row beginning with t’^c two above 
figures and under the column headed by the third figure, read 
the number at the intersection of the horizontal row and the 
vertical column. 

(iv) In the viTii roA and under the me in differences column 
on the right hcadcJ b/ the fourth figure, r.aJ the number 
at the intersection. 

(r) Add this number to the number obtained in (iii)and 
put the decimal point to the extreme left Thii is the required 
Mantissa. 

Ex 11. Find the li'garithm of 6578. 

(1) there arc four digits in the integral part, therefore the 
characteristic is 3. 

The first two significant figures arc 65, the third is 7 and 
the foruih it 8. 

In the first column we sec 6S. The place where the hori- 
•zontal row through 65 and the vertical column below / intersect 
we read 8176. In ih.: saiiu row below 8 under the mean 
difTcrcnccs, we find the number 5. Adding S to 8176 wc get 
8181. Hence the required Mantissa is 8IHI. Hence log 
6578-3*8181 

Ex» 12 Find the Ijgarithm •f-0546. 

The characteristic U-2 (Role B) 

The first two lignificant figures are 54. arvd the third it 6. 

At the intersection of the row beginning with 54 and below 
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6 , we find the number I'm There being no fourth number 
the mantissa is -7372. _ 

Hence log 0546= 2 • 7 3 7 2 . 

A^o/c:—This is read as 2 bar, -7372 and it means—2 +.7375 

i. C-, the characteristic is negative and mantissa is positive. ’ ^ 

Tables of Antilogarithms 

12. 52. To find the number whose logarithm is given- 
Rules : — 

1. From the mantissa find the number corresponding to 

it by consulting the table of Antilogarithms in the same way 
as logarithms tables. ^ 

2. From the characteristic find the number of digits in the 
integral part or the number of zeros immediately after the decimal 
point of the required number. 

3. Put down the decimal point at the proper place- 

Ex. 13 Find the number whose logarithm is 2.9072 . 

Let .V be the number so that log x=2.9072. 

Consider the mantissa 9072, 

In the anti-log tables, run down the first column to -90 then 
at the intertsecion of the horizontal row through 90 and the vertical 
column headed by 7, is the number 8072 and under mean differences 
below 2 in the same horizontal row is the number 4. Adding 4 to 
8072 we get 8076 the number corresponding to '9072. Since the 
characteristic is 2 , the number x shall contain three figures in 
th : integral part 

Hence 8^7.6. 

Ex. 14. Find the value of 

(2-709)''x( 1.2387)' 

Let .v=(2.709)^ X (1-2387)^ 

Taking logarithms. 

log .Y=i log (2-709) +1 log ( 1-2387) 

= i ('43281-}-f ['0931] 

= '0866-f 0133 
='0999. 

Consulting the antilogarithm tal Ics, the corresponding number 
is 1258. 

Since the characteristic is 0, there is one figure in the integral 
paitof.r. Hence .v=l'258. 

12.6. Table of Natural Trigonometric Ratios. 

Along with the tables of logarithms and anti-logarithms are 
given the tables of Natural Trigonometric Ratios. Since the Trigono- 


logarithm 



,a,.o of au, angle ^ 

The uie of these Ubleaaaiilluslratej in Chapter 1\ (Heights 

and Diviances). 

The following examples *ill illustrate host to consult these 
lablcJ. 

Ex 15. Find sin 3J4 —17 , and lan 37 —-5 . 

(n In the Table ol Naiaral Sines run dovsn the first column 
,.11 38^ In the horizontal ro^^ ihrougu 3S and in the column headed 
by 42' we read the nurntrcr 6252 (decimal is vs mien onl> m he iirM 

column- Under Mean differences in the same tovy, belov. 5 there is 

a number) 11- 

Adding this to 6^:52 we get 
sin 38’-47' = -6263 
Hi) tan 37’-28'. 

In the tables of Natural tangents, at the interaction ol the 
horizontal row through 37’ and the vertical c^umn headed h> -4 
we read ‘7646. for 4' the difference is given to be IX 

.Adding this we get, 

tan 37 ’- 28 ' = -7664. 

Ex. 16. If sin 6» = -51. find h 


)P U l''3V) 

In the table of Natural Sines, I he nuniber nearest to .M is 
5090 which lies at the intersection ol 30 and .<6 I he difference 
now left over is 10. Under mean difference 10 iKCiirs under 4 

Adding 4' we get 

ft 30 -40'. 


Nuturil co^inc^ c*D be rciid frjin ih<f tabic for Natural 

sines and for ihis degrees arc written iipysards in the column to the 

naht. Similarly Natural cotangents c 11 be read Irom the tables lor 
natural tangents. There are no tables lor secant and cosecant. 


12. Table of laigarllhms of Trluonointtric Ratios. 

In addition to the higarithms. .ntilogarithms and natural sin..-s 
and tangents tables, there arc tables of logarithmic sines and tangent* 
They arc consulted in the same way as the Natural sine table 


Fji. 17. Find log sin 34 —4.S . 

In the table of logarithmic sines read 34’. 

At the intersection of the row beginning with 34’ and the 
column headed by 48' we read 7564. 
log sin 34®—4H'» I *75b4. 
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Ex. 18. Find the value of 0 from the equation 
log tan 0= T*9366. 

In the table of logarithmic tangents, the number nearest to 
1-9356 is 1-9661 which lies at the intersection of the^ row beginning 
with 40° and the column headed by 48'. In continuation of the same 
row the number 5 occurs below 2'. 

Hence 0=:4O°—50'. 

Note I. The characteristic is written only in the first column 
and is the same for all elements in the same row. 

Note 2. Cosines and cotangents can be converted into sines or 
tangents and then the tables may be consulted. 

Note 3, Secants and cosecants may be converted into cosines 
and sines respectively. 

12. 8. Tabular Logarithms. 

Since the sine of an angle is never greater than unity, the 
logarithm of the sine is always a negative quantity. Thus the characte¬ 
ristic is negative. In some tables it is found convenient to write 
9 for f. Thus lU has been added to the actual logarithm, which 
is then called the Tabular logarithm. It is denoted by L. to distin¬ 
guish it from the actual logarithm. 

Thus Log sin 34° 48'=t0+log sin 34° 48' 

= I0+T*7564=9-7564‘ 

The Principle of Proportional Parts. 

12. 9. (1) The increae in the logarithm of a number is propor¬ 
tional to the increase in the number itself. 

(2) The change in the Trigonometric ratio of an angle is 
proportional to a small change in the angle itself. 

{Note:—The changes referred to above must be small otherwise 
errors are bound to occur). 

Ex. 19. Given log 93*15= T969I 

log 93*16= T9692 
find log 93*155 

Difference in the logarithm for *01 is 0001. 

Difference in the log for 005 is •00005. 

log 93155=1-96915. 

Miscellaneous Examples Xll C 

1, Define a Logarithm and from your definition obtain a 
method for finding the characteristic in the logarithm of numbers 
(i) greater than unity, (ii) less then unity. (P.U. 1954-1953) 

Evaluate 

[12-56]® [7518]® 


(P.U. 1954) 


{.•CaRITHM 


18? 


2. Prove that log^ 


m 

n 


=log*m—log*n 


Find the position of the first significant digit in the value ct 
(•5/*. (PL. I953-Sj 

3. Prove that Iog»m=Iogfcmxlog »6 

Evaluate log 4 p 7 . (P.U. 1952-Si 

4. Prove that log»(fn)“=/i log»m v 

Find the number of digits in 3® and the position of first 
kignificant digit in 3'**. (P.L 1951) 


* 5. Find the mean proportional between 

^•3473 and ^256-4 (P.U. 1950-S) 

6 , Solve 5‘~* = 6 * *. 


Evaluate using logarithms. 



857 3x3 457. 

8. 

57-24 X 00832. 

. 9. 

•9876 X -4679 

•M52x 237-5 ■ 

10. 

(58 95)* 


11. 

(9403)*' 

12. 

(0165)* 

(0026)' 

^ 3 




( 2009,* 

(4 807) 

13. 

Find the value of 

(435>*v'056 

(380)‘ 


(P U ) 

14. 

v/340xr28-5i* 




^/7l5y42 



(P.U. 1953) 

.15. 

Find the value of 

(6-4) ( 256)* 

-80 




given that log 2- 30103, log 4844544=6 6852530. 

(P. U. 1944) 


r0437 )* X (I ^O?)* 

(•OOI5)* x(ll35)5 


(P.U. 1952) 


17. The I'poit office 5 year cash certificates for Rs. 500 arc 

obtainable at an issue price of Rs. 440 as 10. Find the rate per cent 
of compound interest. (P.U. 1940) 

18. Find by means of tables the approximats value of tan 22* 

ond tan 63* 30*. ,P.U. 1935 ^ 

19. Find by means of tables the values of. 

(0 sin 52'»47'. (U) cos 32®—17', 

iVl) log tan 62®-3 6 '. (fr) log cos 47® - 56'. 

(») tan 118*-52*. 
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20. Find the value of 9 lying between 0 and 360° from the 
following equations. 

(0 sine=-2765.’ ('0 cos 0=-6253, 

(Hi) logtan0=T5O93. ('0 log sin 0=2-8212. 

^ 21. Solve the equation 

log (a:—1)2 + log (x-4)^=2. 


22. Ua^-+b^=7ab, prove that 

log a+log b=2 [log {ci-Y-b) logs]* 

23, Find the seventh root of 0 00001427, 

( 6 * 284 ) 3 ^ 0'624 

24. Evaluate ^o-OOT 


(P.U. 1955) 
(P.U. 1955 S.) 






CHAPTER XIII 

--<6lution of triangles 

13 1 The three side and the three angles of a triangle are 
called its six elements When any three elements of a triangle are 
given (at least one of them being a side), the triangle is in general 
completely known The process of finding the unknown elements is 
call^ solving the triangle. First of all we shall discuss the solution 
of a right angled triangle. 

(A) Solation of Right-angled Triangle. 

13 2 Case I To solve the triangle when the hypotewise and 
one angle are given. 

Let the hypotenuse c and the angle B be given. 

A is equal to (90 —B) 

Again b^c sin B 

\ogb = \og c riog sin B. 

First find the R. H S from 
the tables and then find b from the 
anti-logarithm tables 

Also sin A= ^ 

c » c 

fl=-f sin A, log a^log sin A rlof c 

And a can he obtained by evaluating the R H. S. from the 
tables. 

13.21 Case 11. Given the hypotenuse and one side, to solve 
the triangle. 

Let the hypotenuse c and one side a be known. 

A ^ 

/. sin A — 

c 

/, log sin A—log o—log f. (I) 

From (I ) A can be calcula¬ 
ted. 

Also b»9(r-A 
B is also known. 

so t in B « - ^ 

f 

log sin B^log ft—log c. 

or Tog ftwlog tin B + log c 

Hence ft is known. 
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13. 22. Case III Given two sides to solve the triangles. 

Let a and b be known. 

then tan B= — 

a 

/. log tan B=log 6—log a, 

/. Bis known. 

A=90"-B. 

Alsoc= -4-5- ; log c=log 6-log sin B 

sin B ’ 

c is known. 

13.23. Case IV. Given an angle and one side, to solve the triangle. 
Let b and A be known. 

* 

then B=90°—A B is also known. 


Now c= 


a 


sin A sin B 


log c=log log sin B. 
c is known, 
also a=c sin A 


log n=log c+log sin A 
a is known. 

Ex. I. Solve the right angled triangle ABC, 

given that e=70 ft. a=42 ft. C=90°. 
Now sin A=fl/c, 

log sin A=J^g 42—log 70=1 6232—1-8451. 
log sin A=1.778I. 

A=36°52'. /. B=53'’8', 

Again b=c sin B, 

log b=log 70+log sin 53^* .8\ 

= 1*8451 + 1*9031. 

= 1-7482 
Z?=56-01. ft. 

Ex. 2. In a right angled triangle. 

a=843-2. A=34° 15’. C=90^ 

Solve the triangle. 

Now B=90^-A=55° 45’* 


a 


c= 


sin A 

=log 843.2—log sin 34®15'. 


log c=log a—log sin A 



J 


SOLLTTOS Of TRU SOLES 



^2 9259—1.7504 = 3 1755 
c= 1498 ft 


log b lo 2 =log c—log sin B 


45' 


Also b=cs\nB, 

= 1498 -log sin 55 
= 3 1755-T9173 
= 3-0928. 

^, = 1238. ft. 

Eiampk) 

1. Show how lo solve a right angled triangle ABC, with the 
right angle at C, when two sides a and b are gisen. (P. t. 19.-) 

0 Show how >ou will solve a right angled triangle when 
two sides are given by applying Logarithmic calculations 


(PL. 1954) 


Solve the L ABC right angled at C : 


3. 

il 

fc=12 

4 

/)= 122 2. 

f=236 3 

S. 

c=823 1, 

u-237-5. 

6 

c 525, 

B -64 46'. 

7. 

f = b7 ft 

A = 37’ 16'. 

8. 

/>=I20 ft. 

B = 55^ 45'. 

. 9. 

The hypotenuse of a right 


lOglcJ uunglc •141024 unJ 

dc. (F- t. 1944) 

VFIIVr --- 

10, Show how lo solve a n. angled zl ABC who« area and one 
side 4 ic given, iolve if Za = 1 ^’3.7816, j = 52-68. 

(B) Solution of ObliqtK angled trunglr 

13 3. Cave 1. lusoht the triangle when uuc side and two 
angle are gUen. 

Let the tide a and the angles B and C be given, 
then A—ISO-(B » C). A is kno\sn. 

h a . ii sin b 


Now 


a 

sin A 


/. b 


sin B sin A ^»n A 

/, log /> —log a rlog sin B —log sin A. 

/. b is known. 

a sin C 

sin A 
c is also know. 

Ka. 3. Solve the triangle ^hen B»88 —36'; C = 3r —54' 
a^5i inches (P.U 1935) 

Z. A -180 -(88*36't 31*54') 


Again r — 


log c—log o - log sin C—log sin A 
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= 18 0®-{120°-300=59"-30' 


Now 


a 


sin B 


b= 


a sin B 


- 30 ' 


given 


sin A ‘sin A • 

/. log A=log a+log sin B—log sin A. 

=log 53-l-log sin 88°—36'—log sin 59® 

= l-7243+r9999-1.9353 
= 1*7889. 

6=61*51 inches. (From Anti-logarithm tables) 

Again 

Sin A ■ 

log c =log a+iog sin C—log sin A- 

=log 53+Iog'31“-54'-log sin 59°-30' 

= l-7243 + i-7230-^l-9353 

= 1-5120 
0=32 51 inches. 

13. 31. Case II, To solve the triangle when three sides 


are 


Let the three sides be a, b, c. 

A 

we know that tan^ = 


Let 2s=a+h+c 



-b) (s-c) 


a) 


log tan ^ [log (4-6)+log (^-c)-log j-log (r- 


«)] 


A 

Hence -^can be found 


also, tan 


B 


=A (^-0 

\ sis-b) 


B 


Again log tan ~ 2 ~=i [log (j— a)+log {s —c)—logs 

-log(5—h)]. 




B is known. 


Finally C=180-(A+B). 

: • C is known. 

Ex. 4. Given three sides 

fl=4584, A=5140, c= 3624. Find the angles. 

A 


tan 




(s—b) (s—c) 
s (s—a) 

1534 X 3050 
(6674 X 2090) 


(P. U. 1943) 
J=6674 


=2090 
6=1534 
i-c=3050 


soLirrios of triangles 


\h9 


log tan ^=1 [log 1534+log 3050—log 66'’4 

-log 2090] 

= i [3-1858 ^3-4843-3-8244-3-3201] 

=.* (6-6701-7 1445]=[3-3350-3-5722] 

= I 762»; /. -^=30’—5' (From Logarithmic tangent lablo 
/. A=60-I0'. 

g 

Again log tan =J (log (i—oj+log (j—c)—log s 

-log (5—6)] 

= i (3 3201+3-4843—3 8244-3 1858] 

= i (3.8044 - 7-0102] 

=3-4042-3 5051. 

= r8971. 




- = 38-_i7' 


or 


B = 76°-34' 


.-. C=180’-<60MOV76’34')=43^-16' 

13. 32. Cue 111. Given two vide% and the included 
ibe trimoflc. 

Let />, c be the given sides and A be the given angle 
We know that 


angU Ic 


tan 


B-C h'^c 


2 


(Napiers Analogv) 


/. log tan 2 — ""log (/>— c)—log(6-i-r) — log tan ^ 

. B-C . . 

.. 2“ IS known. 

B4-C 

Alto —^ it known. (B-i C»180 — A) 

/, B and C can be obtained by adding and subtracting. 

^ ^ tin A 

tio A tin B tin B 

/. log fl—log A+log sin A-log sin B. 


a it known 

Cx. 5. If 6*23'I, 14*7 and A**47* solve ibe triangle. 

K (E. P. U. 1948) 

Now tan - 2 ^"^^ 2 “ m 
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log tan =log 10-4-log 39-8-log tan 23“ 30'. 

log tan 5^ = 1 - 0170 —1-5999—1-6383 

=2-0170-2-2382^-7788 


®--^=31“ 

2 


Also 


B+C 


66^—30' 


=97°-30'; C=35"-30' 


. . r sin A 14*7 X sin 47 

Again a= —=—;—: 5 co-oa“ 

sin C sm 35 30 

log a=]og I4*74-log sin 47®—log sin 35® 30' 


= M 673+1-7640-1*8641 = 1 *2674. 

^7=AntiIog 1‘2674=17'68. 

Ex, 6. Two sides of a triangle are V^+l and \/3—1 and the 
included angle is 60°; find the other side and angles, (D.U. 1947) 


Let/)=y'3+l, c=v'3-l andA=60“. 
/>+f'=2-v/3,/;-c=2. and 


tan 


B+C 

180°- 

^ =60 

2 

- 2 


B+C 

2 

2 

“2vr 

—tan 60 


. B-C b~c ^ B+C 2 

.. tan —=—=—ri—tan——=;i-7= 

2 b+c 2 2y/2 

V3 

g_p 

••• —2—O'' B-C=90% B+C=120 

B=I05“, 0=15“ 

Also by sine formula 


or fl = 


a 

sin A 
b sin A 

sitTB' 


b c 

sin B ~ sin C 
(3/3+1) sin 60° 
sin 105° 

(3/3+13/ r 

"73+^^ (• 

2^2 


sin 105° 


\/3+l 

2V3' 


2V2 x:^ 


3/6 
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Hence the two solution are 

R =24’-r. Ci=134’-53'. 01=83 1- 

B, =155"-59'. C,=2 -55', o,=5 93o 

Ei 8 Solve the triangle ABC; given that 6—82 5 
■ and C=7r 15'. 

^ .in B .in C . . C 

Now —.-= . . . siu “ 


= b2 5 


Jog fin B = log 6 -r log sin C—log c. 
log sin B=log 82-5-rlog sin 72 -15'-log 182 5 

= 1 91651-19788-2-2513 


=T-6340 

B=25“-30' or l54°-30' 

The obtuse value of B is not admissible because 
added to the value of C the sum is greater than 180' 

• A=l80’-(72"-15'-f20’-30') 

•• =180’-(97M5')=82“-15' 

c tin A 

log a = log 182 i+log sin^82’-l5'— log sin 72'- 15' 
-2-2613-1-1-9961-1 9788 
-2-2786 
fl-190. 

Euaples XIII. B. 


when 


log sin 72'-15' 


Solve the A ABC, where ;- 

1. B-64‘, C-72“. 6-16 8. 

2. A-80". B-53*. 0=126 4. 

3. a-8, 6-9, f-IO. (P. L ) 

4. a—31, 6 — 56. f = 40 

5. Solve the triangle whose sides ace 525, 650, 777 tt. 

6. a-32, 6-40. c-66 find C. (P.U. I94l) 

.7. a-283, b-317. f-42'. 

8. 6-130, f-70.A-42'30'. 

9. 6-231, c-147. A-47* (P I ) 

10. 0-228*6, e-171 3, B-73"-45'. (P 

a 0-7 1.6-2 9, C-120 30 . 

12. A-94*—16', 6-5038. f-6840. (P.L' » 

13. 6-215. c-105-A,-74’27' tPt l941S) 

14. 0-82 31, f-72-95. C-42'—27'. 

15. 0- 2 361,0-3 261, A-41*. 

16. 0 - 246 7,6- 342 5, B-32'17' 

17. 0 — 5 , 6—7. sin A—|. 

y 18. 0-3 1,6-6.8-36 —20 . ^ (P L.l 

19. 6-7. e-10. B-51* > ' (P.L' ) 

20. 0-167, 6-139, A-41*. 

21. o-331-4,c-42l 9, A-70*-15* (P.U. 1942 S) 


r 
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I < 


13.33. Case IV. ( Ambiguous Case ) Given two sides 
angle opposite to one of them. To solve the triangle 


and the 


Let the given sides be b 
and c and the given angle be B 

sin B 
b 


A 


XT Sin C 
Now- 


or sin C= - 


c sin B 


log 

+ Jog sin B 
gives C. 


sin C= 
- log b 


log c 
which 



There are two values of C which satisfy the above relation. 
U one value is Cj, the other value is 180—Ci- Any of these two 
values are admissible, if when added to B the sum is less than 180° 
Then Ai=180° -B—Ci and A 2 = 180°-B-(180°-Ci). 

The third side a may be found from the relation ^ 


a 


or a=^ 


b sin A 


sin A sin B sin B 

so that log a=log 6+log sin -A log sin B. being there two 

values of ci corresponding to two values of A. 

Ex 7. Given a=42*2, /?=47*7.5, A=2r-6\ Solve the triangle. 

( P.U, 1942) 


Now 


sin A sin B 


sin B= 


b sin A 


a 


a b 

Jog sin B=log 47’75-f log sin 21°—6'—log 42*2 

= 1-6790-iT-5563—2i6257. 

= 1*2353- 1-6257= 1-6096. 

• Bi =24° Land B2=155°59' 

\ Cl =134°-53' and C2=2°-55' 

Again 


a sin Cl 
sin A 


sin A sin Cl • • i 

log Cl =loga +log sin Cl—log sin A 

=log 42*24+log sin 134°53'-log sin 2r6' 

= 1-6257+ 1*8503—"'5563 
=2-4760--5563= 1.9197 
Cl =83*12 

, a sin Co 

Again 

/. log r 2 =log 42-24+log sin 2"—55'- 

= l-6257-f-+7041—1^563 
=0-3298-1.5563=‘7735 
■ ^ 2 = 5 - 936 . 


log sin 21®—6' 
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MtsccUaJKous Examples XIII C. 
Solve the triangle ABC, given that 


1. fl=723 4. 6=547 4. C = 59'34'. 

2. 6=16, c=25. B = 33’15'. 

3. 6 = 251, e=14-7, A = 47’. 

4. 6=130, c=72, A = 42’. 

5. B = 64'23', C = 72''43', a = 18-9:, 

6. a=45 73, 6=23 17, c=40-52. 

7. 6=21-25, c=31 31, A=74''. 

8. fl = 2l 35, 6=35 21, C = 50 -48' 

■y. 0 = 33 44. 6 = 44 33, A = 27-48'. 

10, GiVen that in any _1A8C, 

a -15 72 ft. A = 41'‘30', B = 72’45' ; 

find the -iidcs 6, c. 

11. 0=22 9-2, 6=181-2 c = 257. 

12. A=72'43'; b = 64''23’; C=473 feet 
13.41 Gomctrical Discussion of Ambiguous case : — 

(o; Let 6, c, z.B be given. Let B bo acute. 

If we construct the triangle with the given data. 
The construction is as follows 


(P.U. 1945) 
(P U. 194«J) 
(P.U. 1948 S) 
(P.U. 1949 S) 
(P.U. 1950 
(P U. 1952) 
(P.U. 1953S) 
(P.U. 1954) 
(P.U 1953 S) 


(P.U. 1953) 

(P. U. 1955) 
(P.U. 1955S) 



Take angle Xb^'*« Z.Bjilong BY cut off BA*c. 

DrawALiBX letAL=p. 

With A as centre and 6 as radius draw an arc of circle then 
three eases arise. 

1. If 6</>. the circle does not cut BX and hence there ia 
no triangle. 

2. If h^p the circle touches B X at L hence there is only 

One triangle. 
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3. If byp the circle cuts BX in two points Cj and Cj In this 
case two triangles are possible. This is an ambiguous case and 
three further subcases arise. 

(i) If b <c, two triangles are possible 

(ii) If one of the two points of intertsection coincides 
with B. Hence there is only one triangle. 

(Hi) If b is greater than c the circle cuts BX is two points 
which are on opposite sides of B. Hence there is only one triangle 

in this case also. 

(b) Let B be obtuse. 

In this case there is no triangle possible except when bye. 

13.42 Trigonometric Discussion. 

. _ c sin B 
sin C == — ,— 

D 

(a) Let B be acute. 

1. If c sin B*>6: then sin C is greater than I, which is 

impossible. No triangle is possible. 

2. If c sin B=b then sin C-= I /, C=90®. Hence only 

one triangle (right angled) is possible. 

3. If esm B<^ then sin C< 1, there are two values of C, one 
acute and the other obtuse. Both of them are how ever not always 

admissible. 

(i) 6<c then B<C, C may be acute or obtuse. 

\f b—c then B=C only one acute value of C is possible 
and only one triangle is possible. 

(///) ^>c. B>C, C can be acute only, Hence only one 

triangle is possible, 

(b) Let B be obtuse. 

(/) If b>or =cthenB<C, or = C so that C is obtuse. 
Hence no triangle is possible as there can not be two obtuse angles, 

(ii) If then B. >C. Hence the acute value of C would 
be possible. Hence there is only one solution, 

13.5. Other cases In which a triangle may be solved. 

The cases which we have discussed are the four standard cases. 
A triangle, however, may be determined in various other ways. 

We shall explain this by a few examples. 

Ex. 9. Given the base, one of the base angles and the height 
of the triangle. 

Let a be the base, h the height. B the angle at the base, 
then h=c sin B /, 

sm B 

c is known, and the triangle c^n be solved. 

Ex. 10, Given the base, the vertical angle, the sum of the two 
sides, solve the triangle. 

Let a, b+c, A be given. 

_B-C 

bj-^_ sin B + sin C _J_ 

sin A ~ “7 |A 


Now 


a 


.1 
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B- r 

From which wc get cos ^ 

.. B, C arc known. Now ABC can b; solved. 

ill 11 Given the three altitudes. Show how to solve the 

triangle 

Let p q,r b: the perpendiculars. 

Now up = bii^cr = 2 _ 

Sudsiluling ihis value of s, a, b, c we can find tan ^ and oth er 


% n lar cxc&sion. 

r Lxample^ XIII D 

Solv ihc triagic ABC when : — 

1. /)=I2, f = n. C = 50^ 

Hint, sin which is greater than unity ind 

ihcrcorc no triangle is possible). 

2. Altitudes arc 2 H. 3, 4 2 

3 If a, b \ be the given parts of a triangle and 
r, C, the two values of the third vide, show that Cj -Cj = 2/> cos A; 

1 9 VW. M m 


c. c* 


(Him cos A = 


:/>< 


ir 


(D. U) 

Bv putting the value we get a 


ambiguous t'tsc, prove that 


2 cos A 


(D U ) 


quadratic in c and the required values follow imrnediaicly) 

4. In the triangle ABD. b. r. and B are given.also /■< i, show 
that (di a,)* • ((i| - tan* li —4 h* where a^ and a, arc the two 

values ot the third 'kuie. (P.I/.I944.) 

5 If H|. C , tV B,.r, arc the ang'es ol the two triangles in the 

sin C, sin ' I 
sin Hj sin B| 

6. Show how will >ou solve a triangle when a side, the angle 
oppossitc to It and difference uf other iwa s:dcs i« known. 

B-C 

I. sin 

(Hint -Use , 

COV , 


7. Solve the triangle two of whose sides arc 2*5 cm. and 
3'2 cm. and whose arca^.3 b sq cm. 

8 The angles of a triangle arc as 5 : 6 : 9: prove chat the 
smaller sides arc as (\ 6 —U ' v 2. 
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chapter XIV 

HEIGHTS AND DISTANCES 

(Harder Cases) 

14.1 We have already considered simple applications of elem¬ 
entary trigonometry to the measurements of Heights and Distances in 

Chapter IV. ^ 

We are now in a position to take up a few more applications of 
trigonometry. The students shall face no difficulty in dealing with 
harder problems after he has learnt to solve a triangle 

This will be illustrated by the solved examples. 

14.11. Ex. 1. To find the height and the distance of an 
inacc-cssible object frcm a point on a horizontal plane. 

Let P be the object and its 
height be x from the horizontal 
plane through C. 

At A observe the angle of 
elevation with the instrument 
( called Theodolite ). Let it be ct 
Walk a distance A B=a towards 
C and measure the angle of ^ 
elevation at B. Let it be )S. Then 
AC=x cot a, and BC=x cot 

AC-BC=Jc(cot fl-cot )3)=fl, 

a a sin a sin 

cot a—cot )S ~ sin (jg—o) 

fl cos a sin ^ 

" sin ($-ar~ 

Ex. 2 A person observes 
that the angle of elevation of 
the object P at a point A (in 
horizontal plane) is a. Then ne 
walks a distance a to the point 

B being j8 and he 

finds that is r find the 

height of P. 
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Now in the triangle AbP, 

AP_ sin ABP _ 

AB sin APB sin(3-r0 


m 0 


AP 


a sin Y 


sin (B -y) 


• • 


PC = \ = AP sin a = 


a sin Y sin a 

sin —r 


14. 12 To find the distance between two si&ible but inaccessible 


objects. 

Let P and 0 be the objects and A and B be two points 
froTi which both arc visible. At A oiaserve the angles PAB 

and O'B. 


Let them be a and ^ Also 
obverve / PAQ l€t >1 te 

At B observe iheangles PBA 
and QBA. Let them be r ard 4 
Let AB—a. 


Then from Ir.angle PAB 

AB sin APB sm 



(180—a —y) sin (a — y) 


M ^ 

So that AP“ 


1 sin ^ 
sin (a+T) 


Sim*' i\y from triangle QAB wc get. 

I ABQ _ sin 8 

AB sin AQB sin(^-r4) 

or 

Thuf in the triangle PAQ. AP. AQ and the included anglc 
are known, Henee PQ can be found out. 

Ex 3. From the top of a cliff 300 feet high the angles of 
depreuion of the top and bottom of a tower are observed to be 

^ 32*—33'and 62*—IS'. Find the height of the tower. 

L . ' (P. U. 1M6) 
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CD 


Let the height of the tower be x, and 
be the cliff, then 


tan 62® 


15--M 

AC 


tan 32®-35'- 


300 


300 


AC 

300 




or 


tan 62®-15' 

300 


1.9008 


tan 32® - 
^OO-A- 

■6392 


35 


« • 


a:=300 


(1-9008—-6392) 



1 -9008 


364-8 


1-9008 


log x=log 364-8—log 1-9008 


=2-5620—-2789=2-2831 


x=192 feet. 


4 The angle of elevation of tower from a point A due 

V w * f * 

south of it is A and from a point B due East of A is y. If AB=6 
Show that the height h of the towerjs given by - 


/j 2 [cot-y—cot“Al=/2. 


(P. U. 1943) 

S'. ... i • , 


Now 


OA 


—tan A 


i!/.( 


• • 


OA=h cot A. 
Similarly OA=/i cot y, 

AB2=OB2-OA2 

cot^y—/i® cot^A 

/l2 = 




L V n: 

IM ;/ 


f 




! . 


j < 


5 . 




i nie 


9 « 



cot^y—cot*A ' ' /’S .. 

Note :—The tower is'perpendicular ^ ^ 
to the plane of the paper through O. r. ^ 

L i q' 


f f 




.T 




( 


Ex. 5 A pole 100 feet high,’stailds ih the'centre of an 


equilateral triangle which is horizontal At the top of the pole 
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each tide tubiends an angle of 60 . Pri \c ihat the lenghi of the 


tide of the triangle it 50\ 6 led 

Let G be the centre of an 
equilateral triangle ABC 

LW PC J_ to the plane 

of the A the pole 

Let the ^idc of the tnan^lc 

be X 



X 


v/3 

AUo P B s n 30 =BD=» 


A 



PB=-Jit=PA = PC 

Now PG*t^GA*=AP* 

PG»+ '' 3 —=^ 
lx* 

or =( 100 )* 


jr-IOOv/ I =50v/6 ft. 

Ex. 6 . A man” find* the elevation of a tower due East of him 
to be 43*. He walks 100 yrd* due North and finds elevation 
is 30^. Find the height of the tomcr. (D.L. 19,2) 


Let A be the first position, and B 
the second position. AB=»I00 yds 
BOP is the tower, /.OAP—45* 

/ OBP-30 . 

In AOAP. -cot *45 * I 

OA-OP 

Or 

In AOBP.Qp.-coi 30"«.^/3 



OB-V3 OP 
In A OAB. 

AB*-OB*-OA*-3OP*-OP«-20P* 



AB^ 100 

V 2 “ V2 


30V2 yds. 


Ex. 7. A tower subtends an angle L at a point on tha same 
level aa the foot of the tower and at a second point h feet above the 
first, the depression of the foot of the tower is Q. Show that the 
height of the tower is h tan a cot (P. U. 1 >51) 
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Sol Let B be the foot of the 
tower and A given point and let x repr¬ 
esent the height of the tower and y the 
distance between A and B. 



than ^=cot 


y=h cot $ (/) 


For height of the tower we require 

tan a or x=y tan a 

x=h cot ^ tan a (from (/) ) 

8, The angle of elevation of the top of a tower from two 
^mts disant a and b from the base and in the same straight line 

^d if « he height of the tower is Voh 

6 e angle subtended at the top of the tower by the line 

a—b 


joining these points then sin $= 

Let PC be the tower and 
A,B be the two points. 

Let ZCAP=90"-a. 

then /.CBP=a. 

AC=a=;ccot (90®—a) 

~x tan a 

[x is the height of the tower], 

BC=b—x cot a 
x^=ab or x=^/ab 
Again e=a—(90®—a) 

= (2a-90®) 


a+b 


(P.U.1948) 

If* 


or sin —cos 2«= — 



l+tan^a tan^j + l 


Alsoian a=-^-=V^^ 

V«T 



Sin 9 


a 

b 


-1 


a 

~b 


+ 1 


a— h 
a-^h 


■j 

,A 




EXAMPLES XIV A 

1. The angles of elevation of two aeroplanes one. passin, 
vertically over the other are seen by an observer* to’ 39" and 47 
respectively. If the height of the lower aeroplane abbvQ the 
. ground be 4049 ft. Find the height of the upper aerbpldne’J 

(P. U. 1936) 
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2. A vertical flaestaff stands on a horizontal plane From 
a point distant 150 feet from its foot the angle of elevation of 
Its top is found to 30 . Find the height of the flaestaff. 

(P“ U. 1942) 

3. A ladder 20 feet long reachts a distance 20 feet from 

the top of a Hagsiaff. At the foot of the ladder the elevation 
uf the top of the flagstaff is 60"* . Find the heieht of the 
flagMaff, (p/U 1940) 

4. From a point 100 ft. above the surface of a lake, the 

angular elevation of a p-*ak is found to be 15 , and the angle 
of depression of the reflection of the peak is 30' Find the 
height of the peak (P. L'. 1955.) 

5 A person Stan on the bank of a river, observes 

that the angle subtenuej by a tree on the opposite bank 
*s 62'-IO' When he retires 400 fcci from the bank he tinds the 
angle to be 30"-5' Find the height of the tree and the 
breadth of the river. 

6 . A tower stands on the b^T\k of a river. To an observer 
on the opposite bank: the angle of elevation of the top of the 
tower island the angle ot depression ut its rcflccuon is If 
the eve ol the observer is/i it, above the ground, f ind the 
breadth of the river and the height of thj tower. 

7. A wireless pole 25 feci high i-* lised on the top of the 
verandah of a house which is 15 ft high At a point P on the ground 
<lirectlv opposite, the verandah and the wireless pole subtend equal 
angles. Find the distiiice of P from the verandah. (P U 1943 S) 

H. A lower is observed from two stations A and B. It is 
found to be due North of A and N uih West of B B is due East of A 
and ampiO f^ci from it. The elevation ol the tower as seen from 
A lt complement of the elevation as seen from B Find the height 
of the tower }j 1944 

9. Standing on the seashore, a man who-c c)c is 24 ft above ihc 
water finds that angle of clcvaium of a small cloud is 31"', vshilc 
the 4 #glc of depression of the image ol the cloud in the water is 
32'*. F ind the height of the cU)ud above the sea level (P.L 1937 S) 

10. Fo an observer on the ground the elevation of the top of 
a tower ii 61*—48'. VS hat is the elevation of a point half way up the 

(P 1. 1937 S ) 

11. AB is a straifl'q road leading to C, the foot of the tower 

A being at a distance of 400 ft from C and B being 250 feet nearer. 
If the angle of elevation of the lower at B be double of the ansle of 
of elevation of the tower at A Find the height of the tower and the 
angle of elevation at A {P\\ 1935, D U. 1945) 
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12. A man at a height of 200 feet oljserves an object due South 
to have a angle of depression equal to SO'* and another due South 
west to have an angle of depression equal to 60®. Find the distance 
between the objects, 

t 

13. The elevation of a tower from a point A due south of it ia 
observed to be 45® and from a point B due East of A to be 30®. If 
AB=240 feet. Find the height of the tower, 

14. Ffom the top of a cliflf the known distance a between the i 
two boys is observed to subtend an angle 0; while their depressions \ 
are a and Prove that the height of the cliff above the sea is. 

_ n si n a sin j8__ 

Vsin^ a+sin^ i8—2 sin a sin ^ cos 0. 

15. A vertical tower stands on a horizontal plane and is 

surmounted by a vertical flagstaff of height/r. At a point on the 
plane the angle of elevation of the bottom of the flagstaff is a and that 
of the top of the flagstaff is jg. Prove that the height of the tower is 

h tan g _ 

tan /S—tan a 

Evaluate the expression when h~22 ft., a—30® 5' and )8=40®. 

[P, U. 1949.S.] 

16. The angle of elevation of the top of a mountain observed 
from each of three point A, B, C, forming an equilateral triangle 
of side a on the plane is a. Show that the height of the mountain is 

^ * A 

^— tan a cosec A. 

17. A vertical tower P Q stands on a hill which is inclined to 
the vertical at an angle a. At two points A and B, a feet apart on the 
side of the hill, in the same vertical plane as the tower, the angles 
subtended by the tower are ^ and a. Show that the height of the 
tower is. 

g sin j6 sin a 
sin a sin (a—’ 

18. At a point on a level plane a tower subtends an anglA and 
a man a feet high on its top subtendcs an angle jg. Prove that the 
height of the tower is. 


a sin g cos (g+jS) 
sin j8 


(P. U. 1949) 


19. A statue on the top of a pillar subtends the angle a at 
distances of 9 and 11 yards from the pillar, if tan g=TV, find 

the height of the pillar and the statue. 
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20 A tower 150 feet high stands on the top of a cliff 80 ft. 

high. At what points of the plane passing through the toot ot the 

cliff must an observer place himself, so that the tower and the cliff 
may subtend equal angle, height of the eye being 5 feet. 

21. A tower 51 ft high has a mark at a height of 25 feet from 
the ground. Find at what distance the two parts ^^^tend equal angles 
to an eye at a height of 5 feet^om the ground. [P.U. 19sl. S..D.L.1 

22. AB is a straight road leading to C, the foot of a tower, 

A being at a disunce of 200 yards from C. and B, 125 yards 

nearer. If the angle of elevation of the tower at B be of Uie 

angle of elevation at A, find the heigt of the tower. (D.U. 195d) 

23 At each end of a base line of length 2o, it is found that the 
angular 'altitude of a certain point P is e and at the middle Pojnt of 
the base, the altitude is Prove that the vertical height of the P. 

a tin 9 sin 0 

above the plane is ^ 

24. The angular elevation a and Q of the top of a tower arc 
observed at two points A and B, A is on the ground and B is 
(jCtween A and the tower at a height b above A and at a horizontal 

distance a from 


^fchcrc 


. ... . a sin a sin(fi—9) 

A Prove that the height of the tower is- -^ ^ sin { $-a) 

e-tan’‘ ~ (P.U.1925.S) 

a 

25 A vertical flagstaff stands on a horizontal plane such that its 
top subtends angles of 45* and 30’ at two poinu A and B. 240 yards 
apart and in the same st. line with the base of the flagsuff; find the 
height of the flagstaff. (P.U. 1953.S) 

26, If the angle of a elevation cloud from a point h feet above 
a lake be /3 and the angle of depression of its reflection in the lake 

h sin ( g-f fl) 

•in (a — $) 


a, prove that the height of the cloud is 


(D.U 1954.) 



y 

CHAPTER XV. 

PROPERTIES OF TRIANGLES 
15, I. To find the Area of a given trianpl® ABC. 

Let ABC be a triangle. Draw 

AD J_ BC. Then area of th#' / 

triangle is denoted by A (say). 

A=iBC. AD. // 

But AD=c sin B. ^y/ 

A = J a c sin B. 

Similarly A=i cib sin C and A=i be sin A, 

•*. A=J a c sin a b sin C. b c sin A. 

'^15.11. To prove that A ='\/sJs—a) (s—b) (s—c) 


In a A ABC; sin A = 


be 


V'S (s — a) (s—b) {s—c) 


'1 ___ 

A=i b c sin A = | be. ^ (^—^) (-y—«) (^—c) 

— Vj {s—a) {s—b) {s—c) 

Hence A==\/s (s—a (s- b) (s—c) [ Heros’ Formula 


— Vj {s 
Hence A==\/s”^ 

15.12. To prove that A 


Now 

Also 


sin A 
b 


A 


_ a- sin B sin C 

sin A 

— \ be sin'A 
^ b c 

sin B ~ Tin C 
_ sin B _ a sin C 
sin A ’ sin A 

sin B sin C 
smA 


Similarly 


c’ sin C sin A 
sin B 


A=l 


« 

and A=l . Asin B 
, sin C 

Ex. Find the area of a triangle when fl=13; b 

Now 2s=a+b+c=42, 

J=21. 

A =y'21x«x 7x6=84. 

Ex. 2. Find the area of a triangle 

a=5; b=l-, C=3rj 15' 

204 


14; c=I5 


t I- 
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^ = J fli sin C. 

= ;x6x7sm 31". 15' 

= ^ X •5188=9 079 


Ex. 3. Find the 
angle are 30’,45’ 

0=3. B = 
A = 


area of a triangle whose base = 3 ft and base 

30’. C = 45''. 

^ a* sin B sin C 

* sin (B^ C) ~ 

^ - sin 30’ sin 45’ 

' ■ ■ siir75’ 


1 2^,'2 

V2 ^-;/3%l 

|(x/3-l)=| (-732) =1 647. 

EXAMPLF-S XV. A. 


— sq. fr 


is 60 


Find the area of A ABC; 

1 whose sides are 6, 8, 10 

2. „ „ „ 25, 52 and 63 feet 

4. Whose iwo sides are 7 ft. and 12 ft. and the included angle 


4. Show that the area of the triangle ABC can be put in the 

- , , n* sin B sin C „.. 

from A*i ^ (P I'. 1951 S.) 


5. Prove that the area of the triangle is equal to —— 

4 col A 

(P.U 1951 S.^ 

6. Prove that aica of any triangle ABC«<^—sin^ si ^ B 

^ 2 sin (A—b) 

(P U. 1954 S » 

Circlet coanreted with the Triangle. 

15*2 Deflniliont—Circura Circle :— Ihc circle which passes 
through the vertices of a triangle is called the circum-circlc. The 
centre of this circle is called the circum-ccatre and the radius is 
called the circumradius and is denoted by R 

lo-circic The circle which touches the three sides of the 
triangle it called the inscribed circle. Its centre is called the lo-crntrc 
and is denoted hy 1 and its radius is called the radias and is 
denoted by r. 

The circle which touches the side BC of a triangle and the 
other two tides AB. AC produced is called the Lscribrd Circle 
opposite to the angle A. Its radius is denoted by The cx-centre 
is denoted by I,. Sim.larly we have two more cx-circles opposiic 
to the vertices B and C. whose radii arc r,, r, and centres 1^ 1,. 

15.21 The circuoi eeatre of triangle is the point of loicrsection 
of the right bisectors of the sides of a triangle. 
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r= 


B . C 
a sin sin 


sin 


B+C 


Hence r= 


. B . 
a sin —^ sin 


cos 


Similary 


a • 

D Sin Sin 


C 

'2 


^ . A B 

c Sin cos — 
2 2 


cos 




cos 


Another Method 


B C 
^ sin ~ 






(5—a)(5—6) 


ab 


cos - 



a) 


be 

Vs(s—a) (s—b) (j—c) ^ A 

A B r* 

T” ~2 "T 


r. 


Ex. 4. Show that r=4 R sin 


a sm 


B 


2 


2 R sin A sin-^ sin — 

2 2 


cos 


A 

cos - - 


. A . B . c 

=4R sin -y- sm —y sm 


Ex. 5. Prove that 

a cos A+6 cos B+c cos C 

=4R sin A sin B sin C 


Now 


a 


2R 


(P.U.) 


sin A sin B sin C 

.. L. H. S=2R sin A cos A-|-2R sin B cos B4-2R sin C cos C 

=R [sin 2A+sin 2B+sin 2C] 

(A+B) cos (A-B)4-2 sin C cos Cl 
=2R sin C [cos (A-B)-cos (A+B) 1 
=4R sin A sin B sin C. ’ ^ 

Ex. 6. Prove that R r (sin A+sin B+sin C)= A 


(—4- * 
KoT>~r 


2R f 2R 


+ 
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The la centre of a triangle is the point of concurrence oi me 
internal bisectors of the angles of a triangle. 

The ex-centre opposite to A is the point of concurrence of the 
internal bisector of angle A and the external bisectors of angles B 

and C. 

. 15^ The Circom radius R. 

To prove that in any triangle ABC. 


R = 


2 sin A 


2 sin B 


2 sin C 





■JJ‘ 0“ 

Ut ABC be a triangle and O its circumcentre Join BO 
and produce it to meet the circle m D. Join DC. Then /.BCD 
being in a semicircle is a right angle. 

BC 
BD 


In Fig- (0 


sin BDC= sin A 


In Fig. 01) 
In Fig. 00) 


Hence 


BC 

BD' 

BC 

BD 

a 

2R 


sin BDC=asin (w—A)=sin A 


I 3>sin 90’=sin A. 


sin A or R 


2 sin A. 


Similarly 


Hence R- 


R- 


2 sin B 


2 iin~f 


2 tin A 


15.31 To prove that R>* 


2ila B 

the 

4 A 


c 

2 s'in C 


We know that R« ^ ^ ■eJ Ac sin A 


R A 


abe 




abc 

4A~* 
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Note. Art. 1^*3 may 
Sine Formula. 

M 5 . 4 . The In -radius r. 


be regarded as another proof for the 


To prove that in any triangle 

Let I be inccntre of the 
triangle ABC. Draw ID, IE, IF 
perpendiculars on BC. CA, AB resp¬ 
ectively. Join lA. IB, 1C. 

ID=IE=IF=r. 

We have A ABC 
= A IBC+ A 1CA+ A lAB. 

= ^ ar-h J br + h cr 

= i (ci + b+c) = -}^ r. 2s—rs. 

Henee r= g 

s 

% 

^5.41 To prove that in any triangle. 

« A 

(/) r=(s—a) tan - . 


r = 



a sin 


sin 


(/) r = 


COS - 


From the Figure of *’ last article. 

25=BC+CA + An 

=(BD-! . C)4(CE+EA)4-(AF+FB) 

= 2 (BD + DC + EA) V BD = BF ; CD 
=2 (a+EA) 

5=r7+EA; EA=5—a. 

Now tan = A- 


AE 


s—a 


= CE; AF==EA 


A 11 

Hence r=(s—a) tan Similarly r=(s—b' tan — 


15.42 a=BD+DC 


(s-c) tan-y 


B C 

r cot^ +r cot ^ 


(••• 


®P 

ID 


cot 


' 1 : 


r B c "I 

I cos cos — - I 

) . B ^C 

j sin --- sin — 

12 2 J 


r sm 


2 , 

B+C 

2 


. B . 
sin — stn 
2 
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f^5. 


= -2~(a-ri-rc>=:/-j=^ 


'■1 = 


To Prove that in an> triangle ABC, 

A _ 

Let I, be Ex-cenirc opposite to A. 

Let Dp Ej, Fj be the points of contact 

the cxcircJe w/th the sides. Join IjA, l^Band I, C 

AABC=Z,Ii CA-r AI AB-AICB 

rc-u) 

2 (/> r ca —2u) 

=■ 2~<2j~2o) = r,(j —a) 

Hence r, = -^ 

i—a 



Similarly r,= — 


A 

j—A 


and 


A 

i—r 


>f5 51 To prove that in an> triangle ABC, 


(0 r^^s tan - 


B 


(,7) ;; 


R 


a cos 


cos 


Uii) /-, 


cos 


A 


and similar results for r^iind r*. 

From the figure of the last article 15.5. 

2i-BC f CA I AB. 

-(BD, 1 D,C) f CA +AB 

-.BF,-hCE, + CA (-AB. 

-(AB r BF,)+(AC fCE,) 

-AF, + AE, 

-2AF,. V AF,-AE,. 

/. AF, —» 
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From the triangle AFiIj, 

LFi , A 

AFi 2 

Fi = AFi tan 
, A 

ri = s tan^- . 

B C 

Similarly r 2 = s tan-^, t^=s tan 

15.52 (ii) ; and 



CEi= 


[See Fig. above] 


ri = (5—cot 

C B 

ri^(s-b) cot -^ = (5-c) cot 

A C 

Similarly /' 2 =C^—c) cot^—= ( 5 —a) Cot 


''2 =i-s~a) cot -^=(5—6) cot 


B 

Hence BDi=«=/*i tan 


> 


tan 


5’imilarly DiC=ri tan ~— 

B C 

B C—r^ tan-2 ~2~' 


Now BC=BDi+DCi 


{ si 


1 sm 

-i —g~+ 

i T 


• C 1 

sm-2- , 



cos 


2 J 


B-["C 

sm 

B 

cos '^COS 


j\=a ^ 


■z-cos-^- 
cos 2 2 


sin 


B+C 


'*1= 


B C 
a cos ^ 


cos 


Similarly r 


. . C A 
b cos - cos 2 


cos 
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C COS 


= !* 


COS - 


A 

'2 

e 

2 


cos 


B 

2 


B 


Ex. 7. Prove that ^,=4 R sin ^ -cos ^ 


cos 


B 

cos ^cos 


C 

2 


B 


cos 


cos 


C 


r, — (t 


= 2R sin A 


cos 


cos — 


A 

•) 


4R sin 2 “*-°* 


cos 


B 


cos 


C 

2 


cos - 


A 

2 


. o A B C 

4 R sin 2 “*^°* ~2 2 ' 


Ex. 8 Prove that, in any triangle ABC 

C . C 

(At) (c, »-/■,) tan 2 ’ 

(ii) . A,A, rA,A,=j*. 

(Hi) A, i A, f a,-a = 4 R. 


(P. L'. 1944 

(P. U 19441 
(P V 19511 


Sol. )V“ 

V is-a) (j— 

i (J = C) 


A (s—b+s—a) 
(t—a) (i—6) 

A (2s—o— b) 


c. 


y/s( s -a){s- b)(s-c) 

Aliter 

c r c c c I 

(0 (A,^ A,) tan—cot -^+(i-u) cot , lt..n 

»i—A+s-a»= 25—«i—A“C 


Also (A,—a) cot 2 



s tan 2 —U ~0 tan 


5-(j—C) 


C 1 C 
2 /*■' : 


0 t L) 


(H) Vi-* 


A’ 


A* 


<•) (J-cMf-o) 


4- 


A 


- s(J- 


(s—aXs—6) 

o)+j(5—6)+j(j—c) 
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=s(s^a+s—b+s — c)=s [3s — (a+b+c)] 




, , A , A , A 

ini) r^ + r^+rg—r - 


A 


A(j-6+5-a)_^ A [.?—(■^-c) ] 


= Ac 


{s—a)(s—b) ' s (s—c) 

[jCj— c)+(5—a)(j—^»)] 


= Ac 


(s—a)(s—b)s{s—c) 

[ ? — s{a+b+c)+ab] 


A 


= A 


abc abt 


4R 


A*^ A 

Ex. 9. Prove that in any triangle, 


cos A+cos B+cos C=I + -^ 

JK 


(P. u. I952.S) j 


A 4- B 

L.H.S.=2cos —I— cos+1-2 sin^ 


= 1+2 sin - 


= 1+4 sin 


C/ A~B A+B\ 
_(^cos -^-cos^ J 

C . A . B . 

T®*n 



= 1+4 A A , Hy-6)(j—c) 


ab 



be 





abc 


= 1 I s(s-a) (s—b js^ 


s ahe 

4A 


I -f- -lA! =1 + 

s{abc) abc * 


A 




Ex. 10. If the escribed circle corresponding to A be 
the circum circle, prove that cos B+cos C=cos A 
Sol cos B+cos C—cos A 


equal to 


(P.U.) 


=4 sin —A-cos 


B 


cos 


1 


[Ref. Q. 6. Examples X A] 


'j 

R 


1 =0 


and since is given to be equal to R 

91/'' 


•V'. 
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/. cos coi C=cos A 

Examples X\. B. 

1. (a) If R be ibc circum radius of ilABC and be the 
radius of the escribed circle opposite to the angle C. prove that 


(i) R = 


abc 

4A ■ 


(ii) tan , 


(b) Ifu,/>, c, be 13, 14, 15, feet respective!) calculate R 
and r*. (E.P U. 1948) 

2, (a) Show that the inradius of a triangle is given by 

A 


S 


and that the circumradius by 


2 sin A 2 sin B 2 sin C 

(b) Given three sides a=58'6, t=64 3, c=52 5. 

Calculate the area of the inscribed circle. (P.U. 1945) 

3. {a) Prove that the radius of the escribed circle opposite 

t A 

to ihc angle A of AABC is gi»en by "2 

(h) If the sides of a triangle are, 

a = 60' I 
6=65-4 
c=52-7. 

Calculate the area of the escribed circle opposite to A 

(PU. 1946) 

4. Prove that/•, = — =4R sin ^ coi , cos 

s—a 222 


f’rovc that in any triangle ABC. with usual notation :— 

tP.U. 

5. rr,-f r,r, = 6f, 

A A A 

6 cot 2 — J(i-a)tan j “2'- 


1951) 


7. 


I 

ah 


1 


1 


^ 6r ^ ca 


r, r. r. 

+-CO + ah 


9. 


10 


be 

\ 

r 

r* 


J 

2Rr 

2 

r 


1 

2R 


(D.U. 1950) 


(D.U. 1946) 


I I 

+ T 




I 


1 


-“r+ r 


- 


II an A B 
11. j«*4 R cos-j— cos 2 


cos 


(D.U. 1944, P.U.) 

(P.U. 19S2) 
(P.U.) 
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12 ^1-'” _^ 

(P.f 1S26 S 

13. a cos A+b cos B + £'CosC = 4R sinAsinB sinC (D.U.1955.S; 

14. - 4 CO, A+ W ^t.4 cos C ^ ^ 

15. a cot A + b cot B+c cot C=2(R+/-) (P-U. 1953) 

16. ^i + /-j+/-3=4R+/- (P, U. 1953. S.) 

1 1_ J_ _J_ 4R 

s—a s—b s—c ~ A ' 


14. 


16. 


17. 


(D.U. 1953) 

(P. U. 1953) i 
(P, U. 1953. S.) ^ 


A 


abc (cot A + cot B+cot C) 


18. R= 

19. sin 2C + c^ sin 2B = 4A' 

A • B . C 

20 . r }\r^r^= s.%\Xi ^ 954 ) 

21. ■ Cos^ +Cos'‘^-^4-Cos'^ ~= 2 + 1954) 

22. A=''^ cot 2 cot — 2 “' cot —• 


23. A = 2R^ sin A sin B sin C. 

24. Prove that the area of the inscribed circle 


is to the area 


of the triangle is as n: cot —v—cot 


cot 


25. Show shat the area of the triangle formed by the^ points 
of contact of the sides with the incircle is the area of the 

tria igle as 2(5'—^)(.y—i)(5—c) : abc, 

jr _{:2±_'*3_^ 3+A _ A+ '■2_ ,, 

(.y—fz) sin A (s—b) sin B. (^—c) sin C 


27 


cot 


cot 4- cot 


28. If a, / be the distances of the vertices of a A ABsC 

from the incenter prove that a$y. s =abcr. (D. U. 1945.) 

29. If p is the altitude of the triangle ABC drawn from A 


prove that p=^ -^-— 

^ ^ col B+cot C 

30. If Ij is the centre of the escribed circle 
angle A of the triangle ABC prove that. 


(P. U. 1951) 
opposite to the 


Ali=4R cos —x— cos 


(P. U. 1943 S.) 
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11 Prove that 4A(cot A-coi B-cot C) —j’j <■*, 

32* The s'ldes of a triangle are 16, 10, 33 feet. Find the 

radius of the escribed circle corresponding to the greast n anjle^^^^^ 

33. If A, Aj. A,. A, denote the areas of the incircle and the 
xc-circles of a triangle ABC. Show that 

1 _ 1 _ 

^/A, ~ Va 


, I 1 

Show that —,. — ,. 


34, Ifp., Pt, Pt be the perpendiculars on the sides BC, CA. 
and AB ef a triangle ABC from the opposite vertices. 

1111 


D I 


Px 


Pt Pi 


35. The perpinJiculars from the circumcentrc of a triangle 
on its three sides are a. r respectively show that 


ah c 

36. If AD is the median 

2bc sin A 


abc 
of the 


tan ADB== - 


b*- 


^ ABC show that 
(P. U. 1949 S. 


37. If P be any point in the base BC of a A ABC and if An 
dividc.s BC into two parts m. n and the angle A in two parts a. H 

show that (m-rfi) cot fx-m cot a — n cot ^ 

where Z.APC = 6f 

38. AB is a chord of a circle of radius R and subtenxs to 

angle 2 1 at the centre C Prove that the inradius of the A ABC 

i^ K* lan a (I - sin a) 


4 



CHAPTER XVI 

REGULAR POLYGONS 
AREA OF A CIRCLE 

16. 1. Regular Polygon Def. A polygon is said to be ' 
regular when all its sides are equal and all its angles equal, 

16. 2. To find the radii of inscribed and circumscribed circles 
of a regular polygon of n sides. 

Let AB be one of 
the sides of a regular 
polygon of n sides. 

Let the common 
centre of the inscribed 
and circumscribed circles 
be O. 

O is the point where 

the right bisectors of the sides and also the bisectors of the angles 
meet. 

Let OA=R and OD=r where D is the point of contact of 
the incircle with the side AB. Let AB=a. 



Let AB=a = 

AD 

Now^= sin ZAOD /. c.-^= sin 


^AOB 


27r 

n 



n 



a 

2 sin TT 



Cosec [Formula No, IJ ' 



Also 


AD 

OD 


= tan 


-2-r 


tan 


cot 


2 tan 


[Formula No. 2] 


16, 3 To find the side of b regular polygon of n sides inscribe i 
in a given circle. 

Let R be the radius of the circle an J O its centre 
Let ABCD be a polygon of n sides. Draw OD I AB 
Join OA, OB then OA=R 

ZAOD = 7r/n 

AD tt 

sin AOD= sin — 

OA n 
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t 


I 


J 


16. 31- To find the side of a regular p3ljgon of n side 

c ircaasi^hed to a giren circle. 

Let r be the radius of a cir.lc and O its centre. It a is 

the tide of the polygon, we can prove 
• fl=2r tan [Formula No. 4] 

ft 

}io{c :_ Formula- 3 4 can be divided from Formula 

I, 2 and vice versa. 

16.4. Area of t Polygon —Prose that the tr^a of a regular 
polygon of n sides is gireo by 


77 


= tan 


n 


nJt 


cot 


a=0yR* 

Area of a polygon=n. ^ AOB. 
c=/i. \ OA. OB. sin AOB. 

= -- sin (Formula No. 5.) 

2 0 

Also Area of the polygon 

=3n. A AOB 

1 AB.OD. 

iwhcre area is obtained by a different method) 
=»/i. k a r. 

ir 
n 

Again Area of the polygon 

a a 

SB n. 


n. r 


tan — 


(Formula No. 6) 




2 ^ . w 

2 lan- 
n 


4 tan 


n 


no 


_ col ^ (Formula No. 7) 

^16. 5. If 6 be tbe circular measure of any acate angle tobich 
h less than a right angle,) then sin 6» d, and tan e are In ascending 
order of magnitude. 

Let TOP be any angle less than -j-. Let it be denoted by 

Q, With O as centre and OP as radius draw an arc PAP' of a 
circle, cutting OT in A D^aw MP i_or and produce it to tj:: ih: 

circle in P'. 

Draw the tangent PT 
at P to meet OA in T. Join 

PT. The. A» POM a"*! 

P'OM are congruent, so that 
PM-MP' and Arc PA-Arc 
P'A. Also A* TOP and 
TOP' are congruent. 

. Tp.,xp'^ 

Tbe straight line PP' 
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is less than the arc PAP' and we shall assume that 

arc PP' is less than PP-f-TF' so that PP' < Arc PAP'<TP+TP 

or PM < Arc PA<TP 

MP Are ^ ^ [Dividing by OPJ 


or 


OP 


OP ^ OP 

or sin /><0<tan Q, 

Hence sin 0, 0, tan Q are in ascending order of magnitude. 
16 6 . Show that =I 


Lt ^ 

^->0 


e 

Since sin e< 0 <tan 0 , when e< 
Dividing by sin 0 , 

e 1 


TT 

2 


1< 


sin 0 

e 


< 


cos 0 


lies between 1 and- 


1 


sin 0 cos 0 

$ 

when 0 approaches zero, cos 0 approaches unity and conse 

0 1 
quently^T?-^ which lies between 1 and--—^ also tends to unity 


sjn 9 
Tlierefore 


cos 


Lt sin 9 


Cor, 1. 


6->o e 

Lt tan 9 


=I 


Lt sin 9 


I 


6>->0 


e 


sm 


e ->0 9 


cos 9 


1 


G 


Cor. 2. 


Lt 


n^co 


0 

n 


n r.. 

~=iL- 


0 

when n->oc ;—->0 


n 


Ex. 1. Find 


Lt 


x->0 

Now ) 80^=7: radians. 


sin X 

X 




TTX 


• • 


180 


- radiaus 


‘ ( 


Hence 


Lt 

: t :^0 


sin 


Ex 2 Prove tha' d i 


Lt 


. TTX 

S<n -rvp „ 

18 0 

•nx 
180 


TT 


180 


TT 

18 


0 


9 cos ® cos 2 ^ cos 


2» 

^P.U. 194U) 
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Here sin 0= 


=2*cos 


e 

2 

6 


=:2*COS 


=2'“cos 


2 

9 


sm 

9 

2 * 



9 



cos 

2 




9 


h 

cos 

2* 

SID 



9 



cos 

2- • 

cos 

2* 


9 


h 

cos 

V 

cos 

2» 





cos 

r 

cos 


9 

sin 


cos 


9 . ‘1' 

sin . 


CCS 


sin 


w'l n n lends to infinity 






2' 


f4 h ^ 

'^V^THE AREA OF V CIRCLE 
16 7 The area of regular polygon n side is equal 


to 


n 


R* tin t where R it the radiut of the ciicle in lAhich the 

2 " 

polygon it intcribed. 

Now let the number of sides of the polygon be increased 
indefinitely the polygon remaining regular. The polygon approaches 
the circle and tends to ciMncide with the circle. 

Hence the area of it. 

_ R* .m -2’ 

2 'I 


Lt. n 


sin 


2ir 


/I 


00 2 


Lt 


ir R* 



I 


TT R* 


lit 

. Sin — 

Lt. /I 


/l-►0O 


n 


n 


radios, . 


-wR* 

Circumfcrcace of a circle. 

16.8. A regular polygon of a side in terms of the circj 
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The perimeter of the polygon. =na^n 2R sin 


TT 


n 


When the number of side of the regular polygon is infinitely 
increased, the polygon coincides with the circumcircle and the 
circumference of the circum circle. 


circumference= 


n 


Lt. -p, Tf 

/?. 2R sin — 
►oo n 


Lt. 

n^co 


sin 


TT 


27rR- 


n 


TT 


27r R. 


TT 

T. sin — 
Lt. n 


r 


2 TT R. 1 




Lt. 

-QO 


Sin 


n 

2 TT R. 

TT 


1 


n 


TT 


1 


I 

L 


n 


9 

J 


16.9. Area of a sector of a circle. 

Let AOB be the sector of a circle 
containing an angle 6; 

Area of the sector AOB Q 


• • 


Area of the circle 
Area of the sector AOB= 


e 


Itt 


27r 
. TTr^ 


16 91. Area of the segment of a circle. 


n->co 


n 



Area of the segment. 

= Area of the sector AOB — A AOB, 


sin Q, 
(0—sin e ) 



Examples XVI. A. 

• ^ regular polygon of n sides inscribed in 

a circle of radius r, and deduce the area of the circle. 

. ^ (P U. 1948. J., 1953;1955 S.) 

z. 5>now that the ratio of the areas of the regular octagons 
circumscribed to and inscribed in a circle is equal to 2\/2(\/2—1) 

3. If an equilateral triangle and a regular hexagon have the 

same perimeter. Prove that their areas are as 2: 3. (P.U. 1949 S). 

4. The area of a regular polygon of n sides inscribed in a 
circle IS to that of the polygon of the same number of sides circums¬ 
cribing the same circle as 3 is to 4. Find the value of n 

(P.U. 1942 S) 


















regular polygons area of a circle 22! 

5. Find the ratio of the areas of two regular polvgons 
of m and n sides respectively which have the same perimeier. 

6. One side of a regular decagon is 4 inches, find the radii 

of the inscribed and circumscibcd circles. 

7. The area of a polygon of n sides circumscribed about a 

circle is to the area of the circum>cnb€d polygon of 2/i sides as 3;2. 
Show that /i = 3, 

8. If a triangle be formed with sides of the regular hexagon, 

pentagon and decagon inscriced in the same circle, the triangle is 
light angled. (PX. 1938) 

9. If R, r be the radii of the circumscribed and inscribed 

circles of a regular polygon and R' and r those of the regular 
polygons of the same area but double the number of sides show 
that R'= ^ Rr and __ 

10. If the difference between the perimeters of an inscribed 
and circumscribed regular decagon is a; show that difference between 

u • 

ihcir areas = , 

192(l-cos-'; y 

11. Prove that the area of a regular polygon of 2/i sides 
inscribed in a circle is a mean proportional between the areas of the 
regular inscribed and circumscribed polygons of/i sides. 

12. if tour equal circles of radius R touch each other 
externally show the area between them is R* (4 —tt). 

13. Three Cf^ual circles touch one another show that the area 

etween them 2 



1*4 (a) Prove that the area of a circle is tt (radius)*, 

(P U. 1945. 1950 S.) 
(/>) Find the area of a circle of radius r. (P.U 1949.S) 
15. If ^ he the number of radians in an angle which is less 
than a right angle then 

sin h'>h— 

o • 


and cos ^ > 1 — 




16. If 0 is measured in radians 


It 

e-0 


Sin ^ 


= 1. 


(P.U. 1948 J, 1955) 


Deduce that 


Lt 

f) *0 


tan ^ 

-9 “ 




17, (a) 

Find 

Sin a f) 

sin h 9 

(/>) 

(0 

Lt n 

n-^OQ 

Itt 

tin 

n 

(d) 

(*•) 

Lt 

cos 3x 


TT 

cos 5x 

(/) 


Lt tan 2t 

(9_^0 tan 5jr 

It n . 
tan 

/i->oo ft 

Lt col 7x 

^ cot 9.t 
^ 2 


X 
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PUNJAB UNIVERSITY PAPERS 
MATHEMATIC PAPER B 

■'April 1951 

« 

1. (a) Trace the changes in the value of cosec © as o 

changes from 0’ to 180° and illustrate them by means of a graph. ^ 

(b) Complete the following formulae. 

(/) sin («7r+©)= (//) tan (jr+e) 

Prove any one of them. 

If A+B+C= 180°, prove that tan A+tan B-|-tan C 

= tan A tan B tan C and if A+B + C=90° 

tan A tan B + tan B tan C + tan C tan A=I 

Show that tan 75°—tan 30°—tan 75° tan 30° 

With the usual notations, prove that 

(i) r,= ^ B 


Uii) cos 3©. 


2. (a) 


(^) 


3. 


1 


-=4R sin 


cos 


cos 


C 

2 


4. 


s^a 

(») '•r+/-2+'-3-'- = 4R. 

• M 2 Prove that loga (w)"=n loga-. Find the number of 
digits in ( 3)^2 position of first significant digit in (3)-32 

{b) If an/ triangle cos A=sin B-cos C show that > it is a 
right angled triangle. ® 

5. (a) Ifbe the length of the perpendicular drawn from 

a 


A to BC, show that p 


cot B + cot C 


1 I ^ subtends an angle a at a point on the same 

^ second point h feet above 

theight of the tower is h tan a cot * 

6. {a) Solve the equations 
(0 tan 20 tan 0 = 1 

* 

(h) sin*©—2 cos 0+J=O 

(Z>) Prove that cos 20° cos 30° cos 40° qos 80°=-^ 


April 1952 


16 


1 . 


{a) Define a radian and show that it is a constant angle. 

(b) If the diameter of the full moon is 31 minutes 30 
seconds m the sexagesinal measure; find how far from the eye a coin 

'ncbes diameter must be placed so as just to hide the disc 
or the full moon. ^ 

2 . (a) Prove geometrically sin 2A=2 sin A cos A. 

{b) If tan ©= find the value of p cos 2©+^ sin 2© 
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3, (a) Show how to solve a sight angled triangle ABC 
with the right angle at C when two sides a and b arc given. 

(Z>) In any triangle ABC, a=-X5 13 6=2317, c=40 52 

find the angle of the triangle. 

4. (a) In any triangle ABC prove that 


=4R. sin 


SID 


B 


sm 


f the 


2 2 
in ladius and R the circumradius. 


■y- where A, B, C are the angles, 


(6) Prove that 


1 


1 1 
Z 

'2 


1 


A t 


5. (a) 


te • ^ ^—b ^ . h 

If Sin find tan 

a — b 2 

(b) If sin h = a >in ' show that 


tan (^-r0) 


\^a 

I —a 


tan 0 


4 


6 . (a) 


(b) 


Evalu^tt 

( 0015) X (1-235 
Solve 3 tan^-rcoi(9 = 5 Cosec (9 


as 


e- 


P. U. IW53—April 

1. (a) Trace the variations in the values of casecs x 
varies from —tt to-r-vr and Illustrate this by means of a graph. 

From your graph read the valoe of (i) cosec x. When 
XbIOO* {ii) \ when cosec x = l 8. 

Prove that 

tan A ' sec A —1 l4^sln A 
tan A—tec A-t l " cos A 

2. (a) (/) Fill up the blanks 

sin (tt —©)=. 

a -0=. 

G”-®)-. 

(iO simplify 


cot 


cop - 




cos 


15 sin* j cot 


A TT ^ n 

4 cos — — Cos - 

o 4 


cos 


vr 

4 

n 

3 


(b) Solve the equation 5 ian*d—1=4 tan*0 

3. {a) (I) Prove geometrically 

sin (A4 B)=sin A cos B-fcoss A sin B 
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(//) If sin A 




; sin B 


{b) Prove that cos Q cos^==cos2 


V5 

e —0 


show that A+B 


TT 

"4 


sin 


e+0 


2 . . 2 
4. (a) Define a logarithm and from your definition deduce 

a rule for obtaining the characteristic in the logarithm of a number 
less than unity. 


(fc) Evaluate 


places of decimals. 


5. (a) Prove that tan 


A—B 


a—6 


a+b 


cot 


in 


any 


triangle ABC. 

(b) Given that in any A ABC 

<7=15*72 ft. A=4r-30' B=72°*^45' Find the sides 6 and c 

6. (a) Find the area of a regular polygon of n sides in terms 

of a side of the polygon. Deduce the formula for the area of a circle. 

[b) With usual natations prove that in any triangle ABC. 
a cot A + 6 cot B + c cot C=2(R+/-). 

P. U. 1953 Sept. 



(/) Express all the circular functions of A in terms of cos 



If cos 0 = 


2t 

H -/2 


find cosce 9 and cot Q 



(b) If tan 0+sec 0=/w, obtain the value of sin 0. 

2. (a) Define a periodic function af 9 and prove 
graphically that the period of tan 0 is tt. 

(b) Solve the equations (i) tan 20=cot 50 

(i7) cot^ 0=3 

3. (a) (i) Find the value of sin 18® and 

(//) Prove that sin 6® sin 42® sin 66° sin 78® = xV 
(ft) If A+B + C=7r; show that 


A B C ABC 

cot -J- + cot + cot cot cot -J- cot 

(a) A vertical flagstaff stands on a horizontal plane such that 
its top subtends angles of 45® and 30° at two points A and B 240 
yards apart and in the same st. line with the base of the flagstaff; 
find the height of the flagstaff. 

Prove that loga loga m — loga n 

(ii) Find the position of the first significant digit in the valueC 
of (-5)^® 

5. (a) In any A ABC, prove that 


cos 



2bc 
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(b) Solve the /L ABC, v»htn b=21*25, c=31 31 
and A = 47' 

6. (a) Wiih usual notations prove that in any ABC, 

a abc 

(h) Assuming it^e formula for r, r,, r,, r, and R shov^ that 
in any ^ ABC, 

ri*'r,-r-r, = 4R— r. 

APRIL—1954 





Define a periodic function of x and show that 
the period of un x is tt (graphically) 

(b) Solve graphically the equation : — 

cos 2jc=tan x for values of .r beivseen o and - 


(fl) Prove geometrically the identity 

^ ^ lanA - tan B 

laa (A-b)= 


{b) Prove that (i) coscc 2A = tan A-cot 2A 

(li) tan 8A—lan 3A —tan 5A 

=»lan 8A tan 5A tan 3A 

3. Establish the following identities 

(i) sin 10' sin 50 sin 60^ sin 70"*=- ^^ 

lo 

(/i) If A, B, C arc the angles of a triangle, 

sin 2A-l-$in 2B f sin 2C = 4 sin A sin B sin C. 

4. Find a general expression for all angles which have the 
same cosine. 

(/>) Find the most general value of x which must 
satisfy the two equations cos x=3 3, col x= —3,4 

5. (a) Show how you will solve a right angled triangle 
when two sides arc given by applying logarithmic calculations. 

Solve the AASC, g ven thni a=i2l 35; ^=35.2 ; C = 50®—48' 

t>. (a) [>crmc a logarithm and from your definition obtain 
a method for finding the characteristic in the logarithm of numbers 
greater than unity, 

I t 

(b) Evaluatep 

(12 56)*x(75 18) 

Or 

With usual notations prove that in any triangle ABC 

A fl j. . A . B . C 

j. sin— 2 “ 2 “ **” — 

P U. 1954—SapiCBbar. 

1. (fl) Draw the graph of ynsin 3x for values of x between o 
and and from your graph read off the values of 
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(/) X v/hen y—*7 
(//) y when 

(Z?) Find all the positive values of x which satisfy the 
equation sin^ x=^i between 0 and 27r 


e 


2 . (a) 

{b) 


3. (a) 
{b) 

X and $- 


Prove geomtrically the identity cos^ A=2 cos^^^l 
for acute values of the angle A. v 

(/) Prove that sin 47^+cos 77 =cos 17* 

(j 7) If sin 0=3 sin (0 + 2a), show thit 
tan (0+^i)+2 tan a=0 

Find the value of sin 18° 


If the equation a cos 0+6 sin 0 = C is satisfied by 
y, where x and y are unequal, show 'hat 

cos (:>c+>') =- 


a2+62 


4. Jn any triangle ABC, prove that 


(0 


sin A 


sin B 

~~b~ 


sin C 


a D c 

(n) a cos A +6 cos B+c cos C—2a sin B sin C 


C 

5. (a) In any triangle ABC, establish the formula 


A B 

(m) (p—c) cot -y +(c—a) cot +(“ 


b) cot 


= O 


sin 

(b) Solve the triangle ABC, given that 
^=, 33 . 41 , 6=44-33, A=27M8' 

6 . {a} Prove that 

Lt sin 0 

0*<—o 6 

( 6 ) Prove that the area of a riangle ABC 

sin A sin B 

= “ 2 ^ sin (A- 6 ) 

P U. 1955—April 

1. (a) Define cosec 0 for all values of 9 and prove that 

cosec^ 6 = 14-cot 2 9 

(b) Eliminate 9 from the equations ; — 

(i) a cot 9-i-b cosec 9=x^ 

(n) b cot 9+a cosec 0 =>’® 

(c) If cot 9 I, find the other trigonometrical ratios of 9 

2. (a) Prove that sin ( A+B+C )=s» A cos B cos C+ 

cos A riii B eds C 4 -cos A cos B Sin C—sin A sin B sin C 
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(b) ir A — B — C = r prove that sin A — sin B — sin C 

ABC 
= 4 cos 2 “ cos—^ cos 

(c) Express sin 5 6^ in terms of sin ^ 

(a) In any triangle AciC prove that 


un 



(j —gj u-c) 
s is—b) 


(^) Solve the triangle ABC given the g = 229 2, 181 2 

c=257. 

(a) If R be the clrcum raJius and r the in-radius of the 
triangle ABC, prove that : — 


(/) R= —(where A denotes the area of the triangle) 

ABC 
(/() r= 4 R sin * sin - sin 


(b) Find the Seventh root of 00001427. 

5 {a) Draw the graph of tan x as x changes from — :t to-f r 

I ib) From a point luO feet above the surface of a like, the 

§ the angular elevation of a peak is found to be IS and 

the angle of depression of the image 01 the peak 
30\ Find the height of the prak above lae surface 
of the lake. 

6 ia) Find the general expression for all angles having a given 

tangent, 

(A) Solve the equations : —(i) tan 3 x = cot x 

(ii) \/ 3 scc*x = 4 tan x 

P. U. 1955-(Sept) 

I 1. (a) Define a radian. Show that it is a const lot angle 

and And its value in degrees. 

* (b) The greatest angle of a cyclic quadrilateral is three 
times the least. The other two angles arc in the ratio of 4 : S Find 
all the angles in radians. 

^ (c) Prove geometrically that tan (90’-i-A)=—cot A, for 

i all values of A. 

I 2, (a) Prove geometrically that 

I cot (A+B)—cos a cos B —sin A sin B, A. B and A • 3 bemf 
t all acute angles. 

> (b) Prove the identity cos 10'’cos 50’cos 70®= ^ 

(c) Given cos 135*=*— X —; find sin 67;* and cos 67l* 
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sin B sin C 


3. (a) Trace the variations in the values of sin ©as © changes 
from o to TT and illustrate these variations graphically. 

(b) The shadow of a tower standing on a lejel plane is 

found to be 60 feet longer when sun’s altitude is 30° than when 
it is 45°. Prove that the height of the tower is 30 (-v/3+ 1) feet. 

4. (a) Prove that in any AABC, ^ = 

(b) Solve the A ABC, given that 
A=72° 43'; B=64° 23'; c=473 feet. 

5. (a) Prove that logam"=« lo gain. 

(6-284)S ^0-624 

(b) Evaluate- . - 

^ ^ ^0 005 

(c| Solve the equations :— ^3cos0 

6. (a) Find the area of a polygon of n 
circle of radius r. Hence find the area of a circle. 

(b) If R be the circum radius of the triangle 
prove that :— 

a cos A (-b cos B+c cos C=4R sin A sin B sin C. 

Mathematics Paper—B 1956 April 
I (a) Define cos Q for all values of 9 and show that it can 
never be numerically greater than one. 

(b) Find the values of cos for which the equation 
2 cos Q—x-\~ ~ is possible, x being a real quantity^ 


-sin @=\/2. 
sides inscribed in a 


ABC 


(c) Prove that sec tan 



sin A 


II. (a) Prove geometrically the Tan {A — B) 


1-fsin A 
tan A 


(b) Prove that 

(/) tan 7A tan 4A tan 3A 
(//) tan 15°+cot 15°=4. 


tan B 


1+tan A tan B 


tan 7A —tan 4.4—tan 3A, 


III. {a) In any triangle .4 j 5C prove that 



IV 


V. 


VI. 


sm A sin B sin C 

(b) Solve completely the triangle ABC having given 
^7=8231, c=7295, and ZC=42°, 27'. 

V ith usual notation prove that in any triangle ABC 

(i) ''2=^^ (“) ’'i+r^+r3-r=4R 

(Hi) a sin (B—C)+b sin (C—A)+c sm (A—B)=0. 

(a) Draw the graph of cot x as x changes fromO to 27r. 

(b) A pole 100 feet high stands at the centre of a hori¬ 
zontal plot in the .shape of an equilateral triangle. 
At the top of the pole each side of the triangle sub¬ 
tends an angle of 60°. Find the length of a side of 
the triangle. 

(a) Prove than Iogb/V=logaAf-^loga6. 

(b) Find the fifth root of 8-0125. 

(c) Solve the equation cos 3;c=sin x. 
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10 


12 . 
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16. 


23. 
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7. 


CHAPTER 1 
Examples I. A. Page 9. 

(/) Quadrant IV (it) Quadrant II. 
(b) 40«-28'-39-5* nearly (c) 97^ 
59’_8'_46-32'. 4. 57*' 17' 44-5' 


(ni) Quadrant III. 
-1-2 -3 7' ncaiK : 


0 ) 


n 9ir 

12 "" 25 


(iu) - 


631?r 

364J 


(If) 


117r 
20 ’ 


(») 4-377x (W) 


79 


12 


ICbr 

'29 


lOx 

29 


29 


40*, 70*. 90* 


75’, 66 j grades and ^ 


11 


2937: 293r 

540 ’ 540 


and 


24'’r 

?i“4n 


57: . ir 

36 •"'* 3 

^ It 

IT' 3~’ 


5 ’ 


4 ■> 8 

13. 44 g-; 66 j ; 88 -^ grades 

7x 2* I* 

jj, 15. 50* ; 66 j ; 83-3 

^5- 17. A = 32*; B = 36*; C= 


18 1 0883 radious. 19. 171* or 


31-99 and 32 QQ grades 


99 


24 


Examples 1. B. Page 


20 

2 ir 

5 

12 . 


20. 8 and 4 


radians or 38® 12 ' nearly. 


(/) 4:5 (//) 8:3. 4. ^e= 7 r —2 ; Arc=*(ir—2)/- 


—-«25« 
4ir 97r 

55 • ir * 


6 . ris 3 inches. 


27r 


247r 

35 ’ 35 




33 feet. 


10. 58 inches. 


229 
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11. 20 minutes. 


12 . 


3 or It feet 


13. 

i5. 

17. 

19. 


81 


feet nearly. 


14. 13 


11 


feet nearly. 


30. 

32. 

34. 

37. 


" 341 

238736-8 miles nearly. 

2165-08 miles nearly. 18. 34' 44" approx 

10 grades 20. 6 Degrees. 

CHAPTER II. 

Examples II. A. Page 19 

1 -3 sin* A cos* A. 31. (sin*A-cos*A)(l—2sin*A cos*Al 
sec ®A. tan* A. 33. 0. 

K* [ correction—Read y=K cos a sin © ] 

4-1. 

Examples II. B. Page 22. 


35. 2. 


1 . 


x^+y^=a^- 


2 . 


a* 6* 


1 


3 


3 


3. 

5. 


7. 


14. 


" 1 
a n 

4. 

v2 


6. 

;C2_|_^2 —a 

(w*— «*)*=! 6»i«. 

10. 

cosec A= 

c*-l 


cot A= 

c*+l 


cos A=- 


1 


_ Z >*+1 
“ 2b 
fc*-l 

6*+l 


Examples 11. C. Page 26 


1. (/■) Negative 

(iv) Positive 

2. (/) Possible, 
(n) Possible, 

(/■//) Impossible, 
(jv) Impossible. 

(v) Impossible, 


(//) Negative (»i) Positive 
(v) Positive (vi) Positive 

V 1 cos ©1<1 

V cot 9 can have any value. 
1 see ©1 must be >1 

1 sin ©1 must be^l 

1 see A1 must be>l 


(vi) Possible 

(v/7) Possible only when a= + I 
{viii) Possible when sin©= 


T 

3 
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3. (0 In Quad. II (ii) In Quad 111. (Hi) In Quad IV. 

4. Passible if 1K1<2; (i>) Read > for<, and vice versa. 

5. Possible for x= x 1 only. 

6 . Impossible. 

Examples 11. D. Page 31 


1. ± 3- 2. 


5 

3 


-24 2 

3. taoA=--i—; sccA=~ -j 


8 A 

4 . Ian ; cosecA = —— 

5 sin ( 9 =±i ; cos (9= X ' j and so on, cot 9 = \ ^ 


12 


12 


6 . sin A=— -'3 ; tan A= ^ 


7. - 1 


11 

45 


8 . cosee A= ± VS. 


10. sin 9 


f 

9. Read 5 sin*i 9 — i=0; cos 

\ > 



tan 9= ± \/5, etc 


ian<9=*= r i 


v 


12 


ni* — n*^2mn 


ni^-rn* 


13. 

i V 1 +f • 

COS 6 » = 

± 1 

Vl-rk 

. etc 



1 -^/* 


2 / 


14. 

coscc 9‘ 

-±-j—cot © = 

± 1 - 1 * 


20 . 

sin 9^ 

•5 

- , ; cot © = 

ij 21 cos©=- 

- 5 ; t^n ©-- 

22 . 

cos A» 

0 

1 


23. sin A 

, 3 

— 1 or j 

24. 

sin 

1 ; the other v 

alue S 

is inadmissible. 

25. 

tan© — 

-1; 3. 

26. 

sec ( 9 = 2 

and —3 

27. 

tan ©— 

± 1 . 

28. 

cos J. 

or un 9^ t 



Fxampics II. F 

Page 35 


3- 

sin ©— 

4 ; sec ©->} 

4. 

tan 1-3 

; coscc © —1-25. 


3 

4 


CHAPTER Ill 
Examples HI. A Page 40 


10 


V2^+l 

s/2' 


11. 12 -2 
^ ID 
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13. 


-(15+V3) 

2 

14. 

Zero. 

15. 

A= 

=75° ; B=15° 

16. 

A= 

=75° ; B=15° 

17. 

e= 

= 0=30° 

18. 

e= 

=0 

19. 

0 = 

=45° or 135° 

20. 

A= 

=0 

21. 

e= 

= 60° and see 0=- 

-3 Read tan ^9 for tan 


1 . 




CHAPTER IV. 
Examples IV A. Page 47 

320 


2 , 


V3 


feet. 


3. 360 feet from the chimney. 

4. (i) 6^3 feet (ii) Zero 

(Hi) 6 feet. (iv) 22*392 feet. 

5. 25-V/3 feet. 6. 30° 

8. Height of peak=400 \/3 yards. 

Breadth of the river=400 yards, 

9. 50 (^3 + 1) feet 10. 30^3 feet. 

11. 120(V3—1) feet. 12. 200 feet. 

13. 200^^^^. 14. 200 ft. 

15. 150V6 ft. ; 150V2 ft. 16. h= 100^/2 tf. d 

18. 25 (3—\/3) feet per minute 


100V2 ft. 


20. mites or 7212-48 ft. 


19. 10 miles per hour. 

21. 440('v/3—1) ft. per second=220 mile per hour nearly. 

height of the plane=6(V3—1) miles=4-4 miles 


24. 500 ft. nearly 


26. 


25. 3(2-V2) ; 


iiles 


(37r+6i/3) ft.==l9817 ft. 27. h tan a cot jg 

Examples IV. B Page 51 

4. 0.6249 ; 1*6202 ; 0*1638. 

5. 157*87 feet 6. 50^/3 feet. 

7. 192 feet nearly. 8. 125 feet nearly. 

9. 69*2 feet nearly 10. 200 feet. 

CHAPTER V. 

Examp y. A Page 64. 

2. tan (7r+6i)=tan 0 ; !> {w7r+6)=(—1)". sin 0 

sin (JT—0)=sin 0 ; cos +A sin A; 


6 . 
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0 


7. 

(0 

1 


00 

±oc 

OiO - 

V'2 




(«>) 

—1 


(0 

V2 

(»»■) - 

V 3 

1 



15. 

-1 



16. 

t 

a 

17. 

—cosec* 0 


18. 

-1 



19. 

1 

27. 

(0 2r 

; 00 

I2r 





Examples V. B 

Page 66. 




1. 

(0 

9= 

60’ 

; 120^ 

00 

45’ : 315’ 

(i/I) 

0’ : 

180" 


(«v) 

90’ 

: 270' 










1 : i; 


r TT 

57r 



2. 

(0 

sin 

A= 

.*. A: 

"" 2 ’ 6 

• - 

• 6 




00 

tan 

0 = 

-1 ; 

.*. e = 

= 3x,4 ; 7it, 

4. 








± ; 

IT 

37r 

Sir 

7ir 


(///) 

tan 

A = 

= ±1 : 

•• A= ^ , 

4 ' 

4 ’ 

r 


and A 



2r 

3 


Att 5r 
3~’ 3 


3. 


5. (/) X 


7. ± ± 


TT 

2/1 



4. 

-60’ 

; 120’ : 300’ 



ir 

2ir 

4ir 

Sir 


TT 5ir 

77r 

Hit 

“ 3‘ ■ 

’ 3 ’ 

* 3* 

* r 

(«) 

6"’ “6 • 

6 ’ 

6 


2 


10. Period of tan6»=^ 


CHAPTER VI 


Examples VI. A Paice 86 

4. (0 25" approximately (i7) x=36* approximately. 


5. 




jf=»53'’ approx. 7. (/) 55* approxi. (//) x= ±~ 2 


xn±7r/4and ±37r/4 9, 0*4 nearly. 

w Stt Ttt llir 


10. (/) X 


TT 3jr Sir 7x 
6*6*6* 6^ 4 ’ 4 * ~4 * ~4 


18. x—45® 19. jc*»57^: 160’ 20. x-«7r/6 and 5x/6. 

Revlaloa Questions I. Pace 87. 


1. (/) 7 2 00 3 7 (m) 


72 


2 * radians. 


11 . 

12 


(/) Ycf, 

_I 

lan'9 


1 coKC tJl^l (»i) No, •/ 1 »in 9 I<1 

k*-hl 


— tan*9 


14. 
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16. tan^B 


I-n 


m 


1 


tan^A 


—7M*) 


17. 


a 




lab 


29. (b) tan 200"=0‘4 nearly 


29. 

30. 
33. 


(b) tan 334 ° nearly 

(0 1’02 (i7) 35° nearly. 

(0 15° nearly. («) 0‘95 nearly. 

CHAPTER VII 
Examples VII A Page 94 
253 


9. 


325 


Examples VII. B Page 97 


II. cos (A—C) 


24 


25 


sin (A—C) 


1 . 


Miscellaneous Examples VII. D. 
2499 100 187 


2501 


205 


■ 25 

Page 101 

_84 

’ 205 


I. 

3. 

5. 

7. 

9. 

14. 

15. 


2501 ’ ■ 

A+B=45° 

CHAPTER VIII. 

Examples VIII. A. Page 108 
2 sml 50 cos 0 2. 2-cos 130 sin 60 

2 cos 40. cos 0 4. 

Zero 5 . 

sin 6 0 +sin 20 8 

sin 100 —sin 20 10 , 

Revisions Questions II, Page 110 
greatest value =2 and least value=_ 2 


2 sin 40. sin 0. 
^2 sin 117° 
cos 20—cos 60 
cos 1O0+COS20 


9^ 


9P 


18. (/) tan ^^±1 


f 2 


Exa 


99 

a 

b 


99 


. f 


(IV) tan 


CHAPTER IX 
iples IX. A Page 116 


"V's 


4 

+62 


1 


Q 



Sin 2A 

i Sin 3 A 

1 . 

24 

117 

25 

125 

2 . 

3 

5 

1 

^9 

5^10 


120 

2035 

' I 

169 

2197 




Q. 4. 


Cos 2A j Cos 3A 


3/5 


2 

5V5 


Q. 5 


1/7 


V^l 

.49 


Q 6 


7/25 


117 


125 


• . «**• 
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7. (/) 


10. (0 


4 

” 3 

ii _ ~ 

125' ’ 


(«) 


336 

527 


1^25 

44 


l») 


2/> 


; V2 

' (f-rfl)* 


26. (0 cos 135 


= --^2- 07) tanl50’ = -^3 


19. (/) 


VS 


tin 22 — 

• 1 
lec 67 2 


tin 165® 


(///) sin 210 '=—2 

Examples IX B Page 

. V ^ 

1 V5-1 

Examples IX. C, 

_ vi-s/2 . 


123 

20 . 


4 


cot 22 ' 2 ' = 1 


y/2-y/2 


f- ' tan 67 


1 “ 

2 


V2 


V3-1 

2V2 


• cos 165’= 


-(V^+i) 

"^2V2 


tan 15’—2—v/3. 


tin 15* 


sin 105 


v/3-1 . 


2v/2 

v/3 ♦ 1 

^2 


; cos 15* 


; cos 105’ 


V3+i_ 

2^2 

l-s/3 


280 


A A _ A 
-j +cos-^ Sin 2 —cos 


+ 


390’ 


+ 


670 


+ 


210 


+ 


12. v/2 


13 


(v^ + » 


14. tan 37 **-(v/3- v2) (^2+1) 
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15 COS^^_^ =_ 

• 2 5V2 


7 . a+B 1 


16, sin 


A—B 


4 A+B 7 

; cos-— = 


V305 


V305 


17. 




+b^ 


I 


18. sin 85 


V^-l 


19. sin 


2V2 

3 

V58 


; cos 15 


and etc. 


V3+.1 

2^2 


Revision Questions III (Page 132) 


cot^A—1 


3. sin 37 


■v/4—2V3 +v'2 


2v'2 


cos 37* 


V4+2v'3-V2 


e 


10. (0 tan ^ 


2V2 - 

— ‘s/b 


(n) tan-| 


/ /ft .. 

■y/a—-^b y/a+^b 
m-\-n . m—n 
m—n ’ /n+n 


23 


11 


•v/130 ’ ^130 


25. tan 0=1 and 


1 


n 


CHAPTER X 
Examples X, B Page 140 


1. n7r+(—])» . 


TT 


3. «7r-K—1)" 


6 

5?! 

\2 


5. 0 


/ITT —(—I) 


2. 

«7r-—(— 

.)•+ 

4. 

/J7r4- 

• 


" 2 


6. 

sin 0= 

V3 


2 


0=7nr—(—i)n 


7. /j7r+ 


10 


im 


(-l)n 


8 . 

10. M»r± (-)n JL 

0 


9. 


I? 
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11 . sia ©=*/nr-f(-l)"^ 


12. If sin 6) 


* =sin^— ^ ; ^=/i7r—( 


2V2 


-1) 


12 


if sin d=» — 



2V2 


. /- 
= sin' 

V I 




1) 


12 


13. J 


14 


r/Z —nr 
‘ 2(-lr-r3 


15 


r/2— nr 


4+(-l)-. 5 

Examples X. C. Page 142 

r * - r 

■ 5 


I, 2nr i 


2. 2nr 


5. 2yjr- * 


- 1 Ir 

12 12- 


3&4. 2nff± ^ : 2nri 

6. 2n7r± —^ 

7, if cos =» 1 ; (9 s= Init ; 

if cos 9»=0, 6»=(2n± 1) , 


8. if cos I. 9=-2nx ; ifcos9 = —I; 0=2/nt± 


2ir 


3 * 


9. 


, - 5ir It 

»-2/m±|2 -I- 6 


so *. sr/2 2/c V , ... 

■9- ■ '*'"*^ * '* integer or 7ero 


1 


Examples .\. D. Page 144 

T 

nx± , 


3. 


r 

nw+ 

2. 

5w 

4. 

rm+ j 2 - 

rm±ifl6 

6 . 

tan ®— -\/3, 

Ji : 

«-=(2 n±l) }- 



/i 7 r + 


12 


y ; 6»»rMr-r . 


9. 


w 

;r-p7r . 


; where p is an integer or aero. 


m+n 
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10 . W 7 r + 


7 T 


11 . e^(2n±l)~ 


Examples X. E. Page 150 


1 . « 7 r+ ^ 

” 4 


• K 


nn 



3. (2n +1) 

TT /ITT 

To' ’ T 

4. 

_ rtTT 

5. or rtTT 

0 

TT 

6. ‘2 

- «7r 

7. ^ or 

1 

WTTH—2“ 

o 

8. 

9. (2/1+1) 

7 or 2/z7r+ - 
4 

TT 

3 

10. (2/J+l)7r 

or j^/ITT + 

t ] 


(2n± 1) JO » 4 

— Inn 


3 + 4 


TT 

2 


IniT 


2 + 3 


11 


or (2/77r+ 1)^ or (2rt+ l)7r, 


12 . AItt 


13. (2/1+1) y 13. 2«7r±-^ 


; 2 n 7 r+ 


27 r 


14. 


pn 


/; 7 r TT 

" 2 ““ Il¬ 


ls. « 7 r + 


TT 


TT 


3 


; 4 


^ TT 

16. W7r+ — 2 — ; rtTr + 7r/4 17. «7r+ ; wtt + tt/S 


18. «7r+--^; n7r+7r/3 19. 2w7r+7r/3 


20. 2/i7r + 7r/3 


21 . 2 ^I 7 ^^— 


22. 2/i7r+ 


Stt 


23. sin 29 


2 

4 


n+2 


which is true for n >2 only 


24. cos (x —7r/4) 


1 


2y/2 


x=2n7r+a+7r/4 where cos a 


1 


2 V 2 


25. /ITT. 


/ITT «7r 

» 3 


26. (2n±l)7r/2 


27. ^2'+ (- l)“ 
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23'^ 


2S 


mr, Uiw9= 1 ± Vi; where un A=1±V‘ 


2». 


^ +(-!)“f 30 


^ ; (2/>± 1) "2 ; •) 4 


31. 

rm 

% 

4 ’ 

jj^2«r ± J 

32. 

«^-r(-*) 4- 

TT 

^ 6 

33. 

Imc 

"3^ 


34. 

^ X 

2n»+ R— . 

0 

35. nx 



r 


ir 1 


36. 


w("*-r2«)-h(- 

-ir- 

-= 6-J 



2a)4-( 


6 


M 


37. 

( 2 rt± 1 ) 

IT 

2" 

39. 

n 

IT 

3 » + 

12 


r/4 38. 2/r7r± 


3v 


ExABiples X. F. Page 152 
I. ac=b^ 2 (xcosA-j)* 

3^ oi4.ft*-4±(av'‘**-44-6 x^b*'-^)=2 


=(fl*—jr^) «n*A 


ab 


)V 


i i , 

fl+fc +1 


5. a*-f^=»sin*y 

RevUioo Qucfttioos IV. Page 153 

1. (/) «ir,/rir + (—!)■ 2 

(//) ^ ‘.{2«±t)1;(2n±l)m. 


2. (/) 2/iir± 3 


(ii) 2jr+3j^=2mir 


ir 

± 3 


lx f 2>'“»2nw± 


3. (i) ’ 

6. 2/iirJ; 2nir± . 


7. 2mr^ 


5ir 


(/) 2mr± 2 


<>0 


mr 




8. 2nir+ 


llir 
6 * 


(ij) mr-f -* 
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10. fi7r±~ 

4 « 

12. - --+(-l)n,-2 

/2m + n 


11. 2/m+ A, where cos A 

T : 


13. (0 e=\^ ~2 

( Int'—n 


7r + 


TT 


.+( 


\ 77 


(//) e—0=2/J7r± 


TT 


l)m 
^ 12 


(-l)n 


7T 

12 


e+0 = 2/M7r + 


77 


5 • 


77 


14. A = 2/;77 + -^, B = 2^77 


I 


A = 2«7r, 


B=2A:7r+ 


10. 120 


1. log,343 
3. log3729 
5 x=3 

7 a: = 64 


TT 

~2' 


3 

6 


Examples XI. B. Page 159 

CHAPTER XII. 
Examples XII A Page 172 

2. logj 128=7 
4. Iog,o0 001 = 
6. x=J 
8 . .y=25 


1. (/) 9 


Examples XII, B. Page 178 


m I 


(Hi) 


2 


2. 0-6990 ; 3-2040 ; 3-6990 

3. there are 30 digits in 3-’>2 


32 


the first significant digit in 3 is 16th 
4. 1-585 


6. 1-469 


8. Y=(l-585)y 


and X 


5. 3-805 
7, Y=l-59 

log 3 


log2—log3 


2-709 


9 
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5. 

7. 

9. 

11 . 

13 

15. 

17. 

19. 


20 . 

21 . 

24. 


Examples XU- C. Page 182 
(app. means approximately) 


1. 003058 


3. 1193 app. 


2. first significant digit is Fourth. 
4. there are 30 digits in 3 


•J J 



1-46 app 
2964 
•4378 app. 
3 114 app. 
00009342 
0 04844544 


18. 


First significant digit in 3 is 16th. 

6. ac=2 05 app. 

8. -4761 app. 

3 892 app. 

0 01728 app. 

39-88 app. 

0 06273 app. 

=0 4040; tan 63=30'= 2 005 


10 . 

12 . 

14. 

16. 

tan22 


2-58% app. 

(0 0 7964 (<i) 0-8454 (w) 02916 

(/v)l-8261 (v) -29266 

(0 16* 3' or, 163= 57 Oh 51“ 17' 30' or 308- 42' 30' 

(Hi) 17" 54' or 197' 54' (/») 3“ 48' or 176' 12 

x=-l or 6 23 0-2032 

797-9 

Examples XIIE A (Page, 186) 


3. 

4. 

5 

6 . 

7. 

8 . 

9. 

10 


c=13. A 
a=202-3, A 
/)=b783-9, a 

a=l82-7, 
a=-52-68ft.. /) = 
fl-8 1-710.. c 


.22'-37' B 
= 58'-52'. B 
.17"46'. B 

492-5, A 
69-24 ft.. B 

145-2 ft.. A 


67'-23'. 
31'-8'. 
72’14' 
20"-14'. 
52*-44'. 
34'-l5' 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


Third 5ide= 1-772 nearly. 

/) = 69-24 ft., c-=87 ft. 

A-37'16', B=52°44'. 

Examples Xlll B 
0=12.98 : 

6-102.5 ; 

A-40--12' ; 

A = 32'-34'-40' 
A-41“-58' : 


c= 17-78 
f = 93.87 
B = 68’ 


Bags 191 

A = 44“ 
6 = 47' 


; C = 71'48'. 

B=103’-25'-20" ; C = 44’ 

B = 55=-44' ; C = 82=-8' 

C-132 -35' nearly. (Mso A=20=-%'). 
A-42'-2I' ; B=9I -20 ; C=46*-19' 
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8. 

B= 

= 73*- 

_9'_ 

-40" ; C= 

= 64*- 

20'-20" 

; a 

=91.75. 

9. 

B= 

= 97*- 

-30' 

; c= 

= 35°- 

30' ; 

a- 

= 185.1. 

10. 

A= 

= 63°- 

-47'- 

-30" ; C= 

=42°- 

-27,-30" ; 

6=308. 

11. 

A= 

=43°- 

-15' 

; B= 

= 16°- 

-15' ; 

c— 

8.93; 

12. 

B = 

= 34*- 

-51' 

; c= 

= 50°- 

-53' ; 

a= 

:8792. 

13. 


= 77*- 

-7' 

; c= 

=28°- 

-26 ' ; 

a= 

= 212.4. 


14. 

Two solutions possible. 




(Ij Ai= 49°-37';Bi=:87°- 

56' ; 6i= 

= 108. 


(2) A3=I30"-23' ; Bb=7°- 

10'; 6,= 

= 13.48. 

15. 

Two solutions possible. 




(1) B,=-82°-22' ; Ci=56'’- 

-38' ; 6,= 

=3.870. 


(2) 32=15^-38" ; C*=123' 

°-22' ; 6a= 

= 1.052. 

16. 

only solutions possible. 




A=22®-37'; C=125°-6' ; c 

=524.6. 


17, 

No solutions possible. 18. 

Only one solutions possible. 

19. 

No solutions possible. 20. 

Only one solutions possible. 


B=33°-5'-30" ; e=105'’-54'-30" ; 

ci=244.8. 


A=17°-49' ; G=125°-5r 

(N 

00 

II 



21. Only one solution possible, 

B=6r-24' ; C=48"-2r ; 6=495.8. 

Examples XIII, C. Page 193 

1. a=76°-49'—20' ; 3=46^—36'—40" ; c=649-4, 

2. Two solutions possible 

3. B=97°~-30';C=35‘^-30' ; a=18.51. 

4 B=I05^-47'~40" : C=32°—12'—20'; <i=90.18. 

(1) A,=8/°-48' ; Cj=58°-57' ; a,=29At, 

( 2 ) A,=26“-42'; Ce=12l‘>-3' ; fl,= l2.66. 

5. /;=25.06. 

6. A=87°-2l' ; B=30°-24' ; C=-62‘’-15'. 

7. B = 42°—45' ; C=90O-15' ; a-19.71. 

8 A = 50“-6' ; B=79°-6' ; c=2l.59. 

Two solutions possible. 

0) B,=38°-ll'-30'';C,= lI4°-0'-30' : c,=65.49 
(2) B2=14r-48'30'' : Ca=10’-23'-30" ; c*=l2.93 

.10. Z>=23.18 ; c=2l.63. 

A=60°— 20'—20" ; B=43°—12'—15" ; C=76°_27'25" 

12. C=42°-54' ; a=663. 4 ; 6=446.7. 







1 . 

2 . 

5. 

6 . 

7. 

9. 



12 . 

15. 

19. 

20 . 

21 . 

25. 


I. 

3. 


f.xainplM XIV. A Page 2M 


5362 Jfct 3. 30 feel. 

50v/ 3 feel * 273 2 fi. 

6^176 fl. ; h=234.4 ncariy 


Height 


h Sin . 

Sin iB-at ' 


breadth = 


2h Co% a CosjS 
Sin i^-a) ' 


30 fl. «- n9ft, 

1158.6 ft ncariy 10. 43*^ 

200 fl. ; 26*—34' nearly. 

277.2 fl, nearly 13. ir0\ 2 0: 

49.06 fl. nearly. 

9.8 yards ; 2.23 yardi* ncariy. 

Nearly. 106.05 feel. 

160 feel. 12. 100 yarda- 

120 (v/3^ l> yardk. 


CHAPTER XV. 

Kxaiaple^ XV. A tPage 206) 

24 ftq. unils. 2- 630 «q. feci. 

21 v/3 sq. feet. 


Fcamplcs XV. B. tPas^ 213) 

' I. (b) feel: r,^l2 feel. 

2. (h) 8558‘2 sq. units. 

3. (h) 8324 iq, units. 

^ • 

CHAPTER XVI. 
Exaiaples XVI. A. (Page 221) 


4. n*»6. 


n cot 


m 


6. R»2 cosec 18^ ; r>«2 col IH*. 


cosec 18’ 


17 % ‘ ( 6 ) 


4 

v/S- 

2 

5 


I 


24,] 


K) 2ir 




3 

k 

5 


(/) 


9 * 


m cot 


n 


(<f) », 
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PUNJAB UNIVERSITY PAPERS 

P.U. 1951 (April) 

1. (b) (i) (—1)" sin 9 («) tan 9 (Hi) 4 cos* 0—3 cos ©, 

4. (b) 30 digits in 3**; the place of first significant digit 

.32 

in (3) is 16th. 

12. (o) (J) 0={2/i±l) ~ 


(«) 0=2«7r + 


TT 


P. U. 1952 (April) 


1. (b) 13 


11 


ft. 


2. (b) 


3pq^ —p* 


3. 


9. (a) 


10 


62“-16 


P^+g^ ■ 

(b) A=87“-20', B=30“-24', C= 

v'«— y/b 

(а) -06273. 

(б) 0=2«7r+ ^ . 

P. U. 1953 (April) 

(a) (/) cosec 100°= 1-02 nearly. 

(ii) If cosec a:=1.8, x=34" nearly. 

1953 (Sept.) 


1, (a) SinA=±-\/l—Cos*A : taDA= 4- Cos *A 


l+t* 


Cos A 


; Cot 0 


-h 

i+t* 


4 . 

5. 


(ii) Cosec 0= ± j 

ib) Sin 2. (6)(O0=(2 d±1)^^ 

(ii) nw ± -nib 

(a) 120 (-v/ 3+1) yards (6) Fourth. 

B=42°—45' ;C=90-15'; a=19,7J 


1. (b) x=28 


30" 


1954 (April) 

197r 

or -y 2 o "early 


4. (a) 0=2n7r±a. (b) x—lair+a where a is the «Qele ki 


the fourth quadrant whose cosine is ^ . 

5. (h) A=50°-6' ; B=79’-6; c=21.59. 

6. lb) 0-03058. 














ANSWERS 




1954 Sept 


ir w 5 it Ttt Hit 

1. («)(/) x=j 2 - («)>- 95 nearly (b) ’ T. ' 6 

X 

*■ 4 

S. Two solutions are possible, • •• 

(0 B, = 38*-ir-30' ; C,114'-30* . Q-65 49. 

^/|■>B,= I41"—48'-30' : C,= 10'-23'-30* ; C, = l2.93 

2. (a) (0 sin —^an -<osec 0. 

(/O —i (15 


(*) 

4. 39-88 


IT 

f)^nit± ^ 


5. A-2318: 


f=21-63 


P.l’. 1955 (April* 


(b) ft*—T*. 

(r) sin ± j , cos »t_. f. 


; ««/» e 


± -j ; sec i 


cosec 0 


(c) sin 5©— 16 sin*6 —20 sin*© f 5 sin © 

A-60*—20 - 20*, B-43"—I2'-I5". C-76*—27 - 24" 


(ft) 0-2032. 

(ft) 273-2 feet. 

(ft) (/) x-(2/i±l)ir/8 


(ii) fnr-)-rr/3 or /nr-f-v/f 


1955. (Scplemher) 


I. (b) 


It 3rr 4ir 5ir 

4 “’ "4 “* *9 ’ nr 


rc) y/2+V2 . 72=^ 

' ' 2 2 

a-663-4. b~446T. c-42*-54' 
(ft) 797-9. (c) © = 2wir± 


I. sin A— ± VI—cos*Ar tan A — ± ^ eto. 

CCS A 
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APPENDIX. 

A Note on Inverse Trigonometrical Ratios. 
. I.-. Inverse 


[j Notation : — l,n Note 5 of. Art. 2-21 (Page X6) it 

'* 'j- 

wcia that Sin-^0 does not mean (Sin 0)-^ or > but 

it has quite a different meaning. We now proceed to define Sin-iK. 

2 , Def. of Sin -1 K :—Sin-i K (read as ‘Sine inverse K* or ‘arc 
sine K’) is defined as the numerically smallest angle whose sine is K. 


1 


h Sin-(- 2 ^^)- 60 ” or 


TT 

3^ 


Sin‘i- 45 ° or 
' ’ V 2 4 

Similarly we may define Cos'ip, tan-i K, CoH K 

sec-i K and Cosec"! K. t - i - * 

I 

3 , Caution :—Through sin 0=- but it should not be 


y(ongly concluded that 


cosec 0 
I 


Sin-iK=w , „ 

Cosec-i K 

On the other hand, Sin-^K—Cosec-i 

Similarly Cos-i K— _ \ rather Cos-i K=Sew*i-J- 

bec“ K „ K. 

4 . Use of Inverse Notation The formulee of Chapter V 
Art 4'5 (Page 56 ) can be written as follows. 

Sin —0^=Cos 0 can be written as Sin-iK-|-Cos-iK=--^ 

Sec r —0 ]=Cosec 0 can be written as Sec-iK 4 -CQsec'iK= 

V — y f*:^ ' 2 

tan — 0^=:Cot 0 can be written as tan-iK-l-Cot-i=K^ 

5 . Wider Meaning of Sin -1 K Sin-i K is also used to de¬ 
note ‘any angle’ having its sine equal to K. ^ - - 

sin ^"^2 855 °.. 

In chap. X, we proved that if sin 0 =sin d, 
then 0=/77r-f (—1/y 
In the Inverse Notation, 

-1 -1 
Sin k=/i7r+(—l)n sin K • 

where Sin-1 K (with capital S) denotes the general angle 

ci sin K (with small s) denote the 
the numercially smallest angle whose sine is K. 


r 


-1 

Similarly Cos K 

-1 


-r 

2/j7r+ cos K. 
-1 


•J . 


"Tan K==rt7r+tan K, 










answers 


24 ' 


6. Principal ralo^s of Inverse Trigonometrical Funet ons 

-1 

In Art. S above, sin K denjtri ih; Pri-icipal \al-e 

of Sin K and it is the numerically smallest saluc 

-1 . 
of Sin K. Similarly for cos K. tan K.. etc. 

-> -"-and ” 

Principal Value of Sin K or Cosec K. lies be *een_ : 2 

-1 ' -I 

Cos K. or See K .. O and 

_1 -1 - 


f f 


f f 


9 i 


„ Tan K or Cot R .. .. - 2 2 


E. G 


-1 

tan 1 
-I 

i 


=='4 


= 6 


while Tan i 


4k 


n 


#« 


9 9 


Sin 


I 


I, it: -(— 1 > 


n t: 


-I 


I 


(v.') 


1 


while Cos 


7. 


Formulae :—Corresponding to almost c^er> formula 
on T, K. there is a formula on Inverse T. R. ihcir 
proofs are also deducible from the corresponding formula 


-I -I -1 
E. G Let us prove tan x - tan y=tan 


X — ; 


Wc know tan ( \ • B)«= 
But ton A = .v. tan B*^ v; 


tan A - tan B 
I —tan A tan B 


-I -I 

So that A=»ian jc, fi = tan y 


tan (AfB) 


X 


or. 


I— 

-I 

A-f B — lan l —xy 


G-F D 


-I -I -I 

or tan .t-flan > == tan 2 — xy 
Similarly, the reader may prove the followsog forx-iiac 

shi x± y=sin xy/\—} > >- ^1 — 

-I -I 
cos Of ± cos 


> =cos 


/I — .T 
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-1 


-1 


-1 x±y 


Jc±tan 3 ;=tan l-\-xy 

-I -1 -1_ xyq^l 

cot x± cot ^=cot 

-1 -1 


x±y 


-1 


2 tan jc—trn 


2x 


1—X* 


sin 


2x 


l+x^ 


-I 

cos 


I ^ “1 -1 xi-y+z—xyz 

tan ;t+tan+tan z=tan i^xy-yz-zx^ 

-1 -1 3 x — X ® 

3 tan jr=tan — 

Examples For Practice 

1. Find the value of gin (-6). sin '(*1745), cos\-2798) 

2 ^^^(1 Natural Tables. 

i. Write down the values of. 


1—x « 
1+x* 


V'i 


Sin 


Tan 


-I 


3. Prove that ;-(/) jan'^ j+ tan'^ l ^ 


(-:^3). Sec'^-z) 


(») 

m 

(/V) 


sin-^ sin-^-^^^-sin-^^=-J 


Sin ^-y+ Sin'^ ^ 


13 


Cos 


4. 


Tan a+cot ^ 


-1 16 
65 

-1 


Solve the equations:- 

tan ^ 3jr+tan ^ 2x 


(04-1) =tan (a*4-a+I) 


(0 


(«) 

m 


Sin'^ x+Sin’^ ^ 


~4 


7T 


Sin ■* - 4 - Sin"' — 


(/V) 


X 

c* 2a -1 

Sin —- 4 - Sin 


rr 

''~2 

2b 


14-6* 


1. (0 36 


1+n® 

ANSWERS 

52' (ii) 10°—3' (in) 73 
(/V) 50»-57' (V) 33--36' 

TT Tt - 


2 tan ^ X 


45' 


2. «7r4(—; »7r+ ; 


/ITT 


; 2n7r± 


IT 


4. (/) 


1 


(ii) X 



(Hi) x=13 


(/V) 


54-2V2 

a+b 

~ l-ab 




























I' <,^H1THVS 


ti7J. * 


Ii3v 


lixfj IM 


It 12041 




i4» 


4S51I»S771 wi 


*7^ 

I 


30| J0H> 
t\ 1 pi4 
•• i|i4i4 
S9 I|6i7 
M IjSoJ 


K>p;r>s4 wsiioq^ 

ji4) )^)|i2S4h3a4 

M44'>i^ 34&iliVC» 

LK'JSI 3^74 




3 itii| 3 i >4 Ji 6 o 31 I 1 , 3 Joi 
33^ 3345 }y % 3385 34*4 
3S*^i3V4i 3560 3579,3598 

j;»i 3729 3747 1 J7«^ 13784 
3»92 3909 JWl3945lJ9ta 


t6 1 )979 
M , *150 
^ {4514 

•• j447» 

» 14024 


ao 

ti 

fi 

u 

14 

M 


4 393*44‘-O 


iO 

41 

43 

43 

44 

«S 

M 

4T 


54771 

M9I4 

kso}* 

95*55 

153*5 

9 $ 54 1 

i 5^ i 
5i98 
5911 

S 6ii3 

^32 

8135 

|443S 

98532 

Ntta 
vritt 
6011 
6900 


49«3 4997 


54^3’5418 54*0 


550715599 


5763 1 577 


5922 5933 


6345 8JS5 


855 * 8561 


6920 6910 


6618 
(S(f%2 

6 to 3 

0093 

8946 1 495 $ I89O4 1 6972 16901 


36 w| 12 *5 W, 

^ 6 9,12 14 171 20 2 i :c> 


3 6 to: 13 16 i9’ -3 -8 19 
3 7 lol n 16 19* :5 19 


2 C 13 .■> 
tQ 22 25 


38 0 I 11 (4 16 J9 22 24 
4 01 »o 13 16 1021 23 



2 4 7 j 9 I I I3< 10 l!J iO 

2 4 6 t 8 n n 1 * 5 *7 *9 
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LOGARITHMS 


50 

61 

52 

53 

54 


66 

67 

68 

69 

70 

71 

72 

73 

74 


76 

77 

78 

79 


81 

82 

83 


89 


91 

82 

93 


96 

97 

98 


1 


6990169»3 7007 701617024 
707617084 7093 710M 7110 
7160 7168 7*77 7185 7193 

7243 725M 7259 7267 7^75 


7324 7332 7340 


7356 


7404 74*2 7419 7427 7435 
7482 7490 7497 7505 75*3 
7559 7566 7574 7582 7589 


56 

57 

53 7634 1 7642 1 7649 1 7657 1 7664 

59 7709177*61 7723 1773 * 1 7738 

60 
61 
G2 

63 

64 


7782 7789 7796 7803 7810 


785317860 7868 


7882 


7924 793 * 7938 7945 7952 
79931 8000 8007 8014 8021 


806218069 


8082 8089 


812918136 8142 8149 


8195 $202 8209 
8261 8267 8274 
8325 8331 8338 


8401 

8463 


8579 


838S 
8451 

85*3 
8573 

8633 

86921869S18704 

8762 

8808I8814I8820 
^8871 8876 
892118927 8932 
897618982 8987 

903*19036 9042 
908519090 9096 

9*38 9*43 9*49 

9*9*19*96 9201 

9243 9248 9253 

9294 9299 9304 

9345 9350 9355 

9395 9400 9405 

9445 9450 9455 

9494 9499 9504 

954219547 9552 

9590 9 S 9 S 9600 

963819643 9647 

9689 9694 

973*19736 974 * 
97771 9782 1 9786 

9827 
9G1 

99 * 2 | 99 * 7 l 992 i 

9961 


8215 8222 
8280I8287 

8344 

840718414 
8470 8476 

* 8537 

* 1 8597 

8651 
871018716 

876818774 
8831 
888218887 


7033 

7118 

7202 

7284 

7364 

7443 

7520 

7597 

7672 

7745 

7818 

7889 

7959 

8028 

8096 

8162 

8228 

8293 

8357 

8420 

8482 


8663 

8722 


9047)9053 

910119106 

9*54 9*59 

9206)9212 

9258 9263 

9309 I 9315 

9360 

94 *o| 94 I 5 

9460 9465 

9509 95*3 

9557 I 9562 

9609 

- ^ ,9657 
9699 9703 

974519750 

979 * 9795 
9836 9^1 
9881 9886 
9926I9930 
9969 9974 


8893 

8949 

9004 

9058 

9112 

916s 

9217 


9320 

9370 

9420 


9708 

9754 

98TO 


9934 

9978 


7042 7050 

7126 7135 

72Z0I7218 
7292(7300 

7372 

745*(7459 

7528 7536 

7604(7612 

7679 

775217760 

7825 
789617903 

7966 7973 

8035(8041 

8io2|Sic^ 

8169I8176 

8241 
8299(8306 

8370 

8426(8432 

848818494 
8549 
8609 
8669 

8727. 

8791 
8842 I 884 S 
8904 
8960 
9009)9015 

9069 
9117)9122 
9170 9175 
9222)9227 

9274 I 9279 

932519330 
9375 9380 

9425I9430 

947419479 

9523 

957*19576 
*919624 
9666I9671 

9713 I 9717 

9759 


9939 9943 


9533 


9722 


9903 

9948 

999 * 


9727 

9773 


2 2 


2 2 


7059 

7 * 4317*52 

7226 723s 

7308 ( 73*6 
7396 

7474 

7543 ( 755 * 

7619 7627 

7694 770* 

7767 7774 

7839 7846 

79*0 79*7 

7980(7987 

8048 
8ii6|8i22 

8182(8189 
8248 

8312(8319 
8376 


500 

I 

86ii[8627 
8681(8686 

8745 

8802 

..,8859 

8910(8915 

i 

902019025 

9074 9079 

9*28 9133 
9180(9186 

9232 

9284 9289 

9335(9340 

9390 

9435 ( 9440)0 I i 

9484 1 9489)0 1 I 

1 

1 


I 


9952)0 I t 

9996 


456 


345 678 
345 678 

3 4 5 677 
3 4 5 667 
345 667 

3 4 5 567 
345 567 
345 567 
344 567 
3 4 4 567 

344 566 
3 4 4 566 
334 566 
3 3 4 556 
3 3 4 556 

334 556 
334 556 
3 3 4 5 5 6 
3 3 4 456 

234 456 
234456 

234 455 

234455 

234455 

^34455 

133455 

*33445 

233 445 

*33445 
*33445 
33445 


3 3 


8445 


233 

233 


I 


4 4 5 
4 4 5 


4 4 





















































ANT! L^X^ARITHVS 


m 

m 

06 

<n 


10 

a 

u 

•u 


61 

63 

63 

6« 


1003 10051 100711009 1013 1 loujiolb 1^19 i'31 

,oj 6 i . 02 « (030 1033 ! 1035 1 ^ 

io« 105 * ioi 4 «o«7 io« 106 - 11^11067 (‘^ 

1^1 1 ^ 6 * 1^1 (oil ‘o^ ;o8e!io»9|lo<»il( M 
10991 

1135^137 IIJO 


!l^ lli^t 1191 

13131isto !1319 
134 J( i 2 ', 5 i 1347 

I»7iji2''4'i276 

1300! 1303! 1306 
I 3>3 

1361 

IJ93 >390j 140 c 

1416' I;i9l I4«1>4^ a 

i 449 ii 4 S>lu 55 luS 9 14^ 

i 49 r 1496 


1563 IW| >570 
1600! 1603' 1607 


II7S 

liJO 

114; 

1305 

I 3 c 5 , 

1311 

1^33 

1336. 

1339 

1363 * 

1265! 

1368 

I39I1 

13^4 

1397 

1331! 

>;» 4 | 



IJ79II342 IM5 

130911313 1315 

1340,1343 1346 
IJJl 1374 1377 
1403 1406 11409 

U35 1439 *44^ 


1507•1510 


4 • 


I7U W** <7*^ 
>7541175* >763 


I I 


64 

67 


1 9 JO 

1S63 

1905 

1950 

1866 II7I 
1910 1914 

1954 1959 

1995 

3000 3004 

3043 

3046 3051 

31 iB 

Ills 

1094 3090 

114 } 314I 

1193 >I9* 

• 9 ^ l:l 30 


• 0 


• • 


• » 


4 * 


3065'3070 

3 II 3 Ililt 


• • 


O 1 I 


333:344 


61 




45 

66 

6t 


3460 

j$tl 

3576 

3636 

369 * 

3761 

,*■*» 

iS&l *841 

* 95 * 

3037 

J09713>o$|3*I4 


• « 


* • 


I I f 


• • 


3931! 3>>3n' 3944 

39^71 3006, Wl3 


I I t 
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ANTI LOGARITHMS 



0 

1 

2 

60 

3162 

3*70 

3277 

•61 

3236 

3243 

325* 

•62 

3311 

33*9 

3327 

•66 

3388 

339 ^ 

3404 

•54 

3467 3475 

3483 

65 

3548 3556 

3565 

•00 

363* 

3639 

3648 

•67 

37*5 

I3724 

3733 

•68 

3802I381X 

38*9 

*69 

3890 

3899 

3908 

60 

3981 

3990 

3999 

1*81 

4074 

4083 

4093 

1-62 

4169 

4178 

4188 

res 

4266 

4276 

4285 

l •84 

4365 

4375 

4385 


4467 

4477 

4487 

1*60 

4 S 7 I 

4581 

4592 

|‘e 7 

4677 

4688 

4699 

1 66 

4786I4797 

4808 

1*69 

4898 

4909 

4920 

1*70 

5012 

5023 

5035 

1*71 

5*29 

5140 

5*52 

1 72 

5248 

5260 

5272 

1*78 

5370 

5383 

5395 

1 *74 

5495 

5508 

5521 

75 

5623 

5636 

5649 

1*76 

5754 

5768 

5781 

1*77 

5888 

5902 

5916 

1*78 

6026 

6039 

6053 

1*79 

6166 

6180 

6194 

iso 

6310 

6324 

6339 

1*81 

6457 

6471 

6486 

1*82 

6607 

6622 

6637 

1 ‘88 

6761 

6»6 
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